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An analytical model of a single line transmission line carrying a Stockbridge damper is
developed based on the Euler–Bernoulli beam theory. The conductor is modeled as an axi-
ally loaded beam and the messenger is represented as a beam with a tip mass at each end.
Experiments are conducted to validate the proposed model. An explicit expression is pre-
sented for the damping ratio of the conductor. Numerical examples show that the proposed
model is more accurate than the models found in the literature. Parametric studies indi-
cate that the response of the conductor significantly depends on the excitation frequency,
the location of the damper, and the damper parameters. [DOI: 10.1115/1.4027578]
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1 Introduction

Aeolian vibration of overhead transmission lines, also referred
to as conductors, is a major factor that contributes to power out-
ages. This type of vibration is wind-induced and the wind speed
ranges between 1 and 7 m/s. The vibration is observed in
3–150 Hz frequency range and has peak-to-peak amplitudes of up
to one conductor diameter. Aeolian vibration causes fatigue dam-
age of the point of contact between the conductor and the suspen-
sion clamp. This can be reduced or eliminated by minimizing the
amplitude of vibration near the clamp. It is commonplace to pro-
tect conductors from fatigue failure by attaching Stockbridge
dampers near the clamps. The effectiveness of this external damp-
ing device is dependent on their position on the conductor, their
overall characteristics, and the characteristics of the conductor.

The study of Aeolian vibration of overhead transmission lines
abound in the literature. The most commonly used approach is the
energy balance method (EBM) [1–4], where the vibration level is
evaluated by determining the balance between the energy
imparted to the conductor by the wind and the energy dissipated
by the conductor (via conductor self-damping) and the added
dampers. Another approach for predicting the response of the con-
ductor is based on impedance models [5–7]. The single conductor
is usually modeled as a cable, and the Stockbridge damper is rep-
resented by a single concentrated force on the conductor. This
concentrated force is obtained experimentally.

Other methods employed to study the vibration of transmission
lines include matrix transfer by Hardy and Noiseux [8], the statis-
tical method by Noiseux et al. [9], and the approach of multiphy-
sics by Tsui [10]. While the simplicity of the aforementioned
methods is a major attraction, their robustness suffers in that the
complex nature of the coupled-dynamics is not well reflected. The
limitation of the dynamics to only one-way coupling between the
conductor and damper, a situation where the dynamics of the
damper influence that of the conductor but not the converse, is
worthy of further investigation.

Gonçalves et al. [11] employ experiments and theoretical mod-
els to better understand the system from the viewpoint of a
vortex-induced motion or vibration phenomenon. An attempt at

modeling a two-way coupling scenario was reported in Refs. [12]
and [13], where both the conductor and damper were modeled as
one unified system in order to account for their two-way coupling.
However, the conductor self-damping was ignored and the analy-
sis was based on the finite element method (FEM). The finite ele-
ment model was rather complicated and computationally
intensive. The present study is aimed at addressing these short-
comings by including the conductor self-damping and by present-
ing an analytical approach that yields exact solutions with
minimal complications. Experiments were conducted to determine
the conductor self-damping and to validate the analytical model.
Parametric studies were performed to investigate the effect of the
magnitude and location of the damper on the response. The role of
the Strouhal frequency on the vibration response was also
examined.

2 Governing Equations

A schematic of the conductor with a damper is shown in Fig. 1.
A close-up view of the conductor and damper deformation is
depicted in Fig. 2. Following Ref. [14], the equations of motion
are given as

mc €wci þ EcIcw0000ci � Tw00ci ¼ 0 (1)

mm €w�c1
þ ð�1Þðiþ1Þ €w0�c1

Lmi þ €wmi

� �
þ EmImw0000mi ¼ 0 (2)

where w�m1
ðw�m2
Þ is the transverse displacement of the right-end

(left-end) counterweight, m1 (m2) is the tip mass on the right-hand
(left-hand) side; Lm1

ðLm2
Þ is the length of the messenger on the

right-hand (left-hand) side; mc (mm) is the mass per unit length of
the conductor (messenger); mm1 (mm2) is the mass of the messen-
ger on the right-hand (left-hand) side; T denotes the conductor
tension; and Ec Ic (Em Im) is the flexural rigidity of the conductor

Fig. 1 Schematic of a single conductor with a Stockbridge
damper
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(messenger). The overdots and primes denote temporal and spatial
derivation, respectively.

