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Analytical and Spectro-Spatial Analyses of Nonlinear Metamateri-
als for Vibration Control, Energy Harvesting, and Acoustic Non-
reciprocity.

Mohammad A. Bukhari

(ABSTRACT)

This dissertation investigates the nonlinear wave propagation phenomena in nonlinear

metamaterials with nonlinear chains and nonlinear resonators using analytical and spectro-

spatial analyses. In the first part of the thesis, the nonlinear metamaterials are modeled as a

chain of masses with multiple local resonators attached to each cell. The nonlinearity stems

from the chain’s stiffness in one case and the local resonator’s stiffness in another. Analytical

approximates solutions are obtained for each case using perturbation techniques. These re-

sults are validated through numerical simulations and the results show good agreement. To

further demonstrate the nonlinear wave propagation characteristics, spectro-spatial analyses

are conducted on the numerical integration data sets. The wave profiles, short-term Fourier

transform spectrograms, and contour plots of 2D Fourier transform show the presence of

solitary waves for both sources of nonlinearity. In addition, spectro-spatial features demon-

strate the presence of significant frequency shifts at different wavelength limits.

The second part of the thesis studies a nonlinear electromechanical metamaterial and

examines how the electromechanical coupling in the local resonator affects the wave prop-

agation. Numerical examples indicate that the system can be used for simultaneous en-

ergy harvesting and vibration attenuation without any degradation in the size of bandgaps.

Spectro-spatial analyses conducted on the electromechanical metamaterial also reveal the



presence of solitons and frequency shifts. The presence of solitary wave in the electrome-

chanical metamaterial suggests a significant improvement in energy harvesting and sensing

techniques. The obtained significant frequency shift is employed to design an electrome-

chanical diode, allowing voltage to be sensed and harvested only in one direction. Design

guidelines and the role of different key parameters are presented to help designers to select

the type of nonlinearity and the system parameters to improve the performance of acoustic

diodes.

The last part of this thesis studies the passive self-tuning of a metastructure via a

beam-sliding mass concept. The governing equations of motions of the holding structure,

resonator, and sliding mass are presented and discretized into a system of ODEs using

Galerkin’s projection. Given that the spatial parameters of the system continuously change

over time (i.e., mode shapes and frequencies), instantaneous exact mode shapes and frequen-

cies are determined for all possible slider positions. The numerical integration is conducted

by continuously updating the spatial state of the system. The obtained exact mode shapes

demonstrate that the resonance frequency of the resonator stretches over a wide frequency

band. This observation indicates that the resonator can attenuates vibrations at a wide

frequency range. Experiments are also conducted to demonstrate the passive self-tunability

of the metastructure and the findings colloborate the analytical results.



Analytical and Spectro-Spatial Analyses of Nonlinear Metamateri-
als for Vibration Control, Energy Harvesting, and Acoustic Non-
reciprocity.

Mohammad A. Bukhari

(GENERAL AUDIENCE ABSTRACT)

Metamaterials are artificially engineered structures that can offer incredible dynamical

properties, which cannot be found in conventional homogeneous structures. Consequently,

the global metamaterials market is expected to display a 23.6% compound annual growth

rate through 2027. Some of these exciting properties include, but not limited to, negative

stiffness, negative mass, negative Poisson’s ratio. The unique dynamic properties show the

importance of metamaterials in many engineering applications, such as vibration reduction,

noise control, and waveguiding and localization. However, beyond the linear characteristics

of metamaterials, nonlinear metamaterials can exhibit more interesting nonlinear wave prop-

agation phenomena, such as solitons, cloaking, tunable bandgaps, and wave non-reciprocity.

This research work investigates wave propagation characteristics in nonlinear locally

resonant metamaterials using analytical, numerical, and signal processing techniques. The

nonlinearity stems from the chain in one case and from the local resonator in another. Nu-

merical examples show the presence of solitary waves in both types of nonlinearity and

significant frequency shift in certain frequency/wavenumber regions. The obtained signifi-

cant frequency shift can be utilized to design mechanical diodes, where its operation range

can be increased by introducing nonlinearity in the resonator.

For simultaneous energy harvesting and vibration attenuation, integrating the local res-

onator with piezoelectric energy harvesters is also investigated in this research work with the



presence of both types of nonlinearities. For weak electromechanical coupling, the results

demonstrate that the band structure of the system is not affected by the electromechan-

ical coupling. Therefore, the system can also be used for energy harvesting without any

degradation in the vibration attenuation performance. This observation is also validated ex-

perimentally for the linear limit. Spectro-spatial analyses also reveal the presence of solitary

output voltage waves, which can enhance the energy harvesting and sensing. The obtained

significant frequency shift can be utilized to design an electromechanical diode where the

wave can propagate and be harvested only in one direction. Numerical examples show that

the performance of the electromechanical diode can be significantly improved by including

nonlinearities in the local resonator.

Another goal of this research work is the introduction of passive self-tuning mechanism

to design self-tuning metastructure. The design of such a metastructure is motivated by the

need for broadband devices that can adapt to changing environment. The passive self-tuning

concept is achieved by a sliding mass coupled with a resonator. Analytical and experimental

results show the ability of this system to tune itself to the excitation frequency, and hence,

can control vibrations over a significantly wider frequency band as compared to conventional

resonators.



Dedication

To my parents, siblings, and teachers.

vi



Acknowledgments

First of all, I would like to thank GOD for the blessings and gifts he has bestowed upon me.

After all, it is because of his love and guidance that I made it so far in my life. Indeed, his

first message to Prophet Mohammad was my motivation to learn and work hard in getting

higher-education.

I am deeply grateful to my Advisor, Professor Barry, for his guidance, support, en-

couragement, and insights throughout my work. Professor Barry has not only been a great

academic advisor; but, he helped me to enhance my communication skills significantly. I

still remember the first few months working with him in the United States. It was really

difficult for me to communicate with anyone in English; however, Professor Barry was al-

ways supportive, understanding, and encouraging. His communication and dealing with me

gave me great confidence and made English language not a barrier anymore. In addition,

he provided me endless flexibility during my studies, which made me love my research work

more than anything else and helped me in being productive. Professor Barry knows when

to be an advisor, a friend, and even an elder brother. It helped me to enjoy my time here in

the United States although I am around 7000 miles away from my family.

I would also like to offer my sincere thanks to the members of my Ph.D. committee,

Professor Zuo, Professor Parker, Professor Li, and Professor Agah. Special thanks goes to

Professor Zuo, who helped me in learning experimental skills and collaborated with me on

several projects. He was always easy to reach and very kind whenever I needed any help.

My endless gratitude goes to my parents (Abdulbaqi Mohammad Bukhari, and Naeimah

Qawasmi) and my siblings (Ahmed, Asmaa, Fouad, Maha, Maisoon, Muna, and Zeinab) for

their unconditional love and support throughout my studies. Their encouragement convinced

vii



and motivated me to pursue graduate studies.

My special thanks also goes to my office-mate throughout my PhD journey, Dr. Sunit

Kumar Gupta, all current and previous members of VibroLab, and to all my friends.

I would also like to thank my co-authors Dr. Mehdi Setareh (VT), Dr. Chinedum

Okwudire (University of Michigan), Dr. Feng Qian (VT), Dr. Eshagh Farzaneh Joubaneh

(University of Vermont), Dr. Hongjip Kim (VT), Dr. Sunit Kumar Gupta (VT), Arun

Malla (VT), Jiamin Wang (VT) and Paul Kakou (VT). In addition, I would like to thank

Dr. Pablo Tarazaga (VT), Dr. Mohammad Albakri (Tennessee Tech), Dr. Vijaya V. N.

Sriram Malladi (Michigan Tech), Dr. Mingyi Liu (VT), Mr. David Petrushenko (NASA and

University of South Carolina), Mr. Abdulsalam Shakhatreh (Robatel Technologies and VT),

and Mr. Ahmed Sallam (VT) for their efforts in improving my experimental, computational

and design skills.

I would like to offer my sincere thanks to my undergraduate advisor Prof. Moh’d Alnimr

(JUST), my best teacher Prof. Hazem Zibdeh (JUST), Prof. Ali Nayfeh (Deceased), who

I had the chance to meet with, for their encouragement and convincing me to continue my

graduate studies.

Last but not least, I would like to thank our sponsors who funded my PhD journey in VT.

In particular, the National Science Foundation for grants ECCS-1944032, CMMI-2000984,

and CMMI-2038187 provided to my advisor, the Department of Mechanical Engineering at

VT for the start-up funding provided to my advisor, and the Pratt fellowship provided to

me, the American Society of mechanical engineers for awarding me the ASME-VT Memorial

scholarship, the graduate school at VT for awarding me the Ellen E. Wade fellowship, and

Siemens for providing us free license for TestLab.

viii



Contents

List of Figures xvi

List of Tables xxxiii

1 Introduction 1

1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Linear, nonlinear, locally resonant, and electromechanical metamaterials . . 2

1.3 Self-tuning metamaterials using sliding mass mechanisims . . . . . . . . . . 6

1.4 Research objectives and contributions . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Dissertation layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Spectro-Spatial Analyses of a Nonlinear Metamaterial with Multiple Non-

linear Local Resonators 12

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Mathematical Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1 Linear Dispersion Relation . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.2 Approximate Analytical Solution for the Nonlinear Dispersion Relation 21

2.3 Predicting Band Structure Boundaries by Analytical Dispersion Relations . . 23

2.3.1 Validating the current model . . . . . . . . . . . . . . . . . . . . . . 23

ix



2.3.2 Analytical Band Structure for Different Sources and Types of Nonlin-

earities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Spectro-Spatial Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4.1 Spatial Profile of the Wave Packet . . . . . . . . . . . . . . . . . . . 32

2.4.2 Spatial Spectrograms of the Wave Packet . . . . . . . . . . . . . . . 37

2.4.3 2-D Fourier Transform of the Response . . . . . . . . . . . . . . . . . 41

2.5 Limitation of the approximate analytical solution by contour plots . . . . . . 45

2.6 Conclusion and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 Spectro-spatial wave features in nonlinear metamaterials: Theoretical and

computational studies 50

3.1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 SYSTEM DESCRIPTION AND MATHEMATICAL MODELING . . . . . . 55

3.2.1 Approximate Analytical Solution by the Method of Multiple Scales . 57

3.3 VALIDATING ANALYTICAL RESULTS . . . . . . . . . . . . . . . . . . . 59

3.4 THE EFFECT OF DIFFERENT TYPES OF NONLINEARITIES ON THE

BANDGAP BOUNDARIES . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.5 SPECTRO-SPATIAL ANALYSIS . . . . . . . . . . . . . . . . . . . . . . . . 67

3.6 COMPUTATIONAL STUDY USING ANSYS APDL . . . . . . . . . . . . . 72

3.6.1 Band Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.6.2 Spectro-Spatial Analysis of ANSYS Results . . . . . . . . . . . . . . 75

x



3.7 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Simultaneous energy harvesting and vibration control in a nonlinear metas-

tructure: a spectro-spatial analysis 82

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.2 Mathematical Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.2.1 Linear dispersion relations . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2.2 Nonlinear dispersion relation . . . . . . . . . . . . . . . . . . . . . . 91

4.2.3 Approximate solution for slow flow equations . . . . . . . . . . . . . 94

4.3 Effect of electromechanical resonator on the band structure . . . . . . . . . . 97

4.3.1 Validation of the approximate analytical solution . . . . . . . . . . . 97

4.3.2 Linear band structure . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3.3 Nonlinear band structure . . . . . . . . . . . . . . . . . . . . . . . . 102