Note that the subscript i 2 f1; 2g identifies the right-hand and
left-hand segments of both the conductor and messenger. The con-
tinuity conditions of the displacement at the attachment point of
the damper to the conductor, Lc1

, are written as

wc1
Lc1
; tð Þ ¼ wc2

Lc2
; tð Þ (3)

w0c1
Lc1
; tð Þ ¼ �w0c2

Lc2
; tð Þ (4)

From the variation of the conductor displacement, dwc1
, the

obtained shear force boundary condition at the location of the
damper may be written as

X2

i¼1

mi €w�c1
þ ð�1Þðiþ1Þ €w0�c1

Lmi þ €w�mi

� �
þ €w�c1

mmi

n

þmm

ðLmi

0

€wmidxm þ
1

2
mm €w0�c1

ð�1Þðiþ1ÞL2
mi

�

� EcIc w000�c1
þ w000�c2

� �
þ T w0c1

� þw0c2
�

� �
¼ 0 (5)

The contributions from the tension vanished because of Eq. (4).
The bending moment boundary condition at the attachment of the
messenger may be expressed as

X2

i¼1

mi ð�1Þðiþ1Þ €w�c1
Lmi þ w0�c h2 þ L2

mi

� �
þ ð�1Þðiþ1ÞLmi €w�mi

h in

þ Ii €w0�c1
þ ð�1Þðiþ1Þ €w0�mi

� �
þ €w0�c1

h2mmi

þ mm

ðLmi

0

ð�1Þðiþ1Þxm €wmidxm

þ 1

2
mm ð�1Þðiþ1Þ €w�c1

L2
mi þ

2

3
€w0�c1

L3
mi

� ��

þ EcIc w00�c1
� w00�c2

� �
¼ 0 (6)

The last set of boundary conditions for the conductor was obtained
by enforcing zero displacement and bending moment at both ends
of each segment. This was done to replicate the boundary condi-
tions on a suspension–suspension span

wcið0; tÞ ¼ 0 (7)

w00cið0; tÞ ¼ 0 (8)

With respect to the messenger, the shear force boundary condi-
tions at each end, Lm1

and Lm2
, can be expressed as

mi €w�mi þ €w�c1
þ ð�1Þðiþ1ÞLmi €w0�c1

� �
� EmImw000�mi ¼ 0 (9)

and the bending moment boundary condition at each end is

Ii €w0�mi þ ð�1Þðiþ1Þ €w0�c1

� �
þ EmImw00�mi ¼ 0 (10)

The Stockbridge damper behaves as a cantilevered beam at the
junction of the clamp and the messenger (i.e., xm¼ 0). Hence, the
displacement and rotation of both right- and left-side messenger
are zero

wmið0; tÞ ¼ 0 (11)

w0mið0; tÞ ¼ 0 (12)

3 Orthogonality Condition

Following Ref. [14], the orthogonality relation can be expressed
as

X2

i¼1

mc

ðLci

0

Y
ðrÞ
ci Y

ðsÞ
ci dxþ mm

ðLmi

0

Y
ðrÞ
mi Y

ðsÞ
mi dxm þ YðrÞ

�

c1
YðsÞ

�

c1
mi þ mmLmið Þ

	

þ YðrÞ
�0

c1
YðsÞ

�0

c1
mi L2

mi þ h2
� �

þ Ii þ h2mmLmi þ
1

3
L3

mi


 �
þ Y

ðrÞ�
mi Y

ðsÞ�
mi mmi þ Y

ðrÞ�
0

mi Y
ðsÞ�

0

mi Ii þ ð�1Þðiþ1ÞmiLmi YðrÞ
�0

c1
YðsÞ

�

c1
þ YðrÞ

�

c1
YðsÞ

�0

c1

� �

þ mmi YðrÞ
�

c1
Y
ðsÞ�
mi þ YðsÞ

�

c1
Y
ðrÞ�
mi

� �
þ mm

ðLmi

0

YðrÞ
�

c1
Y
ðsÞ�
mi

�
þYðsÞ

�

c1
Y
ðrÞ�
mi

�
dxm þ ð�1Þðiþ1Þ 1

2
mmL2

mi YðrÞ
�

c1
YðsÞ

�0

c1
þ YðsÞ

�

c1
YðrÞ

�0

c1

� �

þ ð�1Þðiþ1ÞmiLmi YðrÞ
�0

c1
Y
ðsÞ�
mi þ YðsÞ

�0

c1
Y
ðrÞ�
mi

� �
þ ð�1Þðiþ1ÞIi YðrÞ

�0

c1
Y
ðsÞ�

0

mi

�
þYðsÞ

�0

c1
Y
ðrÞ�

0

mi

�

þð�1Þðiþ1Þmm

ðLmi

0

xm YðrÞ
�0

c1
Y
ðsÞ
mi þ YðsÞ

�0

c1
Y
ðrÞ
mi

� �
dxm

�
¼ drs (13)

where drs is the Kronecker delta. Yci and Ymi are the mode shape
of the conductor and messenger, respectively, and their expres-
sions are given in the Appendix.

4 Forced Vibration
The equations of motion for the forced vibration are given

as

Fig. 2 Close-up of damper

041012-2 / Vol. 136, AUGUST 2014 Transactions of the ASME

Downloaded From: https://vibrationacoustics.asmedigitalcollection.asme.org on 08/07/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



mc €wci þ EcIcwIV
ci � Tw

00

ci ¼ FðtÞdðx� Lc=2Þ (14)

mm €wmi þ ð�1Þðiþ1Þ €w�
0

cixm þ w�ci

� �
þ EmImwIV

mi ¼ 0 (15)

The excitation force is expressed as

FðtÞ ¼ F0 sinð2pftÞ (16)

where F0 denotes the excitation amplitude force in N and f is the
forcing frequency in Hz. Using mode superposition principle, the
deflection of the beam is assumed as

wci ¼
X1
r¼1

qrðtÞYðrÞci ðxÞ (17)

wmi ¼
X1
r¼1

qrðtÞYðrÞmi ðxÞ (18)

Substituting Eqs. (17) and (18) into Eqs. (14) and (15) yields

mc

X1
r¼1

€qrY
ðrÞ
ci þ EcIc

X1
r¼1

qrY
ðrÞIV
ci � T

X1
r¼1

qrY
ðrÞ
00

ci ¼ FðtÞdðx� Lc=2Þ

(19)

mm

X1
r¼1

€qr Y
ðrÞ
mi þð�1Þðiþ1ÞY

ðrÞ�
0

ci xmþY
ðrÞ�
ci

� �
þEmIm

X1
r¼1

qrY
ðrÞIV
ci ¼ 0

(20)

Multiply Eqs. (19) and (20) by Y
ðsÞ
ci and Y

ðsÞ
mi , respectively. An alge-

braic manipulation of the resulting expressions yields

Mrs½ � €qrf g þ Krs½ � qrf g ¼ Fr½ � (21)