4.4 Spectro-spatial analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.4.1 Spatial profile of the wave packet . . . . . . . . . . . . . . . . . . . . 103

4.4.2 Spatial short term Fourier transform of wave motion . . . . . . . . . 105

4.4.3 Contour plots of 2D Fourier transform . . . . . . . . . . . . . . . . . 109

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5 Substantial frequency conversion at long-wavelength limit in metamaterial

xi



with weakly nonlinear local electromechanical resonators: Analytical and

computational study 118

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.2.1 Linear dispersion relations . . . . . . . . . . . . . . . . . . . . . . . . 127

5.2.2 Nonlinear dispersion relation . . . . . . . . . . . . . . . . . . . . . . 128

5.3 Analytical bandgap parametric study . . . . . . . . . . . . . . . . . . . . . . 132

5.4 Spectro-spatial Analyses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.4.1 Spatial profile of propagating waves . . . . . . . . . . . . . . . . . . . 136

5.4.2 Images of STFT of the propagating waves . . . . . . . . . . . . . . . 138

5.4.3 Contour plots of 2D FFT of the propagating wave . . . . . . . . . . . 146

5.5 Analytical results validation using reconstructed dispersion curves from 2D

FFT of the numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5.6 Computational demonstration of significant frequency shift using COMSOL

Multiphysics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

5.7 Experimental demonstration of significant frequency shift . . . . . . . . . . . 157

6 Effect of electromechanical coupling on locally resonant metastructures

for simultaneous energy harvesting and vibration attenuation applications164

6.1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

6.2 SYSTEM DESCRIPTION AND MATHEMATICAL MODELING . . . . . . 169

xii



6.3 EFFECT OF ELECTROMECHANICAL COUPLINGON THE BAND STRUC-

TURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.4 EXPERIMENTAL VALIDATIONS . . . . . . . . . . . . . . . . . . . . . . . 175

6.5 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

7 Broadband electromechanical diode: acoustic non-reciprocity in weakly

nonlinear metamaterials with electromechanical resonators 182

7.1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

7.2 SYSTEM DESCRIPTION AND MATHEMATICAL MODELING . . . . . . 188

7.3 ANALYTICAL AND NUMERICAL BANDGAPS . . . . . . . . . . . . . . . 191

7.4 SPECTRO-SPATIAL ANALYSES . . . . . . . . . . . . . . . . . . . . . . . 195

7.5 ELECTROMECHANICAL DIODE . . . . . . . . . . . . . . . . . . . . . . . 201

7.6 The effect of linear chain bandgap size on the performance of the electrome-

chanical diode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

7.6.1 Sweeping the bandgap over the whole optical mode frequencies . . . 213

7.6.2 Sweeping the bandgap over the long-wavelength limit optical mode

frequencies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

7.6.3 Sweeping the bandgap over the medium-wavelength optical mode fre-

quencies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

7.7 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

8 Towards a self-tuning sliding-mass metastructure 226

xiii



8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

8.2 System description and mathematical modeling . . . . . . . . . . . . . . . . 231

8.2.1 Galerkin’s projection . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

8.3 Adaptive linear mode shapes algorithm to simulate the system . . . . . . . . 234

8.3.1 Instantaneous linear mode shapes and frequencies . . . . . . . . . . . 236

8.3.2 Adaptive algorithm to update the system spatial status . . . . . . . . 238

8.4 Numerical demonstration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

8.4.1 Resonator and system linear frequencies . . . . . . . . . . . . . . . . 240

8.4.2 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

8.5 Experimental demonstration of self-tunability . . . . . . . . . . . . . . . . . 253

8.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

8.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

9 Conclusions and future work 263

9.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

9.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

Bibliography 268

Appendices 293

Appendix A 294

xiv



A.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294

A.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

xv



List of Figures

2.1 A schematic diagram for the nonlinear acoustics metamaterials with nonlinear

resonators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 (a) Validating the results of a nonlinear chain with single resonator α2ϵΓ̄ =

0.06, α2ϵΓ̄1 = 0.; (b) Validating the results of a linear chain with single

nonlinear resonator α2ϵΓ̄ = 0, α2ϵΓ̄1 = 0.06. . . . . . . . . . . . . . . . . . . 25

2.3 (a) Validating the results of a nonlinear chain with multiple resonator α2ϵΓ̄ =

0.06, α2ϵΓ̄1 = α2ϵΓ̄2 = 0.; (b) Validating the results of a linear chain with

multiple nonlinear resonator α2ϵΓ̄ = α2ϵΓ̄2 = 0, α2ϵΓ̄1 = 0.06. . . . . . . . . 25

2.4 (a) Validating the results of a nonlinear chain with single nonlinear resonator

α2ϵΓ̄ = α2ϵΓ̄1 = 0.06.; (b) Validating the results of a linear chain with multiple

nonlinear resonators α2ϵΓ̄ = α2ϵΓ̄1 = α2ϵΓ̄2 = 0.06. . . . . . . . . . . . . . . 26

2.5 Analytical band structure for a system with single and multiple resonators

and different sources and types of nonlinearities. (a)-(c): single resonator;

(d)-(f) two resonators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.6 Analytical band structure for a system with single and multiple resonators

and different sources and types of nonlinearities. . . . . . . . . . . . . . . . . 29

2.7 Spatial profile of the wave packet for different types and sources of nonlinear-

ities at frequencies in the upper branch of dispersion curve. . . . . . . . . . . 33

2.8 Spatial profile of the wave packet for different types and sources of nonlinear-

ities at frequencies in the upper branch of dispersion curve. . . . . . . . . . . 35

xvi



2.9 Spatial spectrograms of the wave packet for different types and sources of

nonlinearities at frequencies in the upper branch of dispersion curve. . . . . . 38

2.10 Spatial spectrograms of the wave packet for different types and sources of

nonlinearities at frequencies in the upper branch of dispersion curve. . . . . . 39

2.11 2-D Fourier transform contour of the response for different types and sources

of nonlinearities at frequencies in the upper branch of dispersion curve. . . . 42

2.12 2-D Fourier transform contour of the response for different types and sources

of nonlinearities at frequencies in the upper branch of dispersion curve. . . . 43

2.13 Comparison between approximate analytical solution and contour plots of

2D-FFT of the numerical simulations for nonlinear chain case. . . . . . . . . 46

2.14 Comparison between approximate analytical solution and contour plots of

2D-FFT of the numerical simulations for nonlinear resonator case. . . . . . . 47

3.1 A schematic diagram for the nonlinear acoustics metamaterial . . . . . . . . 53

3.2 Validating the results of nonlinear chain with single linear resonator, ϵΓ̄α2 =

0.06, ϵΓ̄1α
2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3 Validating the results of nonlinear chain with two linear resonators, ϵΓ̄α2 =

0.06, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.4 Validating the results of linear chain with two nonlinear resonators, ϵΓ̄α2 = 0,

ϵΓ̄1α
2 = 0.06, ϵΓ̄2α

2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

xvii



3.5 Analytical dispersion curves for acoustics metamaterial and two local res-

onators with different types and sources of nonlinearities: (a) Softening chain

nonlinearity ϵΓ̄α2 = −0.06, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (b) Hardening resonator

nonlinearity ϵΓ̄2α
2 = 0.06, ϵΓ̄1α

2 = ϵΓ̄α2 = 0; (c) Softening resonator nonlin-

earity ϵΓ̄1α
2 = −0.06, ϵΓ̄α2 = ϵΓ̄2α

2 = 0; (d) Softening resonator nonlinearity

ϵΓ̄2α
2 = −0.06, ϵΓ̄1α

2 = ϵΓ̄α2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . 63

3.6 Spatial profile of the wave packet for different types and sources of nonlin-

earities at frequencies in the upper branch of dispersion curve: (a) Linear

chain ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (b) Hardening chain nonlinearity ϵΓ̄α2 =

0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (c) Softening chain nonlinearity ϵΓ̄α2 = −0.03,

ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (d) Hardening resonator nonlinearity ϵΓ̄2α
2 = 0.03,

ϵΓ̄1α
2 = ϵΓ̄α2 = 0; (e) Softening resonator nonlinearity ϵΓ̄2α

2 = −0.03,

ϵΓ̄1α
2 = ϵΓ̄α2 = 0; (f) Hardening resonator nonlinearity ϵΓ̄1α

2 = 0.03,

ϵΓ̄2α
2 = ϵΓ̄α2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.7 Spatial spectrograms of the wave packet for different types and sources of

nonlinearities at frequencies in the upper branch of dispersion curve: (a)

Hardening chain nonlinearity ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = π/9; (b)

Hardening resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9;

(c) Softening resonator nonlinearity ϵΓ̄2α
2 = −0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0,

k = π/9; (d) Hardening resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 =

0, k = π/9; (e) Hardening resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 =

ϵΓ̄α2 = 0, k = 7π/9; (f) Hardening resonator nonlinearity ϵΓ̄1α
2 = 0.03,

ϵΓ̄2α
2 = ϵΓ̄α2 = 0, k = 7π/9. . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

xviii



3.8 2-D Fourier transform of the response for different types and sources of nonlin-

earities at frequencies in the upper branch of dispersion curve: (a) Hardening

chain nonlinearity ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = π/9; (b) Hardening

resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (c) Soften-

ing resonator nonlinearity ϵΓ̄2α
2 = −0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (d)

Hardening resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0, k = π/9;

(e) Hardening resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k =

7π/9; (f) Hardening resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0,

k = 7π/9. Dashed lines represents linear frequency bands. . . . . . . . . . . 71

3.9 Comparison between the analytical solution and images of 2D FFT of the

numerical simulations for a chain with two resonators: (a) Hardening chain

nonlinearity ϵΓ̄α2 = 0.06, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = 7π/9; (b) Hardening

chain nonlinearity ϵΓ̄α2 = 0.09, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = 7π/9; (c) Hardening

chain nonlinearity ϵΓ̄α2 = 0.18, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = 7π/9; (d) Hardening

resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (e) Hard-

ening resonator nonlinearity ϵΓ̄2α
2 = 0.06, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = 7π/9; (f)

Hardening resonator nonlinearity ϵΓ̄2α
2 = 0.15, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = 7π/9. 73

3.10 (a) A schematic of a cell in ANSYS Workbench; (b) equivalent diagram in

APDL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

xix



3.11 Frequency response curves for a linear and nonlinear metamaterial with mark-

ing the boundaries of the analytical bandgaps by dashed lines: (a) Linear

chain single resonator ϵΓ̄α2 = ϵΓ̄1α
2 = 0; (b) Nonlinear chain single resonator

ϵΓ̄α2 = 0.06; ϵΓ̄1α
2 = 0; (c) Nonlinear resonator single resonator ϵΓ̄α2 =

0; ϵΓ̄1α
2 = 0.06; (d) Linear chain two resonators ϵΓ̄α2 = ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0;

(e) Nonlinear chain two resonators ϵΓ̄α2 = 0.06; ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; Nonlin-

ear resonator two resonators ϵΓ̄α2 = ϵΓ̄2α
2 = 0; ϵΓ̄1α

2 = 0.06. . . . . . . . . . 76

3.12 Spatial profile in short and long wavelength limits in the upper optical mode

(a chain with two resonators) for linear chain, nonlinear chain, and nonlinear

resonator: (a) k = π/9; (b) k = 7π/9. . . . . . . . . . . . . . . . . . . . . . . 77

3.13 Spatial spectrograms for nonlinear metamaterial with two local resonators in

short and long wavelength limits: (a) Nonlinear chain, ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 =

ϵΓ̄2α
2 = 0, k = π/9; (b) Nonlinear resonator, ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 =

0, k = π/9; (c) Nonlinear chain, ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0,k = 7π/9;

(d) Nonlinear resonator, ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = 7π/9. . . . . . 78

3.14 Images of 2-D Fourier transform and nonlinear metamaterial with two local

resonators in short and long wavelength limits : (a) Nonlinear chain, ϵΓ̄α2 =

0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = π/9; (b) Nonlinear resonator, ϵΓ̄2α
2 = 0.03,

ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9; (c) Nonlinear chain, ϵΓ̄α2 = 0.03, ϵΓ̄1α

2 =

ϵΓ̄2α
2 = 0, k = 7π/9; (d) Nonlinear resonator, ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 =

0, k = 7π/9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.1 A schematic diagram for the nonlinear acoustics metastructure with linear

electromechanical resonator resonators. . . . . . . . . . . . . . . . . . . . . . 88

xx



4.2 Values of c0 and c1 over the frequency range (a)-(b): acoustic mode; (c)-(d):

optical mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.3 Phase portrait of a′ and a for different values of c0 (a): negative c0; (b):

positive c0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4 Validation of the analytical results (a): without electromechanical coupling

using [195]; (b): with electromechanical coupling using numerical simulations

for θ = 10−10 N/V, R = 104Ω. . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.5 The effect of electromechanical coupling on the band structure in linear chain.

(a): Weak electromechanical coupling θ = 10−10N/V ; (b): Imaginary part of

the band structure θ = 10−10 N/V; (c): Strong electromechanical coupling

vlaues when R = 102Ω; (d): Effect of resistor on strong electromechanical

coupling, θ = 10−2 N/V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.6 The effect of electromechanical coupling on the band structure in nonlinear

chain. (a): In the absence of electromechanical coupling; (b): Hardening non-

linearity with weakly electromechanical coupling θ = 10−10N/V ; (c): Soften-

ing nonlinearity with weakly electromechanical coupling θ = 10−10N/V ; (d):

Hardening nonlinearity with strong electromechanical coupling R = 104Ω;

(e): Softening nonlinearity with strong electromechanical coupling R = 104Ω;

(f): Effect of resistor on strong electromechanical coupling, θ = 10−3N/V . . . 101

4.7 Spatial profile of the wave packet of harvested voltage from electromechanical

resonator, R = 107Ω, θ = 10−8 N/V; (a): k = π/9 acoustic mode, (b):

k = π/9 optical mode, (c): k = π/2 acoustic mode, (d): k = π/2 optical

mode, (e): k = 7π/9 acoustic mode, (f): k = 7π/9 optical mode. . . . . . . . 106

xxi



4.8 Spatial profile of the wave packet of harvested voltage from electromechanical

resonator, R = 107Ω, θ = 10−10 N/V; (a): k = π/9 acoustic mode, (b):

k = π/9 optical mode, (c): k = π/2 acoustic mode, (d): k = π/2 optical

mode, (e): k = 7π/9 acoustic mode, (f): k = 7π/9 optical mode. . . . . . . . 107

4.9 Short term Fourier transform for energy harvested in acoustic mode and for

different types of nonlinearity, R = 107Ω, θ = 10−10 N/V; (a): k = π/2,

ϵαA2 = 0, (b): k = 7π/9, ϵαA2 = 0, (c): k = π/2, ϵαA2 = 0.03, (d):

k = 7π/9, ϵαA2 = 0.03, (e): k = π/2, ϵαA2 = −0.03, (f): k = 7π/9,

ϵαA2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.10 Short term Fourier transform for energy harvested in optical mode and for

different types of nonlinearity, R = 107Ω, θ = 10−10 N/V; (a): k = π/2,

ϵαA2 = 0, (b): k = 7π/9, ϵαA2 = 0, (c): k = π/2, ϵαA2 = 0.03, (d):k = π/2,

ϵαA2 = −0.03, (e): k = 7π/9, ϵαA2 = 0.03, (f): k = 7π/9, ϵαA2 = −0.03. . . 111

4.11 2D Fourier transform for harvested voltage in acoustic mode, θ = 10−10 N/V,

R = 107Ω; (a): k = π/2, ϵαA2 = 0, (b): k = π/2, ϵαA2 = 0.03, (c): k = π/2,

ϵαA2 = −0.03, (d): k = 7π/9, ϵαA2 = 0, (e): k = 7π/9, ϵαA2 = 0.03, (f):

k = 7π/9, ϵαA2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.12 2D Fourier transform for harvested voltage in optical mode, θ = 10−10 N/V,

R = 107Ω; (a): k = π/2, ϵαA2 = 0, (b): k = π/2, ϵαA2 = 0.03, (c): k = π/2,

ϵαA2 = −0.03, (d): k = 7π/9, ϵαA2 = 0, (e): k = 7π/9, ϵαA2 = 0.03, (f):

k = 7π/9, ϵαA2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.1 A schematic for the proposed metamaterial with nonlinear local electrome-

chanical resonators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

xxii



5.2 Effect of different parameters on the system band structure: (a) The effect of

nonlinearity without electromechanical coupling; (b) The effect of weak elec-

tromechanical coupling with hardening nonlinearity; (c) The effect of strong

coupling with hardening nonlinearity (real); (d) The effect of strong cou-

pling with hardening nonlinearity (imaginary); (e) The effect of resistor with

strong coupling with hardening nonlinearity (real); (f) The effect of resistor

with strong coupling with hardening nonlinearity (imaginary). . . . . . . . . 135

5.3 Spatial profile of output voltage, R = 107Ω, θ = 10−8 N/V: (a) Acoustics

mode k = π/9; (b) Optical mode k = π/9; (c) Acoustics mode k = π/2;

(d) Optical mode k = π/2; (e) Acoustics mode k = 7π/9; (f) Optical mode

k = 7π/9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.4 Spectrograms of the STFT for the output voltage in the acoustics mode R =

107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c)

k = π/2, ϵαa2 = −0.03; (d) k = 7π/9, ϵαa2 = 0; (e) k = 7π/9, ϵαa2 = 0.03;

(f) k = 7π/9, ϵαa2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.5 Spectrograms of the STFT for the output voltage at the long-wavelength limit

in the optical mode k = π/9, R = 107Ω, θ = 10−8 N/V: (a) ϵαa2 = 0; (b)

ϵαa2 = −0.03; (c) ϵαa2 = 0.03; (d) ϵαa2 = 0.06. . . . . . . . . . . . . . . . . 143

5.6 Spectrograms of the STFT for the output voltage in the optical mode R =

107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c)

k = π/2, ϵαa2 = −0.03; (d) k = 7π/9, ϵαa2 = 0; (e) k = 7π/9, ϵαa2 = 0.03;

(f) k = 7π/9, ϵαa2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

xxiii



5.7 Contour plots of the 2D FFT for the output voltage in the acoustics mode

R = 107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03;

(c) k = π/2, ϵαa2 = −0.03; (d) k = π/9, ϵαa2 = 0; (e) k = π/9, ϵαa2 = 0.03;

(f) k = π/9, ϵαa2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.8 Contour plots of the 2D FFT for the output voltage at the long-wavelength

limit in the optical mode k = π/9, R = 107Ω, θ = 10−8 N/V: (a) ϵαa2 = 0;

(b) ϵαa2 = −0.03; (c) ϵαa2 = 0.03; (d) ϵαa2 = 0.06. . . . . . . . . . . . . . . 149

5.9 Contour plots of the 2D FFT for the output voltage in the optical mode

R = 107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03;

(c) k = π/2, ϵαa2 = −0.03; (d) k = π/9, ϵαa2 = 0; (e) k = π/9, ϵαa2 = 0.03;

(f) k = π/9, ϵαa2 = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.10 Validation of the analytical results using the reconstructed dispersion curves

from 2D FFTR = 107Ω, θ = 10−8 N/V: (a) Acoustics mode, k = 7π/9, ϵαa2 =

0.03; (b) Acoustics mode, k = 7π/9, ϵαa2 = 0.06; (c) Optical mode, k =

π/9, ϵαa2 = 0.01; (d) Optical mode, k = π/9, ϵαa2 = 0.03; (e) Optical

mode, k = 7π/9, ϵαa2 = 0.03; (f) Optical mode, k = 7π/9, ϵαa2 = 0.06. . . . 153

5.11 A schematic for unit cell model simulated in COMSOL Multiphysics, L = 69

mm, H = 22 mm, h = 1 mm, d = 2.75 mm, Lm = 6.5 mm, Hg = 5 mm. . . 155

5.12 Determining the resonator nonlinear stiffness for the model; displacement-

force curve measured in COMSOL and fitted curve. . . . . . . . . . . . . . . 155

5.13 Band diagram of the structure by applying periodic boundary condition in

COMSOL Multiphysics. Only the Brillouin zone of the longitudinal waves is

considered here. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

xxiv



5.14 Transmission diagram of a structure consisting of 50 cells. . . . . . . . . . . 158

5.15 Spectrogram of the short term Fourier transform for the output wave: (a)

Linear regime U0 = 5µm; (b) Nonlinear regime U0 = 50µm. . . . . . . . . . . 158

5.16 Experimental setup of the metastructure prototype: (a) Shaker, (b) proto-

type, (c) amplifier, (d) analyzer, (e) laser doppler, (f) shunted circuit. . . . . 159

5.17 Experimental transmission diagram of a structure consists of 50 cells. . . . . 160

5.18 Spectrogram of the short term Fourier transform for the measured output

voltage: (a) Linear regime 0.05 Volt; (b) Nonlinear regime 0.5 Volt. . . . . . 161

6.1 A schematic diagram for the locally electromechanical resonant metamaterial. 167

6.2 Analytical and numerical band structures for a chain with electromechanical

resonator: ωd = ωn = 1000 rad/s2, k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V,

Cp = 13.3× 10−9, and R = 107Ω. . . . . . . . . . . . . . . . . . . . . . . . . 168

6.3 The effect of load resistor on the band structure: ωd = ωn = 1000 rad/s2,

k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V, Cp = 13.3× 10−9, and R = 102− 107Ω.