where

Mrs ¼
X2

i¼1

mc

ðLci

0

Y
ðrÞ
ci Y

ðsÞ
ci dxþ mm

ðLmi

0

Y
ðrÞ
mi Y

ðsÞ
mi dxm þ Y

ðrÞ�
mi Y

ðsÞ�
mi mmi

	
þ Y

ðrÞ�
c1 Y

ðsÞ�
c1 mi þ mmLmið Þ þ mmi Y

ðrÞ�
c1 Y

ðsÞ�
mi þ Y

ðsÞ�
c1 Y

ðrÞ�
mi

� �

þ Y
ðrÞ�

0

c1 Y
ðsÞ�

0

c1 mi L2
mi þ h2

� �
þ Ii þ h2mmLmi þ

1

3
L3

mi


 �
þ Y

ðrÞ�
0

mi Y
ðsÞ�

0

mi Ii þ ð�1Þðiþ1ÞmiLmi Y
ðrÞ�

0

c1 Y
ðsÞ�
c1 þ Y

ðrÞ�
c1 Y

ðsÞ�
0

c1

� �

þ mm

ðLmi

0

Y
ðrÞ�
c1 Y

ðsÞ�
mi þ Y

ðsÞ�
c1 Y

ðrÞ�
mi

� �
dxm þ ð�1Þðiþ1ÞIi Y

ðrÞ�
0

c1 Y
ðsÞ�

0

mi

�
þ Y

ðsÞ�
0

c1 Y
ðrÞ�

0

mi

�
þ ð�1Þðiþ1Þ 1

2
mmL2

mi Y
ðrÞ�
c1 Y

ðsÞ�
0

c1 þ Y
ðsÞ�
c1 Y

ðrÞ�
0

c1

� �

þ ð�1Þðiþ1ÞmiLmi Y
ðrÞ�

0

c1 Y
ðsÞ�
mi þ Y

ðsÞ�
0

c1 Y
ðrÞ�
mi

� �
þð�1Þðiþ1Þmm

ðLmi

0

Y
ðrÞ�

0

c1 Y
ðsÞ
mi þ Y

ðsÞ�
0

c1 Y
ðrÞ
mi

� �
dxm

�
(22)

Krs ¼
X2

i¼1

EcIc

ðLci

0

Y
ðrÞ
00

ci Y
ðsÞ
00

ci dx� T

ðLci

0

Y
ðrÞ
0

ci Y
ðsÞ
0

ci dx

�
þ EmIm

ðLmi

0

Y
ðrÞ
00

mi Y
ðsÞ
00

mi dx

�
(23)

Fr ¼ FðtÞYciðx ¼
Lc

2
Þ (24)

The orthogonality relation, Eq. (13), is employed to obtain

Mrr ¼
X2

i¼1

mc

ðLci

0

Y
ðrÞ2
ci dxþ mm

ðLmi

0

Y
ðrÞ2
mi dxm þ Y

ðrÞ2�
c1 mi þ mmLmið Þ

	
þ Y

ðrÞ2�
0

c1 mi L2
mi þ h2

� �
þ Ii þ h2mmLmi þ

1

3
L3

mi


 �
þ Y

ðrÞ2�
mi mmi

þ Y
ðrÞ2�

0

mi Ii þ ð�1Þðiþ1Þ
2miLmiY

ðrÞ�
0

c1 Y
ðrÞ�
c1 þ 2mmiY

ðrÞ�
c1 Y

ðrÞ�
mi þ 2mm

ðLmi

0

Y
ðrÞ�
c1 Y

ðrÞ
mi dxm þ ð�1Þðiþ1ÞmmL2

miY
ðrÞ�
c1 Y

ðrÞ�
0

c1

þ ð�1Þðiþ1Þ
2miLmiY

ðrÞ�
0

c1 Y
ðrÞ�
mi þ ð�1Þðiþ1Þ

2IiY
ðrÞ�

0

c1 Y
ðrÞ�

0

mi þ ð�1Þðiþ1Þ
2mm

ðLmi

0

Y
ðrÞ�

0

c1 Y
ðrÞ
mi dxm

�
(25)

Krr ¼
X2

i¼1

ðLci

0

EcIcY
ðrÞ2

00

ci � TY
ðrÞ2

0

ci


 �
dxþ EmIm

ðLmi

0

Y
ðrÞ2

00

mi dx

	 �

(26)

The conductor damping ratio (f) is introduced into Eq. (21) to
obtain

€qrf g þ xr½ �2 qrf g þ 2f xr½ � _qrf g ¼ Fr½ � (27)

where

xr½ �2¼ Krr½ � Mrr½ ��1
(28)

5 Experiments

The experimental setup is depicted in Fig. 3 and the experiment
was performed according to IEEE guide on conductor self-
damping measurements [15]. The experiments were carried out on
a 27.25 m test-span. The conductor (DRAKE 795 kcmil) was
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strung between two abutments made of steel reinforced concrete.
A hydraulic Ram (cylinder) was installed at one end of the test-
span to string the conductor at a desired tension (20% rated tensile
strength (RTS) and 25% RTS). A cantilever weight (pulley sys-
tem) was used at the other end of the test-span to maintain a con-
stant tension throughout the span.

One load cell (1020 AF-50 kN-B) was placed at the end with
the cantilever weight to monitor the tensile load. The other load
cell (Dytran106V1) was used along with an accelerometer (B&K
4382) to measure the input force from the shaker and the midspan
displacement of the conductor, respectively, as depicted in Fig. 4.
The shaker (B&K 4802) was placed at midspan. Another acceler-
ometer (B&K 4384) was placed at an antinode of the correspond-
ing forcing frequency to measure the vibration displacement. The
conductor was then vibrated at various frequencies and power lev-
els based on the ALCOA wind power curve derived from wind
tunnel tests on flexible cable [16]. The voltage signal from the

load cell and accelerometer were sent through charger amplifiers
(Dytran415 and B&K 2635) by means of coaxial cable and then
to a digital data acquisition system (PCI-6034E) for recording.

The recorded frequencies, force, displacements, and phase
between the force and the displacement were employed in Eq.
(29) to obtain the nondimensional damping ratio of the conductor,
f. This is written as

f ¼ Fyf sin hd

mLx2
s y0

(29)

where F is the driving force from the shaker, yf is the displace-
ment of the conductor at the shaker location (0 to peak), hd is
phase angle between displacement and driving force, y0 denotes
the antinode vibration amplitude, and xs is the corresponding res-
onant circular frequency.

In agreement with Ref. [17], the recorded data herein indicate
that the damping ratio is significantly dependent on the excitation

Fig. 3 Schematic of experimental setup

Fig. 4 Photograph of the conductor, shaker, load cell, and
accelerometer

Fig. 5 Conductor damping constant for fixed frequency for
T 5 20% RTS
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frequency, vibration displacement, and the conductor tension.
Hence the damping ratio can also be expressed as

f ¼ Cf aYb

Tc
(30)

where f is the excitation frequency in Hz; Y is nondimensional
peak to peak displacement (nondimensional with respect to the
conductor diameter); T is the conductor tension; and C, a, b, and c
are constant. The constants—C¼ 20760, a¼ 1.406, b¼ 0.298,
and c ¼ 1:835—were obtained using linear regression analysis:

In Figs. 5 and 6, the damping ratio is plotted against the nondi-
mensional peak-to-peak amplitude for T¼ 20% RTS and T¼ 25%
RTS, respectively. A line of best fit is plotted for every resonant
frequency. Both figures show similar trends in that the damping
ratio increases with increasing displacement. However, the damp-
ing ratio values for T¼ 20% RTS (Fig. 5) are higher than those
for T¼ 25% RTS (Fig. 6). This implies that increasing the tension
reduces the self-damping of the conductor.

For given displacements of Y¼ 0.1 and Y¼ 0.3, plots of damp-
ing ratio against resonant frequencies are depicted in Figs. 7 and 8
for T¼ 20% RTS and T¼ 25% RTS, respectively. These figures
indicate that the conductor self-damping increases with increasing
frequency. The figure with the lower tension (i.e., Fig. 7) exhibits
higher conductor self-damping.