(a): Acoustic mode; (b): Optical mode. . . . . . . . . . . . . . . . . . . . . . 169

6.4 Imaginary part of the band structures for a chain with electromechanical

resonator: ωd = ωn = 1000 rad/s2, k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V, and

Cp = 13.3× 10−9 F. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

6.5 The effect of the electromechanical coupling coefficient on the band structures

for a chain with electromechanical resonator: ωd = ωn = 1000 rad/s2, k1 = 106

N/m, k̄ = 1, R = 102Ω, and Cp = 13.3× 10−9 F. . . . . . . . . . . . . . . . . 171

6.6 The experimental setup, a cantilever beam with 5 resonators. . . . . . . . . 177

xxv



6.7 Analytical band structures for a chain with electromechanical resonator with

parameters in the experimental setup: ωd = 790, ωn = 1266 rad/s2, k1 =

6.788× 105, k̄ = 0.3581. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

6.8 Vibration frequency response curve for a chain with electromechanical res-

onator with parameters in the experimental setup: ωd = 790, ωn = 1266

rad/s2, k1 = 6.788 × 105, k̄ = 0.3581. Analytical bandgap is highlighted

between the two vertical lines. . . . . . . . . . . . . . . . . . . . . . . . . . . 179

6.9 The effect of electromechanical coupling on the vibration frequency response

curve for a chain with electromechanical resonator with parameters in the

experimental setup: ωd = 790, ωn = 1266 rad/s2, k1 = 6.788×105, k̄ = 0.3581. 180

7.1 A schematic diagram for the nonlinear acoustic metamaterial with electrome-

chanical resonators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

7.2 Band structure for linear and nonlinear metamaterials with electromechanical

resonators obtained analytically and numerically: (a) Nonlinear chain case

ϵA2α = 0.06, ϵA2αr = 0; (b) Nonlinear resonator case ϵA2α = 0, ϵA2αr = 0.06. 190

7.3 Spatial profile of the input/output voltage in the optical mode: (a) k = π/9,

|ϵA2α|= 0.03, |ϵA2αr|= 0; (b) k = π/2, |ϵA2α|= 0.03, |ϵA2αr|= 0;(a) k = π/9,

|ϵA2α|= 0, |ϵA2αr|= 0.03; (b) k = π/2, |ϵA2α|= 0, |ϵA2αr|= 0.03. . . . . . . 192

7.4 Spectrograms of the input/output voltage in the optical mode: (a)k = π/2,

ϵ2Aα = 0.03, ϵ2Aαr = 0; (b)k = π/2, ϵ2Aα = −0.03, ϵ2Aαr = 0; (c)k = π/9,

ϵ2Aα = 0, ϵ2Aαr = −0.03; (d)k = π/9, ϵ2Aα = 0, ϵ2Aαr = 0.03;(e)k = π/2,

ϵ2Aα = 0, ϵ2Aαr = −0.03; (f)k = π/2, ϵ2Aα = 0, ϵ2Aαr = 0.03. . . . . . . . . 197

xxvi



7.5 Images of the 2D FFT of the output voltage in the optical mode: (a)k = π/2,

ϵ2Aα = 0.03, ϵ2Aαr = 0; (b)k = π/2, ϵ2Aα = −0.03, ϵ2Aαr = 0; (c)k = π/9,

ϵ2Aα = 0, ϵ2Aαr = 0.03; (d)k = π/9, ϵ2Aα = 0, ϵ2Aαr = −0.03;(e)k = π/2,

ϵ2Aα = 0, ϵ2Aαr = 0.03; (f)k = π/2, ϵ2Aα = 0, ϵ2Aαr = −0.03. . . . . . . . . 198

7.6 A schematic diagram for the electromechanical diode. . . . . . . . . . . . . . 199

7.7 A schematic diagram for the forward and backward configurations. . . . . . 202

7.8 Time response of electromechanical diode in forward and backward config-

urations for the case of nonlinear chain: (a) Forward configuration, ω = 2,

k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0.03, ϵ2Aαr = 0; (b) backward config-

uration, ω = 2, k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0.03, ϵ2Aαr = 0; (c)

forward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = −0.03,

ϵ2Aαr = 0; (d) backward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16, m̄p = 0.04,

ϵ2Aα = −0.03, ϵ2Aαr = 0; (e) forward configuration, ω = 2, k̄l = 1.3,

k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0.06, ϵ2Aαr = 0; (f) forward configuration,

ω = 1.5, k̄l = 0.78, k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0.03, ϵ2Aαr = 0. . . . . . . 204

7.9 Time response of electromechanical diode in forward and backward configu-

rations for the case of nonlinear resonator: (a) Forward configuration, ω = 2,

k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = 0.03; (b) backward config-

uration, ω = 2, k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = 0.03; (c)

forward configuration, ω = 1.5, k̄l = 0.78, k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0,

ϵ2Aαr = 0.03; (d) backward configuration, ω = 1.5, k̄l = 0.78, k̄p = 0.21,

m̄p = 0.09, ϵ2Aα = 0, ϵ2Aαr = 0.03; (e) forward configuration, ω = 2,

k̄l = 1.3, k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = −0.03; (f) forward config-

uration, ω = 1.5, k̄l = 0.78, k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0, ϵ2Aαr = −0.03. 207

xxvii



7.10 Time response of electromechanical diode in forward and backward configura-

tions for the case of nonlinear resonator: (a) Forward configuration, ω = 1.5,

k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = 0.03; (b) backward con-

figuration, ω = 1.5, k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = 0.03;

(c) forward configuration, ω = 1.5, k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0,

ϵ2Aαr = −0.03; (d) backward configuration, ω = 1.5, k̄l = 1.5, k̄p = 0.37,

m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = −0.03. . . . . . . . . . . . . . . . . . . . . . . 209

7.11 Asymmetric ratio for different linear chain designs with bandgap tuned within

the whole optical mode of nonlinear chain. Upper boundary of the bandgap

is fixed to the maximum frequency of optical mode of nonlinear chain and

lower limit is swept over the optical mode: (a) Hardening nonlinear chain,

ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03,

ϵ2Aαr = 0; (c) hardening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d)

softening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = −0.03. . . . . . . . . . . . 210

7.12 Asymmetric ratio for different linear chain designs with bandgap tuned within

the whole optical mode of nonlinear chain. Lower boundary of the bandgap

is fixed to the maximum frequency of optical mode of nonlinear chain and

upper limit is swept over the optical mode: (a) Hardening nonlinear chain,

ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03,

ϵ2Aαr = 0; (c) hardening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d)

softening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = −0.03. . . . . . . . . . . . 211

xxviii



7.13 Asymmetric ratio for different linear chain designs with bandgap tuned within

the long wavelength limit in the optical mode of nonlinear chain. Upper

boundary of the bandgap is fixed to ω = 1.9 optical mode of nonlinear chain

and lower limit is swept over the long wavelength limit in the optical mode: (a)

Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening nonlinear

chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlinear resonator, ϵ2Aα =

0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = −0.03. 217

7.14 Asymmetric ratio for different linear chain designs with bandgap tuned within

the long wavelength limit in the optical mode of nonlinear chain. Lower

boundary of the bandgap is fixed to ω = 1.4 optical mode of nonlinear

chain and upper limit is swept over the long wavelength limit in the opti-

cal mode: (a) Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b)

softening nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlin-

ear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator,

ϵ2Aα = 0, ϵ2Aαr = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

7.15 Asymmetric ratio for different linear chain designs with bandgap tuned within

the medium wavelength limit in the optical mode of nonlinear chain. Upper

boundary of the bandgap is fixed to ω = 2.2 optical mode of nonlinear chain

and lower limit is swept over the medium wavelength limit in the optical

mode: (a) Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening

nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlinear res-

onator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0,

ϵ2Aαr = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

xxix



7.16 Asymmetric ratio for different linear chain designs with bandgap tuned within

the medium wavelength limit in the optical mode of nonlinear chain. Lower

boundary of the bandgap is fixed to ω = 1.9 optical mode of nonlinear chain

and upper limit is swept over the medium wavelength limit in the optical

mode: (a) Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening

nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlinear res-

onator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0,

ϵ2Aαr = −0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

8.1 Key components of the self-tuning vibration absorber installed on a structure. 231

8.2 System portions used in determining the system instantaneous mode shapes. 235

8.3 Resonance frequencies for resonator beam only at different slider positions:

(a) First mode; (b) Second mode; (c) Third mode; (d) Fourth mode. . . . . . 242

8.4 Resonance frequencies for the combined structure at different slider positions:

(a) First mode; (b) Second mode; (c) Third mode; (d) Fourth mode. . . . . . 243

8.5 The first mode of the combined structure at slider position s = 0.5ar; dif-

ferent system’s portions highlighted in Fig. 8.2 (i.e., wi are demonstrated in

the legend in the addition to the slider; however, the y-axis represents the

structure displacement (i.e., w). . . . . . . . . . . . . . . . . . . . . . . . . 244

8.6 Comparison between the combined structure mode shapes and the resonator

at different slider positions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

xxx



8.7 Comparison of equilibrium position of slider using different algorithms; Vari-

able modes: updating the mode shapes at every time step, semi-variable

modes: updating the modes at a larger time step, fixed modes: using as-

sumed fixed mode shapes. Other parameters for simulation are s0 = 0.5/ar,

f = 90Hz, w0 = 0.1g, n = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . 246

8.8 The effect of the considered mode shapes in the simulation on the results.

Other parameters for simulation are s0 = 0.5/ar, f = 90Hz, w0 = 0.1g. . . 247

8.9 Slider position at different excitation frequencies: (a) f=77 Hz; (b) f=78 Hz;

(c) f=80 Hz; (d) f=85 Hz, with w0 = 0.1g. . . . . . . . . . . . . . . . . . . . 249

8.10 Tip displacement of the primary structure at different excitation frequencies:

(a) f=78 Hz; (b) f=85 Hz, w0 = 0.1g. . . . . . . . . . . . . . . . . . . . . . . 249

8.11 Slider position at different excitation frequencies: (a) f=110 Hz; (b) f=130

Hz; (c) f=140 Hz; (d) f=145 Hz; (e) f=150 Hz; (f) f=155 Hz, w0 = 0.1g. . . . 251

8.12 Tip displacement of the primary structure at different excitation frequencies:

(a) f=130 Hz; (b) f=140 Hz; (c) f=150 Hz; (d) f=155 Hz, w0 = 0.1g. . . . . . 252

8.13 Slider position at different excitation frequencies: (a) f=160 Hz, w0 = 0.2g;

(b) f=180 Hz, w0 = 0.3g; (c) f=200 Hz, w0 = 0.5g; (d) f=230 Hz, w0 = 0.8g;

(e) f=250 Hz, w0 = 0.8g; (f) f=280 Hz, w0 = 0.8g. . . . . . . . . . . . . . . . 254

8.14 Tip displacement of the primary structure at different excitation frequencies:

(a) f=200 Hz, w0 = 0.5g; (b) f=250 Hz, w0 = 0.8g. . . . . . . . . . . . . . . . 255

8.15 Key components of the experimental setup. . . . . . . . . . . . . . . . . . . 256

8.16 Measured slider position at different excitation frequencies. . . . . . . . . . 257

xxxi



8.17 Test measurement of the tip displacement: (a) f=230 Hz, sstart = 0.8ar,

send = 0.9ar, w0 = 6g; (b) f=145 Hz, sstart = 0.74ar, send = 0.86ar, w0 = 0.6g;

(c) f=100 Hz, sstart = ar, send = 0.8ar, w0 = 1.37g; (d) f=70 Hz, sstart = 82ar,

send = 0.66ar, w0 = 1.44g; (e) f=60 Hz, sstart = 0.77ar, send = 0.52ar,

w0 = 1g; (f) f=55 Hz, sstart = 0.77ar, send = 0.6ar, w0 = 1g. . . . . . . . . . . 260

8.18 FRF comparison between the self-tuning resonator and the fixed resonatorat

0.5s/ar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

xxxii



List of Tables

8.1 System key parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

8.2 Resonance frequencies for the primary structure and the resonator obtained

by SolidWorks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

xxxiii



Chapter 1

Introduction

1.1 Overview

Due to their incredible unique dynamical properties, researchers have recently drawn their

attention to the study of mechanical metamaterials. Earlier considerations of metamateri-

als were performed within the electromagnetic and optical wave propagation communities

[33, 187]. These concepts were later extended for elastic wave propagation [84] and acoustics

[120]. Instead of homogeneous structures, metamaterials are fabricated in special engineered

configurations, patterns, and constitutions. These engineered structures can offer negative

stiffness, negative mass, negative Poisson’s ratio, and many others [14, 48, 84, 111, 116].

Consequently, metamaterials show a great potential for being used in a wide pool of engi-

neering applications. Examples on these applications include vibration isolation or reduction

[15, 51, 53, 71, 82, 83, 146, 150], noise control and sound absorption [72, 122, 152, 156], non-

destructive testing [155], waveguiding and localization [87, 92, 93, 161, 162, 177], micro scale

signal sensing [54, 127, 128], wave demultiplexers−passive devices [19, 81, 126, 142, 170], liq-

uid properties sensing [113, 114, 183], mass sensing [132], sound collimation [39, 43, 56, 158],

negative refraction [59, 77, 88, 103, 149, 169, 188, 193], positive refraction [36, 66, 176],

wave focusing [8, 17, 20, 42, 65, 102, 164, 168, 196], directional-biased wave propagation

[16, 104, 106, 107, 143], cloaking [21, 38, 46, 47, 124, 136, 137, 138, 139, 141, 147], and many

others. This doctoral dissertation focuses on investigating nonlinear wave propagation phe-

1
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nomena in nonlinear metamaterials and how we can implement these observation in many

engineering applications. In addition, it proposes a novel self-tuning locally resonant meta-

materials using sliding mass mechanism for broad band vibration attenuation. Section 1.2

describes phononic, locally resonant, nonlinear metamaterials, and electromechanical meta-

materials for vibration reduction and energy harvesting. Section 1.3 states the scientific

and engineering motivations for utilizing sliding mass mechanism in novel self-tuning meta-

materials. Section 1.4 summarize the research objectives and contributions. Finally, the

dissertation layout is provided in Section 1.5.

1.2 Linear, nonlinear, locally resonant, and electrome-

chanical metamaterials

Within elastic media, earlier investigations for metamaterials were conducted on periodic

structures (phononic crystals) [97, 98, 99, 159, 160, 178]. Periodicity in phononic crystals

can be represented by material, geometry, and boundary conditions periodicity. Periodic

structures offer a frequency bandgap, where the wave is attenuated instead of propagating

through the structure. Due to Bragg scattering, this bandgap occurs at wavelengths close

to the cell lattice constant. Therefore, low frequency waves can be banned from propagating

through the structure, thus achieving significant vibration attenuation. However, since the

Bragg scattering is restricted to certain lattice constants, only large structures can be con-

trolled. On the other hand, by introducing local resonators into metamaterials (resulting in

locally resonant metamaterials), wave propagation can be controlled in systems with much

smaller lattice constants [110]. This results from the hybridization of the local resonances

even in the absence of periodicity [4]. Therefore, applications of vibration attenuation can be

extended to much smaller structures and engineering applications (e.g., MEMS, sensors, and
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energy harvesters). Based on the local resonator parameters, the presence of local resonators

in periodic patterns can develop bandgaps due to Bragg scattering or mode hybridization

[109].

The evolved bandgaps can be enhanced by inserting multiple resonators inside the cell

to obtain multiple bandgaps at different frequencies [78, 197] or using nonlinear metama-

terials to obtain tunable bandgap limits [117]. The latter revealed many other interest-

ing nonlinear wave propagation phenomena such as gap solitons [95], wave non-reciprocity

[16, 104, 106, 107, 115, 129], dark and enveloped solitons [131], and cloak [50, 58, 147].

Previous study of nonlinear metamaterials was focused on obtaining the band structure ana-

lytically or numerically. The former uses perturbation techniques [134, 135] (e.g., Lindstedt–

Poincare [133], multipe scales [119]) and homotopy analysis [1]. On the other hand, analytical

or approximate analytical solutions may not yield accurate results or deduce the interest-

ing the interesting nonlinear wave characteristics. Therefore, numerical analyses should be

conducted. These analyses can further be analyzed by different signal processing techniques

to obtain the spectro-spatial features of the propagating waves in addition to the temporal

space analyses [63, 195]. These analytical and numerical studies of nonlinear metamateri-

als were limited to diatomic chains or locally resonant metamaterials with single resonator.

However, there is a gap in the literature for obtaining an analytical solution and investigat-

ing the spectro-spatial features of nonlinear metamaterials with multiple local resonators.

Moreover, the study of spectro-spatial features in [63, 195] showed long-wavelength waves

are not affected by the nonlinearity in the chain, while the effect of local resonator in the

nonlinearity in this region has not been explored yet.

Take away 1: Perturbation techniques can be used to obtain an approximate analytical

solutions for deispersion curves in the case of weakly nonlinear metamaterials. However,

applying these techniques in the literature is limited to the simple case of metamaterials in
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the absence of local resonator or the presence of single resonator. In addition, the effect

of local resonator nonlinearity on nonlinear propagation phenomena need to investigated to

explore its cabability to extend the effect to the long-wavelength limit.

Increasing the mass added by the local resonators increases the bandgap size in lo-

cally resonant metamaterials. Consequently, this limits the application of locally resonant

metamaterial in weight restricted systems (e.g., vibration reduction in aerospace applica-

tions). However, attaching piezoelectric patches on periodic structures can manipulate

the added stiffness to the system. This leads to developing an electromechanical bandgap

[5, 13, 34, 173, 194]. The electromechanical bandgap is realized due to the electromechan-

ical coupling The piezoelectric can also be used for energy harvesting and sensing. This is

inspired by the flat frequency band in metamaterials and can be realized by shunting the

piezoelectric material to a load resistor [74, 75, 76, 105, 157]. Beside the obtained interesting

dynamical properties, electromechanical metamaterials can be employed to enhance energy

harvesting and sensing[74]. This is motivated by a metamaterial’s flat frequency band, which

has been observed experimentally in locally resonant plates [157] and 3D printed structures

[105]. Further theoretical demonstrations were reported in the literature for discrete [74]

and continuous structures [75, 76]. In addition, 2D metamaterials have shown the ability

to concentrate energy at the energy harvester location, thus significantly improving the en-

ergy harvesting [108, 174, 175, 184]. The benefits of electromechanical metamaterials (i.e.,

vibration reduction and energy harvesting) were realized and investigated in the literature

without considering the nonlinearity. Although, both nonlinear metamaterials and nonlinear

energy harvesters have shown significant enhancements on the wave propagation and energy

harvesting, respectively.

Take away 2: Elechtromechanical metamaterials can be used for simultaneous energy

harvesting. However, for prior studies in the literature, the interesting nonlinear wave prop-
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agation characteristics were not employed to enhance the electromechanical metamaterials

performance.

The nonlinearity in metamaterials can lead to a significant wave distortion. This wave

distortion results in frequency conversion, enabling output wave to appear at frequencies

different from the input wave frequency. Indeed, when the nonlinear metamaterial is coupled

to a linear metamaterial (i.e., the linear metamaterial has a bandgap tuned to the frequency

conversion region in the nonlinear metamaterial), the energy content with shifted frequency

can propagate in the forward configuration. However, waves propagating from the linear

metamaterial side (backward configuration) will be tuned inside the linear metamaterial’s

bandgap. This is an indication that directional-biased wave propagation can be realized

[16, 104, 106, 107, 115]. This wave non-reciprocity can also be observed in nonlinear granular

structures [16] or nonlinear hierarchical internal structures [129]. Spectro-spatial analyses can

be employed to examine the frequency conversion in nonlinear metamaterials. The spectro-

spatial features can show a significant frequency shift at the medium-wavelength limit in both

nonlinear chain and nonlinear local resonators metamaterials [26, 27, 195]. Unlike the case of

nonlinear chain, nonlinear local resonator metamaterials can also show significant frequency

shift at the long-wavelength limit in addition to the medium-wavelength limit [27], [23].

Models of acoustic diodes are limited to the use of local mechanical resonators embedded

within the periodic structure or simple coupling between linear and nonlinear metamaterials.

To the best of our knowledge, there are no works in the literature investigating the use

of electromechanical resonators in nonlinear metamaterials for designing electromechanical

diodes. In addition, works in the literature did not harness the significant frequency shift at

long wavelength limit for the case of nonlinear resonator to broaden the operation frequency

of the electromechanical diode. Consequently, the asymmetric and transmission ratios are

not relatively high for diodes reported in the literature.
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Take away 3: Investigating the spectro-spatial features of nonlinear metamaterials with

nonlinear resonators demonstrated a significant frequency shift at the long-wavelength limit.

Therefore, it is worthy to investigate employing this shift to broaden the operation range

of the mechanical diode. In addition, extending these observing phenomena to design an

electromechanical diode cannot be found in the literature.

1.3 Self-tuning metamaterials using sliding mass mech-

anisims

In the prior section, the aforementioned examples have shown a great potential for vibration

isolation and energy harvesting with passive metamaterials systems. Yet further signifi-

cant enhancements in vibration mitigation can be obtained by active and adaptive (pro-

grammable) metamaterials [84]. For instance, active control for tunable bandgaps can be

obtained by manipulating cell orientations [64]. Moreover, metamaterials can be actively con-

trolled by piezoelectric materials [5, 13, 34, 73, 100, 153, 173, 194], colloidal crystals [11], elec-

trorheological materials subjected to an electric field [189], temperature dependent materials

(e.g., shape memory alloy) [154], thermal tuning [79, 86], and magnetism [144, 151, 180, 181].

Due to the required external energy source, active metamaterials are not practical in most

applications. However, researchers have suggested adaptive tuning techniques to control the

structure bandgap independent of any external power sources. These include bistable struc-

tures [61, 68, 121, 185], piezoelectric patches shunted to negative-capacitance [12, 41, 44],

resistive-inductive [5, 34, 40], or negative-inductance [41]. However, these techniques can

only tune the bandgap in limited regions near the linear frequency, with improvement ap-

pearing as a significant increase in the attenuation constant depending on the excitation

amplitude in the structures. In addition, piezoelectric based metamaterials face limitations
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in tunability of bandgap that are confined by narrow size and positions [41].

Take away 4: Adaptive metamaterials are capable of changing the size and locations of

their bandgap without external power source; however, for the mechanisms studied in prior

literature, this capability is limited by bandgap positions, size, and practicality.

Tuned resonators have shown great potential for both vibration mitigation [163] and

energy harvesting applications [55, 148]. Moreover, they can provide a wide frequency

bandgap if embedded within metamaterials [110]. When tuned properly, their performance

can be maximized. Unfortunately, environmental excitation frequencies are time varying

and therefore not likely to meet the narrow frequency band of the resonators, thus mak-

ing the resonators ineffective [10, 35, 37, 130, 145, 148, 165, 166, 167, 171, 198]. Con-

sequently, the seeking of mechanisms that can widen the operational frequency band has

been a focus of researchers for many years. For instance, researchers have investigated

nonlinear resonators as an alternative solution, due to their wide bandwidth compared

to linear resonators and the presence of secondary resonances [45, 49, 69, 112, 135, 179].

Still, nonlinear resonators succeeded in enhancing frequency matching only in specific re-

gions. More effective frequency matching can be obtained using active tuning. However,

active tuning is usually less practical and reliable due to its dependence on external power

sources. Indeed, this often makes employing active resonators in energy harvesting appli-

cations infeasible [7]. On the other hand, a sliding mass moving along a beam can con-

tinuously vary the resonator frequency based on the excitation frequency, thus improving

its performance [37, 94, 96, 123, 130, 145, 166, 167, 190, 191]. The nonlinear dynamics

interactions between the sliding mass and the beam (i.e., Coriolis and centrifugal forces)

drive the slider to settle on a vibration anti-node, and thus causing the resonator to be

in-resonance with the excitation frequency. Therefore, such resonators can self-tune, result-

ing in dramatic performance enhancement. Self-tuning resonators have been investigated
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for systems ranging from strings [18] to beams [123, 125, 172] and plates [182]. Moreover,

experimental demonstrations of this significant performance enhancement were reported in

[37, 123, 125, 130, 145, 190, 191]. Beam-based self-tuning resonator has been examined in

the literature for various resonator boundary conditions. These variations include clamped-

clamped resonator [94, 123, 145, 190, 191], clamped-free resonator [37, 91, 125, 130], and

even more complicated arrays of resonators [165, 166, 167].