Fig. 6 Conductor damping constant for fixed frequency for
T 5 25% RTS

Fig. 7 Conductor damping constant for a fixed vibration ampli-
tude for T 5 20% RTS

Fig. 8 Conductor damping constant for fixed vibration ampli-
tude for T 5 25% RTS

Table 1 Conductor and damper parameters

Parameter

h 0.05 m
EIc 1602 N m2

mc 1.628 kg/m
Dc 28.143 mm
RTS 139.2 kN
m1 3.4 kg
m2 1.46 kg
I1 0.0175 kg m2

I2 0.015 kg m2

Em Im 31.8 N m2

Lm1
0.3 m

Lm2
0.22 m

mm 0.25 kg/m

Fig. 9 Vibration response of the conductor with and without
self-damping for F0 5 22.5 N, f 5 26.5 Hz, and f 5 0.006
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6 Numerical Simulation

The numerical simulation is based on the tested conductor and
Stockbridge damper. The material and geometry properties are
listed in Table 1. The conductor tension was taken to be 20% RTS
(27840 N). The time response of the bare conductor with and
without self-damping is depicted in Fig. 9. The damping coeffi-
cient of the conductor was obtained by curve fitting the experi-
mental data. It is observed that the vibration amplitude of the
conductor without self-damping can be up to eight times higher
than that with conductor self-damping. This implies that ignoring
conductor self-damping can lead to erroneous prediction of the
response of the conductor. Hence, the damping coefficient of the
conductor is included in subsequent numerical simulations.

In Figs. 10 and 11, the validity of the present analytical model
is examined using the experimental results. The former figure is
the frequency response curve of the bare conductor, while the lat-
ter depicts the frequency response curve of the conductor with a
Stockbridge damper located at Ld¼ 0.94 m. Both figures show
good agreement between the analytical and experimental results.
The present analytical results are also compared to the FEM
results used of Ref. [13] and the results obtained using the EBM
employed in Ref. [1]. The comparisons indicate that the present
analytical results agree best with the experiments.

Fig. 11 Validation for the loaded conductor ðLd ¼ Lc

2 Þ

Fig. 12 Effect of damper location for F0 5 22.5 N, f 5 26.5 Hz,
and f 5 0.006

Fig. 13 Vibration response of a typical span length of trans-
mission line with and without a damper

Fig. 14 Bending strain of a typical span length of transmission
line with and without dampers

Fig. 10 Validation for the bare conductor
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It is observed from Fig. 10 that the energy balance method
overestimates the response of the bare conductor, while Fig. 11
indicates that it underestimates the response of the loaded conduc-
tor. The plots in Figs. 10 and 11 also show that the ratio of the
vibration amplitude to the excitation force significantly decreases
with increasing frequency. However, the vibration response of the
conductor with attached Stockbridge damper is much lower than
that of the bare conductor.

For an excitation frequency of f¼ 26.5 Hz, Fig. 12 shows the
time response curve of the conductor for various dampers’ loca-
tion. The vibration amplitude is significantly reduced by attaching
a Stockbridge damper at midspan.

A span length of Lc¼ 366 m is selected for the next numerical
example. This selection ensures that the ratio of the conductor sag
to span length is typical of existing transmission lines (i.e., 0.03).
The equivalent wind force F0¼ 370.9 N.

Figure 13 presents the nondimensional response of the conduc-
tor (nondimensionalized with respect to conductor diameter) with
and without damper for various forcing frequencies. It is observed
that the conductor response reduces when the Stockbridge damper
is attached except for f¼ 12.19 Hz (corresponding to the 68th
mode) which shows a slight increase in the conductor response.
The reason for this increase is because the location of the damper
for this specific frequency corresponds to a node.

The severity of Aeolian vibration is often measured by the
bending strain ð� ¼ pDYf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm=TÞ

p
Þ, which is used to examine the

tendency of the conductor to experience fatigue failure. The bend-
ing strain is plotted against the forcing frequency in Fig. 14 for
various dampers’ total mass and location. Guided by suggested
safe bending strain of 200 lðm=mÞ in the literature [1], it is evi-
dent that the calculated bending strain exceeds the strain limit for
a bare conductor and that of a conductor with one damper attached
with a total mass of 5 kg. When one damper with a total mass of
10 kg is attached or when two dampers, each with a total mass of
5 kg, are attached, the bending strain of the conductor is below the
safe limit. Another important observation from Fig. 14 is that the
bending strain of a conductor with one damper of a total mass of
10 kg attached at midspan is less than that observed with two
attached dampers, each with a total mass of 5 kg.