Take away 5: Self-tuning resonators have demonstrated better frequency tuning than

other passive systems at wide frequency range. Therefore, embedding these resonators may

offer enhanced tunable bandgap as compared to other mechanisms. However, no study has

examined the concept of self-tuning via a sliding mass in locally resonant metamaterials.

1.4 Research objectives and contributions

In this dissertation, we will study different nonlinear metamaterials models to reveal inter-

esting nonlinear wave propagation phenomena and obtain wide band vibration attenuation.

The specific research objectives are to:

• Gain better understanding of nonlinear wave propagation phenomena of nonlinear

metamaterials with different sources and types of nonlinearities through analyzing the

spectro-spatial features.

• Derive general approximate analytical solutions for nonlinear locally resonant meta-

materials with any number of embedded local resonators.

• Gain fundamental understanding of the nonlinear dynamic interactions within such an

electromechanical metamaterial.
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• Provide design guidelines for a broadband electromechanical diode with high asymme-

try ratio.

• Test a self-tuning single resonator using sliding mass mechanism for better energy

harvesting and vibration attenuation.

• Develop an adaptive feedback technique for self-tuning system for better prediction to

the evolved dynamic.

• Integrate the self-tuning resonator within locally resonant metamaterials to obtain a

system that tunes its bandgap to the applied excitation frequency.

In addition, this dissertation makes many significant contributions to the literature. These

contributions include novel methods to analyze nonlinear metamaterials, design broadband

electromechanical diode, and obtain novel self-tuning metamaterials. Specifically, the con-

tributions of this dissertation can be summarized as follows:

• Prior derivations of approximate analytical dispersion dispersion relations in the lit-

erature were limited to diatomic chains and single resonator locally resonant meta-

materials. Therefore, this dissertation uses the method of multiple scales to obtain a

generalized approximate analytical expressions for the dispersion relations of nonlinear

metamaterials with any number of local resonators.

• Significant wave distortion in nonlinear metamaterials were only reported for the medi-

um/short wavelength limits since only the case of nonlinear chain was investigated in

the literature. This dissertation shows that significant wave distortion can also be

realized in the long-wavelength limit for nonlinear metamaterials with nonlinear res-

onators. This is tackled by analyzeing the spectro-spatial features of the propagating

waves through the structure.
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• The study of electromechanical metamaterials in the literature were limited to linear

electromechanical metamaterials. However, nonlinear metamaterials and nonlinear en-

ergy harvesting have shown interesting wave propagation phenomena and significant

improvement in widening the harvester bandwidth, respectively. Therefore, this dis-

sertation study nonlinear electromechanical metamaterials to harness the benefits of

nonlinear wave propagation phenomena to enhance simultaneously energy harvesting

and vibration reduction.

• Adaptive metamaterials are capable of changing the size and locations of their bandgap

without external power source; however, for the mechanisms studied in prior literature,

this capability is limited by bandgap positions, size, and practicality. In addition,

self-tuning resonators have demonstrated better frequency tuning than other passive

systems at wide frequency range. Therefore, this dissertation proposes novel self-

tuning metamaterials by embedding these resonators in locally resonant metamaterials

to obtain enhanced tunable bandgap as compared to other mechanisms.

1.5 Dissertation layout

After the introduction chapter, which describes the background, problem statement, dis-

sertation objectives, and dissertation contributions, we present in Chapter 2 the analyses

for nonlinear metamaterials with multiple local resonators. The computational study for

validation of this system is detailed in Chapter 3. Next, Chapters 4 and 5 illustrates the

effect of electromechanical coupling in metamaterilas with chain and resonator nonlinearity,

respectively. Experimental validation of the effect of electromechanical coupling on the band

structure is presented in Chapter 6. Chapter 7 investigates the design of an electromechan-

ical diode for biased energy harvesting and wave propagation. Next, a self-tuning resonator
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is investigated for vibration reduction applications in Chapter 8. Finally, the main findings

and future insights are summarised in the conclusion.



Chapter 2

Spectro-Spatial Analyses of a

Nonlinear Metamaterial with

Multiple Nonlinear Local Resonators

This chapter is an edited version of: Bukhari, Mohammad, and Oumar Barry. ”Spectro-

spatial analyses of a nonlinear metamaterial with multiple nonlinear local resonators.” Non-

linear Dynamics 99, no. 2 (2020): 1539-1560 [27].

Recent focus has been given to spectro-spatial analysis of nonlinear metamaterials since

they can predict interesting nonlinear phenomena not accessible by spectral analysis (i.e.,

dispersion relations). However, current studies are limited to a nonlinear chain with single

linear resonator or linear chain with nonlinear resonator. There is no work that examines

the combination of nonlinear chain with nonlinear resonators. This chapter investigates the

spectro-spatial properties of wave propagation through a nonlinear metamaterials consist-

ing of nonlinear chain with multiple nonlinear local resonators. Different combinations of

softening and hardening nonlinearites are examined to reveal their impact on the traveling

wave features and the band structure. The method of multiple scales is used to obtain

closed form expressions for the dispersion relations. Our analytical solution is validated via

numerical simulation and results from the literature. The numerical simulation is based on

12
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spectro-spatial analysis using signal processing techniques such as spatial-spectrogram, wave

filtering, and contour plots of 2D Fourier Transform. The spectro-spatial analysis provides

a detailed information about wave distortion due to nonlinearity and classify the distortion

into different features. The observations suggest that nonlinear chain with multiple nonlinear

resonators can affect the waveform at all wavelength limits. Such nonlinear metamaterials

are suitable for broadband vibration control and energy harvesting, as well as other appli-

cations such as acoustic switches, diodes, and rectifiers, allowing wave propagation only in

a pre-defined direction.
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CHAPTER 2. SPECTRO-SPATIAL ANALYSES OF A NONLINEAR METAMATERIAL WITH MULTIPLE

NONLINEAR LOCAL RESONATORS

2.1 Introduction

The study of metamaterials has gained lots of attention in recent years due to their excep-

tional material properties characteristics and their wider engineering applications. Metama-

terials are a new class of artificial composites that derive their unique dynamic properties

from both engineered local configurations and material constituents [84]. They were origi-

nally developed for electromagnetic and optical wave propagation and later the technology

was extended to acoustic and elastic waves[33]. Metamaterials can be constructed as peri-

odic structures (i.e., phononic crystals in the presence or absence of local resonator) or in

random arrangements (usually in the presence of local resonator). However, locally reso-

nant metamaterials draw their interesting dynamic phenomena because of the presence of

local resonators rather than periodicity [4]. These interesting dynamic features can be ju-

diciously employed for suppressing noise and vibration, harvesting energy, non-destructive

testing structures for defects, improving image resolution, and ameliorating the performance

of antennas and many other engineering structures and devices [14].

The study of periodic structures reveals the development of a frequency bandgap where

the wave does not propagate through the structure instead it get reflected [97, 98, 99, 159,

160, 178]. These frequencies are associated with wavelength near the size of lattice constant.

The wave attenuation is caused by Bragg scattering and offers a good vibration control in

low frequency region. However, the restriction on the lattice size limits the advantage of

Bragg scattering to large structures applications.

Due to the crucial need for extending this phenomena to control much smaller size struc-

tures (e.g., MEMS), Liu et al. [110] suggested embedding smaller resonators inside crystals
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to form locally resonant metamaterials. Locally resonant metamaterials form a bandgap at

wave lengths much larger than the lattice constant. Indeed, the bandgap formation results

from the combination of Bragg scattering and local resonance when the frequency of the local

resonator is not very low. Nevertheless, the parameters of the resonator govern the dominant

effect of the bandgap formation [109]. Yet, very low frequency local resonators can still be

excited by long wavelength waves and hence bandgap can be formed due to hybridization of

the local resonances only and without the need for Bragg scattering [4]. Controlling different

frequency regions requires using different resonators inside the lattice [78, 197], such that

wave attenuation can be observed in the vicinity of different local resonances. Intention-

ally introducing nonlinearity can reveal additional interesting wave propagation phenomena

which widens the applications of metamaterials. Some of those, but not limited to, are gap

solitons [95], envelope and dark solitons [131], asymmetric wave propagation [107], and ad-

justing band structure limits [117].

Based on the magnitude of nonlinearity, the metamaterial can be classified as a strongly

or weakly nonlinear. The latter may be asymptotically converging and an explicit approx-

imate solution can be presented by perturbation techniques [134, 135]. For instance, dis-

persion relation of nonlinear chain (metamaterial) can be obtained by Lindstedt-Poincare

method [133]. However, for more complicated or interacting nonlinear systems, the method

of multiple scales is more convenient since the associated algebra requires much less effort

[101, 119]. Yet dispersion curves in nonlinear continuous metamaterials can be approxi-

mated by using the transfer matrix method [90]. Studying nonlinear dispersion curves can

reveal important information about the effect of nonlinearity on the wave propagation (e.g.

dispersive and solitary waves) [85].
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Recent trends in nonlinear metamaterials focus on wave non-reciprocity such that uni-

direction wave propagation can be utilized to passively develop acoustic diodes, switches,

and rectifiers. For example, acoustics diodes can be obtained by coupling nonlinear and

linear chains [104, 106, 107]. This requires tuning the secondary resonances of nonlinear

chain to the passband of a linear chain. For instance, exciting weakly nonlinear oscillator

with cubic nonlinearity can develop a signal with subharmonic resonance. If this secondary

resonance lies in the passband of coupled wave while the the original excitation frequency

lies in the bandgap, waves can only propagate in the direction from nonlinear to linear chain

[115]. Similarly, bifurcation due to defects in granular chains can allow the wave to propa-

gate only in one direction [16]. Nonlinear energy sink can also form wave non-reciprocity in

hierarchical internal structures [129].

Nonlinear metamaterials are often analyzed by tracking the change in the temporal

state properties and discussing the existence of solitary waves, and dispersion characteris-

tics. Dispersion relations do not, however, reveal enough detailed information on the wave

distortion features. On the other hand, spectro-spatial analyses can provide better un-

derstanding of the physical features of wave propagation such as frequency shift and wave

localization or dispersion in a nonlinear medium. Ganesh and Gonella [63] were the first

to study the spectro-spatial wave packet propagation features of nonlinear periodic chains

using signal processing tools to highlight new important nonlinear wave propagation prop-

erties. Their analysis provided more detailed information about the wave distribution; such

as conditions related to the birth or inhalation of solitary wave at different wavelengths.