7 Conclusion

An analytical model of a single conductor transmission line car-
rying a Stockbridge damper is developed. The model accounts for
the conductor self-damping and the two-way coupling between
the conductor and the damper. Experiments are conducted to vali-
date the analytical model. Experimental data are employed along
with linear regression analysis to obtain an explicit expression for
the damping coefficient of the conductor. This expression is de-
pendent on the frequency, tension, and vibration amplitude. Nu-
merical examples show that the experimental results agree better
with the proposed analytical model than the finite element and
energy balance methods found in the literature. The results of the
numerical analysis also indicate that the response of the conductor
decreases significantly with increasing frequency. It is also
observed that the attachment of the Stockbridge damper signifi-
cantly reduces the vibration response of the conductor. The degree
of reduction is dependent on the location and the mass of the
Stockbridge damper.
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Appendix

For the sake of simplicity, the following notations are used:

si ¼ sin aLci
; shi ¼ sinh bLci

;

ci ¼ cos aLci
; chi ¼ cosh bLci

;

sXi ¼ sin XmLmi
; shXi ¼ sinh XmLmi

;

cXi ¼ cos XmLmi
; chXi ¼ sinh XmLmi

where a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� S2

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S4

4
þ X4

c

qr
and b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S4

4
þ X4

c

qr
.

Xc¼ x2mc=EcIcð Þ1=4
, Xm¼ x2mm=EmImð Þ1=4

, and S¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T=EcIc

p
.

By ignoring the hyperbolic function terms since the tension and
the span length in transmission lines are usually very high, the con-
ductor mode shapes for each segment can be expressed as Ref. [14]

Yc1
ðxÞ ¼ sin ax1 (A1)

Yc2
ðxÞ ¼ s1

s2

sin ax2 (A2)

The mode shapes of the messenger is expressed as

YmiðxmÞ ¼ B1i sin Xmxm þ B2i cos Xmxm þ B3i sinh Xmxm

þ B4i cosh Xmxm � ðY�c1
þ ð�1Þðiþ1ÞxmY0�c1

Þ (A3)

where the constant of integration are given as

B1i ¼
1

ki
F 11;1Fðiþ4Þ;7Fðiþ6Þ;8 � F 11;1Fðiþ4Þ;7Fðiþ6Þ;6



þF 1;1Fðiþ4Þ;6Fðiþ6Þ;8�F 1;1Fðiþ4Þ;8Fðiþ6Þ;6

�F 11;1Fðiþ4Þ;8Fðiþ6Þ;7 þ F 11;1Fðiþ4Þ;6Fðiþ6Þ;7
�

(A4)

B2i ¼ �
1

ki
�F 1;1Fðiþ6Þ;8Fðiþ4Þ;7 þF 1;1Fðiþ6Þ;8Fðiþ4Þ;5



þF 1;1Fðiþ6Þ;7Fðiþ4Þ;8�F 1;1Fðiþ6Þ;5Fðiþ4Þ;8

�F 11;1Fðiþ6Þ;5Fðiþ4Þ;7 þ F 11;1Fðiþ6Þ;7Fðiþ4Þ;5
�

(A5)

B3i ¼ �
1

ki
F 11;1Fðiþ6Þ;8Fðiþ4Þ;5 �F 11;1Fðiþ6Þ;6Fðiþ4Þ;5



þF 1;1Fðiþ4Þ;6Fðiþ6Þ;8�F 1;1Fðiþ4Þ;8Fðiþ6Þ;6

�F 11;1Fðiþ6Þ;5Fðiþ4Þ;8 þF 11;1Fðiþ6Þ;5Fðiþ4Þ;6
� (A6)