Their work was extended by Zhou et al. [195], who investigated the spectro-spatial fea-

tures of nonlinear acoustics metamaterials consisting of nonlinear cell with a linear local

resonator. Their study showed that nonlinearity gives rise to nondispersive features in wave
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propagation. The spectro-spatial features in [63, 195] revealed that nonlinear phenomena

affect only short wavelength domain. This is because the nonlinearity was limited to the

springs connecting the cells only. None of the aforementioned studies included nonlinearities

in the local resonators. Recently, we presented for the first time the spectral analysis (i.e.,

dispersion relations only) of a nonlinear metamaterials consisting of nonlinear (or linear)

chain with linear (or nonlinear) multiple local resonators [30]. Our work indicated that the

dispersion relations for nonlinear chain with linear resonator and linear chain with nonlin-

ear resonator are different. Particularly, the former affects the waveform only in the short

wavelength limit while the latter can be tuned to affect the waveform in the long wavelength

limit. These findings were also confirmed by the spectro-spatial analysis of such a nonlinear

metamaterial presented in [24]. Note that both papers were limited to the study of the

nonlinearity attributed to either the chain only or local resonator only. We did not examine

the combination of both nonlinearities.

In this chapter, we extend our work in [24, 30] by combining both chain nonlinearity and

local resonators nonlinearity, and thoroughly study the relation between topological (i.e.,

space-time domain) and spectral (dispersion relations) features of a wave propagating in

such a nonlinear metamaterial. We derive analytical expressions for the dispersion relations

by the method of multiple scales. Our analytical results are validated through numerical

simulation. Parametric studies are carried out to examine the role of both hardening and

softening nonlinearities in the chain and local resonators. The results show very interesting

characteristics of wave propagation in all wavelength limits.

The remainder of the chapter is organized as follows. Section 2 presents the mathemat-

ical modeling of the proposed nonlinear metamaterial. We address the spectral analysis in

Section 3 and the spectro-spatial analysis in Section 4. Section 5 summarizes the findings

and provides suggestion for future work.
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Figure 2.1: A schematic diagram for the nonlinear acoustics metamaterials with nonlinear
resonators

2.2 Mathematical Modeling

This section presents the mathematical derivation for the dispersion equation for a nonlinear

chain with nonlinear resonators depicted in Fig. 2.1. Each unit cell consists of a rigid

mass, m, connected to other cells through a nonlinear spring with linear coefficient, k and

nonlinear coefficient Γ. Inside each cell, there are multiple resonators with mass, mi, attached

by nonlinear spring with linear spring coefficient, ki and nonlinear spring coefficient, Γi. The

free oscillation equations for each cell with s number of resonators can be expressed as

mün +K(2un − un−1 − un+1) + ϵΓ((un − un−1)
3 + (un − un+1)

3)+

s∑
i=1

ki(un − vni) +
s∑

i=1

ϵΓi(un − vni)
3 = 0

(2.1)

miv̈ni + ki(vni − un) + ϵΓi(vni − un)
3 = 0 (2.2)

For convenience, we introduce the following dimensionless parameters

τ = ωnt; Γ̄ =
Γ

K
; Γ̄i =

Γi

K
; k̄i =

ki
K

(2.3)
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where ωn =
√

K/m and ωdi =
√

ki/mi.

Introducing these parameters in Eqs. (2.1)-(2.2) leads to

ün + 2un − un−1 − un+1 + ϵΓ̄((un − un−1)
3 + (un − un+1)

3)+

s∑
i=1

k̄i(un − vni) +
s∑

i=1

ϵΓ̄i(un − vni)
3 = 0

(2.4)

ω2
n

ω2
di

v̈ni + (vni − un) + ϵ
Γ̄i

k̄i
(vni − un)

3 = 0 (2.5)

We assume expansions for the displacements in the form

un(t, ϵ) = un0(T0, T1) + ϵun1(T0, T1) + o(ϵ2) (2.6)

vni(t, ϵ) = vni0(T0, T1) + ϵvni1(T0, T1) + o(ϵ2) (2.7)

where T0 = τ is the fast time scale and T1 = ϵτ is the slow time scale. Since the time is

expressed in two independent variables, the time derivative can be presented by using the

chain role as

(¨) = D2
0 + 2ϵD0D1 + ... (2.8)

where Dn = ∂
∂Tn

. Substituting Eqs. (2.6)-(2.8) into Eqs. (2.4)-(2.5) and collecting the

similar coefficients of ϵ, one can get

Order ϵ0

D2
0un0 + 2un0 − u(n−1)0 − u(n+1)0 +

s∑
i=1

k̄i(un0 − vni0) = 0 (2.9)

ω2
n

ω2
di

D2
0vni0 − (un0 − vni0) = 0 (2.10)



20
CHAPTER 2. SPECTRO-SPATIAL ANALYSES OF A NONLINEAR METAMATERIAL WITH MULTIPLE

NONLINEAR LOCAL RESONATORS

Order ϵ

D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1 +

s∑
i=1

k̄i(un1 − vni1) = −2D0D1un0−

Γ̄((un0 − u(n−1)0)
3 + (un0 − u(n+1)0)

3)−
s∑

i=1

Γ̄i(un0 − vni0)
3

(2.11)

ω2
n

ω2
di

D2
0vni1 − (un1 − vni1) = −2

ω2
n

ω2
di

ϵD0D1vni0 −
Γ̄i

k̄i
(vni0 − un0)

3 (2.12)

2.2.1 Linear Dispersion Relation

At order ϵ0 the problem is linear; therefore, the solution can be expressed as [119]

un = Aej(nk−ωT0) + c.c (2.13)

vni = Bie
j(nk−ωT0) + c.c (2.14)

where c.c refers to complex conjugate, k = qa denotes the dimensionless wave number, and q

represents the wave number. A and Bi stand for the wave amplitude of the outer and inner

masses, respectively. By substituting Eqs. 2.13-2.14 into Eqs. 2.9-2.10 and following [119],

the linear dispersion equation can be expressed as

− ω2 + (2− 2 cos k) +
s∑

i=0

k̄i(1−Kωi) = 0 (2.15)

where Kωi =
ω2
di

ω2
di−ω2

nω
2 .
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2.2.2 Approximate Analytical Solution for the Nonlinear Disper-

sion Relation

For small values of nonlinear spring coefficients, Γ and Γi, Eqs. (2.4)-(2.5) are classified

as weakly nonlinear. For such a system, the nonlinear dispersion relations can be derived

approximately by perturbation techniques. For system with multiple coupled equations, it is

more convenient to employ the method of multiple scales since it has advantages over other

methods in terms of the required efforts and associated algebra. By rearranging equations

at order ϵ, we obtain

X(D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1) +

s∑
i=1

Xk̄iω
2
n/ω

2
di

1− ω2
nω

2/ω2
di

D2
0un1 =

s∑
i=1

Xk̄i
1− ω2

nω
2/ω2

di

(−2ω2
n/ω

2
diD0D1vni0 +

Γ̄i

k̄i
(un0 − vni0)

3)+

X(−2D0D1un0 −
s∑

i=1

Γ̄i(un0 − vni0)
3 − Γ̄((un0 − u(n−1)0)

3 + (un0 − u(n+1)0)
3))

(2.16)

where X =
∏s

i=1(ω
2
n/ωdiD

2
0 + 1).

Introducing Eqs. (2.13)-(2.14) into Eq. (2.16) leads to

X(D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1) +

s∑
i=1

Xk̄iω
2
n/ωdi

1− ω2
nω

2/ω2
di

un1 =

[2jω
s∑

i=1

Xk̄iω
2
n/ω

2
di

1− ω2
nω

2/ω2
di

A′Kωi + 2jXωA′ − 12Γ̄XA2Ā(1− cos k)2+

3A2Ā(
s∑

i=1

[
X(1− kωi

)3

1− ω2
nω

2/ω2
di

Γ̄i −X(1− kωi
)3Γ̄i])]e

j(nk−ωT0) +NST

(2.17)

where NST denotes non-secular terms, A′ = dA
dT1

, and Ā is the complex conjugate of A. We

note here that X becomes X =
∏s

i=1(1− ω2ω2
n/ωdi)

The left hand side of Eq. (2.17) has a nontrivial solution while the secular terms on the
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right hand side must be eliminated for bonded solution by solving the following solvability

condition [134]

[2jω
s∑

i=1

Xk̄iω
2
n/ω

2
di

1− ω2
nω

2/ω2
di

A′Kωi + 2jXωA′ − 12Γ̄XA2Ā(1− cos k)2+

3A2Ā(
s∑

i=1

[
X(1− kωi

)3

1− ω2
nω

2/ω2
di

Γ̄i −X(1− kωi
)3Γ̄i]] = 0

(2.18)

Substituting the polar form

A =
1

2
αejβ (2.19)

into the solvability condition and separating the real and imaginary parts, the modulation

equations for the amplitude and phase can be expressed as

ω
s∑

i=1

k̄iXω2
n/ω

2
di

1− ω2
nω

2/ω2
di

α′Kωi +Xωα′ = 0 (2.20)

−ω
s∑

i=1

k̄iXω2
n/ω

2
di

1− ω2
nω

2/ω2
di

αβ′Kωi −Xωαβ′ − 3

2
XΓ̄α3(1− cos k)2−

s∑
i=1

[
3

8
α3(1− kωi

)3XΓ̄i(
1

1− ω2
nω

2/ω2
di

− 1)] = 0

(2.21)

By solving the modulation equations, the amplitude and phase can be expressed as

α = α0 (2.22)

β =

∑s
i=1[

3
8
α2(1−Kωi

)3Γ̄i(
1

1−ω2
nω

2/ω2
di
− 1)]− 2

3
Γ̄α2(1− cos k)2

ω(1 +
∑s

i=1
k̄iω2

n/ωdi

1−ω2
nω

2/ω2
di
Kωi)

T1 (2.23)

Since T1 = ϵτ , the nonlinear frequency , ωnl associated with k is

ωnl = ω + ϵβ′ (2.24)
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The nonlinear dispersion relation presented by Eq. (2.24) includes the effect of both non-

linearity in the chain Γ̄ and in the resonators Γ̄i). This expression is also valid for the cases

of nonlinear chain only (i.e., Γi = 0) and nonlinear resonator only (i.e., Γ = 0). It can

also be observed that only the effect of nonlinearity of the chain varies explicitly with the

wavenumber. Moreover, The nonlinear correction coefficient ϵβ′ is a function of vibration

amplitude α, the nonlinear spring coefficient ϵΓ (for the nonlinear chain) and ϵΓi (for the

nonlinear resonator). It is noteworthy here that we assume the system is weakly nonlinear

(i.e., ϵ << 1), set α = 1 in all subsequent sections, and vary the magnitude of nonlinear

stiffness.

2.3 Predicting Band Structure Boundaries by Analyt-

ical Dispersion Relations

2.3.1 Validating the current model

To check the accuracy of the derived expression, we validate our results by using two different

techniques. First, for nonlinear chain with single linear resonator case, we compare our results

with those obtained by Lindstedt-Poincare method in the literature. Second, we compare

our results for nonlinear resonator case and multiple resonators case by direct numerical

integration. For the numerical integration, we simulate 500 cells with Perfectly match layers

(PML) to omit wave reflections [133]. The system is excited by a transient wave packet

applied at the beginning of the structure and propagating to the other end of the structure.

The velocity of the wave packets is selected to force the wave to travel in one direction only

and suppress any wave propagating in the opposite direction. This wave packet excitation
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can be defined as:

um(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(1− cos(mk/Ncy)) sin(mk) (2.25)

u̇m(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(−ωnω/Ncy sin(mk/Ncy) sin(mk)−

ωnω(1− cos(mk/Ncy)) cos(mk))

(2.26)

vmi(0) = Kωium(0) (2.27)

v̇mi(0) = Kωiu̇m(0) (2.28)

where Ncy is the number of cycles and in our numerical simulations we set Ncy = 7, and H(x)

is the Heaviside function. For these initial conditions, we integrate the system by MATLAB

built in integrator ODE45.