B4i ¼
1

ki
�F 11;1Fðiþ6Þ;5Fðiþ4Þ;7 � F 1;1Fðiþ6Þ;6Fðiþ4Þ;7



þF 1;1Fðiþ6Þ;6Fðiþ4Þ;5þF 11;1Fðiþ6Þ;7Fðiþ4Þ;5

þF 1;1Fðiþ6Þ;7Fðiþ4Þ;6 �F 1;1Fðiþ6Þ;5Fðiþ4Þ;6
�

(A7)

where

ki ¼ Fðiþ6Þ;8Fðiþ4Þ;7 � Fðiþ6Þ;8Fðiþ4Þ;5 � Fðiþ6Þ;6Fðiþ4Þ;7

þ Fðiþ6Þ;8Fðiþ4Þ;5

� Fðiþ6Þ;7Fðiþ4Þ;8 þFðiþ6Þ;7Fðiþ4Þ;6 þFðiþ6Þ;5Fðiþ4Þ;8

�Fðiþ6Þ;5Fðiþ4Þ;6
and

F 1;1 ¼ s1;F 1;2 ¼ sh1;F 1;3 ¼ �s2;F 1;1 ¼ �sh2

F 2;1 ¼ ac1;F 2;2 ¼ bch1;F 2;3 ¼ ac2;F 2;4 ¼ bch2

F3;1 ¼ ac1h2 m1 þ m2 þ mm1
þ mm2

ð Þ þ a2

x2
EcIcs1

F3;2 ¼ bch1h2 m1 þ m2 þ mm1
þ mm2

ð Þ � b2

x2
EcIcsh1

F3;3 ¼ �
a2

x2
s2EcIc;F3;4 ¼

b2

x2
sh2EcIc
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F3;5¼m1Lm1
sX1þXmcX1I1þmm �Lm1

cX1

Xm

þ 1

X2
m

sX1

 !

F3;6¼m1Lm1
cX1�XmsX1I1þmm

Lm1
sX1

Xm

þ 1

X2
m

ðcX1�1Þ
 !
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Lm1
chX1

Xm

� 1

X2
m

shX1

 !
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Lm1
shX1

Xm

� 1

X2
m
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sX2�XmcX2I2�mm �Lm2

cX2
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þ 1

X2
m

sX2
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F3;10¼�m2Lm2
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Lm2
sX2
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F4;1 ¼
�a3

x2
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b3

x2
ch1EcIc
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�a3

x2
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b3
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F4;5 ¼ m1sX1 �
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Xm

ðcX1 � 1Þ; F4;6 ¼ m1cX1 þ
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Xm

sX1

F4;7 ¼ m1shX1 þ
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Xm
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Xm

shX1

F4;9 ¼ m2sX2 �
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Xm
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Xm

sX2

F4;11 ¼ m2shX2 þ
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Xm
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Xm

shX2

F5;5 ¼ sX1 � km1
X3

mcX1; F5;6 ¼ cX1 þ km1
X3

msX1

F5;7 ¼ shX1 þ km1
X3

mchX1; F5;8 ¼ chX1 þ km1
X3

mshX1

F 6;9 ¼ sX2 � km2
X3

mcX2; F 6;10 ¼ cX2 þ km2
X3

msX2

F 6;11 ¼ shX2 þ km2
X3

mchX2; F 6;12 ¼ chX2 þ km2
X3

mshX2

F 7;5 ¼ cX1 þ jm1
XmsX1; F 7;6 ¼ �sX1 þ jm1

XmcX1

F 7;7 ¼ chX1 � jm1
XmshX1; F 7;8 ¼ shX1 � jm1

XmchX1

F 8;9 ¼ cX2 þ jm2
XmsX2;F 8;10 ¼ �sX2 þ jm2

XmcX2

F 8;11 ¼ chX2 � jm2
XmshX2; F 8;12 ¼ shX2 � jm2

XmchX2

F 9;1 ¼ F 10;1 ¼ �s1; F 9;2 ¼ F 10;2 ¼ �sh1

F 9;6 ¼ F 9;8 ¼ F 10;10 ¼ F 10;12 ¼ 1

F 11;1 ¼
�ac1

Xm

; F 11;2 ¼
�bch1

Xm

F 12;1 ¼ �F 11;1; F 12;2 ¼ �F 11;2
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