To obtain numerical dispersion curves, we collect the time response resulting from the

numerical integration in the displacement matrix at a specific wave number. The displace-

ment matrix is then transformed to the frequency-wave number domain by 2D Fast Fourier

transform (2D FFT). We next pick the point with maximum power density. The frequency

and wavenumber corresponding to this point are a point on the reconstructed dispersion

curve. To construct the full curve, the wave number is swept along the first Brillouin zone.

The parameters of the system are selected as ωn = ωd1 = 1000 rad/sec, and k̄1 = 1 for

single resonator system (i.e., s=1), and for two resonators case (i.e., s=2) and we select the

parameters as ωn = ωd1 = 1000 rad/sec, ωd2 = 1.5ωn, k̄1 = 1, and k̄2 = 1.5.

Validation for the nonlinear chain and single linear resonator is presented in Fig. 2.2-(a).

It is observed that our multiple scale results show a good agreement with those obtained by

Lindstedt-Poincare method [195] and numerical results except inside the Pseudo-bandgap. In

the Pseudo-bandgap region (as we will show in the subsequent sections), there is a significant



2.3. PREDICTING BAND STRUCTURE BOUNDARIES BY ANALYTICAL DISPERSION RELATIONS 25

frequency shift for wave packets excitation [195]. This significant frequency shift cannot

be captured by our approximate solution. It is noteworthy here that we highlighted the

bandgap, optical mode, and acoustic mode for single resonator system in Fig. 2.2 and Fig.

2.3.

(a) (b)

Figure 2.2: (a) Validating the results of a nonlinear chain with single resonator α2ϵΓ̄ = 0.06,
α2ϵΓ̄1 = 0.; (b) Validating the results of a linear chain with single nonlinear resonator
α2ϵΓ̄ = 0, α2ϵΓ̄1 = 0.06.

(a) (b)

Figure 2.3: (a) Validating the results of a nonlinear chain with multiple resonator α2ϵΓ̄ =
0.06, α2ϵΓ̄1 = α2ϵΓ̄2 = 0.; (b) Validating the results of a linear chain with multiple nonlinear
resonator α2ϵΓ̄ = α2ϵΓ̄2 = 0, α2ϵΓ̄1 = 0.06.

For the cases of nonlinear resonators, the results are validated only numerically. The
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(a)
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(b)

Figure 2.4: (a) Validating the results of a nonlinear chain with single nonlinear resonator
α2ϵΓ̄ = α2ϵΓ̄1 = 0.06.; (b) Validating the results of a linear chain with multiple nonlinear
resonators α2ϵΓ̄ = α2ϵΓ̄1 = α2ϵΓ̄2 = 0.06.

results of a chain with single nonlinear resonator are shown in Fig. 2.2-(b). The numerical

results show a good agreement with the analytical results in the acoustic mode. However,

a significant error is observed near the resonator frequency. This error results from the

significant frequency shift. Indeed, points in the long wavelength limit (k ∼ 0 since λ = 2π/k

where λ is the wavelength) belong to a signal with wavelength inside the Pseudo-bandgap

(at medium wavelength limit k ∼ π/2); however, due to the significant frequency shift, they

appear in the long wavelength limit.

For multiple resonators, the results for nonlinear chain and nonlinear resonators are

presented in Fig. 2.3. We note here that reconstructing the dispersion curves by wave packets

excitation is not possible due to the significant frequency shift. Therefore, we reconstruct

the dispersion curves using a plane waves excitation. For a nonlinear metamaterial with

linear local resonators (i.e., Fig. 2.3-(a)), the perturbation results can accurately predict the

cut-off frequencies. On the other hand, in the case of linear chain with nonlinear resonators,

the perturbation results can only predict cut-off frequencies away from the surrounding

region of nonlinear resonator frequency. Hence, higher order perturbations or other nonlinear
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analytical tools may be required to provide better approximations.

Validation of results for a metamaterial with combined nonlinearity in both cells and

resonators is presented in Fig. 2.4. The results show very good agreement between our

analytical and numerical methods. However, similar observation can be revealed about the

failure in predicting the dispersion curves near the frequency of nonlinear resonator. This is

clearly demonstrated in Fig. 2.4-(a) in the short wavelength (k ∼ π) limit of the acoustic

branch and long wavelength limit of the optical branch. The points in these regions cannot

be captured numerically. For multiple resonators case (Fig. 2.4-(b)), a significant frequency

shift is observed in the middle branch. This region of frequency shift is confined between

the frequencies of both nonlinear resonators.

2.3.2 Analytical Band Structure for Different Sources and Types

of Nonlinearities

The numerical validation in section 2.3.1 revealed that the analytical dispersion curves can

predict the regions of wavelength that are affected by nonlinearity although they fail in

accurately estimating the band structure limits. In addition to Fig. 2.2, Fig. 2.3, and Fig.

2.4, dispersion curves for different sources and types of nonlinearities are depicted in Figs.

2.5 and Fig. 2.6.

For single resonator system, the effect of softening nonlinearity on the band structure

is depicted in Fig. 2.5-(a). It is observed that the dispersion curves shift due to nonlinear

resonator is more pronounced at frequencies close to the bandgap. This means that the short

wavelength region in the acoustical mode and the long wavelength region in the optical mode

are significantly affected by the nonlinear resonator. On the other hand, the dispersion curves

shift for the nonlinear chain is confined in the short wavelength regions in both modes. This
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(a) (b)

(c) (d)

(e) (f)

Figure 2.5: Analytical band structure for a system with single and multiple resonators and
different sources and types of nonlinearities. (a)-(c): single resonator; (d)-(f) two resonators.

is not surprising since the nonlinear correction term β′ explicitly depends on the wave number

for the case of nonlinear chain unlike the case of nonlinear resonator. It is noteworthy here

that softening chain increases the size of the bandgap; however, the softening resonator does
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(a) (b)

(c) (d)

Figure 2.6: Analytical band structure for a system with single and multiple resonators and
different sources and types of nonlinearities.

not.

The dispersion curves for a system with nonlinear chain and nonlinear local resonators

with the same type of nonlinearity are plotted in Fig. 2.5-(b). When the type of nonlinearity

is hardening, the dispersion curves are significantly shifted up. However, the dispersion

curves are shifted down for softening type of nonlinearity. This shift is concentrated in the

short wavelength region in the acoustic mode. The resonators nonlinearities equally shift the

optical mode in all wavelength regions. This shift in the optical mode in the short wavelength

limit can be attributed to the chain nonlinearity; whereas that in long wavelength limit is

due to resonator nonlinearity.
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To clarify the affected wavelength regions, we assign different types of nonlinearities

for the chain and local resonators as depicted in Fig. 2.5-(c). It is demonstrated that

the local resonator nonlinearity is more dominant than chain nonlinearity in the acoustic

mode. However, there are different effects on the dispersion curves shifts in the optical

mode. This difference is demonstrated by domination of the local resonance nonlinearity in

the long wavelength region and domination of the chain nonlinearity in the short wavelength

region. Furthermore, there is an interaction between both sources of nonlinearites in medium

wavelength (k ∼ π/2) region since the nonlinear curves intersect the linear curve in Fig. 2.5-

(c).

For the multiple resonators case, the effect of each source and type of nonlinearity on

the dispersion curves is shown in Fig. 2.5-(d), Fig. 2.5-(e), and Fig. 2.5-(f). The shift

attributable to nonlinear chain is pronounced in the short wavelength regions similar to the

single resonator case as shown in Fig. 2.5-(d). However, the impact of nonlinear resonators

on the dispersion curves is not concentrated at the bandgap boundaries. Instead, it is related

to the tuned frequency of the nonlinear resonator. For instance, if the resonator with ωd1 = ω

is nonlinear, we observe a substantial dispersion curves shift near ω = 1 as shown in Fig.

2.5-(e). Similarly, the dispersion curves shift is observed at frequencies close to ω = 1.5 when

the nonlinear resonator is the second resonator ωd2 = 1.5ω as shown in Fig. 2.5-(f).

To further illustrate the effect of nonlinearity on dispersion curves for the case of multiple

local resonators, we investigate the nonlinear system when the chain and all local resonators

are both nonlinear. The results are depicted in Fig. 2.6. When the chain and local resonators

have all the same type of nonlinearity (softening or hardening), the dispersion curves are

shifted up in all modes as demonstrated in Fig. 2.6-(a). This shift is quantitatively variant;

however, its trend is not.

Next, we assign different types of nonlinearity to the chain and local resonators. The
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results are shown in Fig. 2.6-(b) and reveal that the impact of nonlinearity in the chain

can be observed only in the second optical mode at the short wavelength limit. This is not

surprising since that zone is away from the local resonators frequencies; therefore, the effect

of nonlinear local resonators is not dominant there.

Finally, the effect of each nonlinear local resonators on wavelength zones can be obtained

from Fig. 2.6-(c) and Fig. 2.6-(d). The figures show that when one of the nonlinear local

resonators has a nonlinearity type different than the nonlinearity of the chain and the other

local resonator, the impact of that resonator is dominant in the short wavelength limit in

the mode just below its frequency and in the long wavelength limit in the upper branch.

The results here suggest that for the case of multiple resonators the dispersion curves shift

due to nonlinear local resonator is dominant in frequency zones near its tuned frequency.

Therefore, tuning the nonlinear resonator is crucial in determining the zones affected by

nonlinearity. Solitary waves, wave non-reciprocity, and other nonlinear phenomena can be

observed in these zones. On the other hand, zones at short wavelength limit and away from

the resonator frequency are only affected by nonlinear chain.

2.4 Spectro-Spatial Analysis

Although the cut-off frequencies (boundaries of the nonlinear band structure)can be pre-

dicted by the method of multiple scales, other nonlinear wave propagation features (e.g.,

solitons, secondary resonances, dispersive waves) cannot be characterized. This suggests the

use of spectro-spatial analysis to characterize the wave propagation in the proposed metama-

terial. It should be noted that all the following simulations are based on the optical (upper

branch) wave mode because we find this mode to be more affected by nonlinearity than the

acoustic mode. In particular, there is no significant frequency shift observed in the acoustics
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branch (also defined as Pseudo-Bandgap in Sec. 3.1) and it is hard to tune the nonlinear

resonator to the long wavelength region in this mode. Otherwise, the observation in the

optical mode should be similar to those in the acoustic mode. Also the numerical simulation

for the optical mode is much faster. The simulation in this mode lasted for 8 sec, while the

wave packet defined in Eqs. (25)-(28) was used as an input signal.

2.4.1 Spatial Profile of the Wave Packet

At the end of the simulation, the spatial profiles of the wave packet are plotted in Fig. 2.7

and Fig. 2.8. To investigate how each source of nonlinearity alters the input signal, we first

present the wave profile of a metamaterial with a single source of nonlinearity in Fig. 2.7.

The wave profile for a signal propagating in a linear chain is shown in Fig. 2.7-(a). The

results show that the wave is not distorted in the long wavelength limit. However, the wave

becomes gradually dispersive with increasing wavenumber (i.e., the amplitude of the wave

becomes lower at high wave number since waves of different frequencies travel with different

phase speed. We refer the reader to Figure. 9 in [85] for more information).

It should be noted that the terms distortion and dispersive are not exactly the same

although they both indicate deformation in the input wave. We used the former mainly when

the wave is split into multiple components and/or when there are other forms of deformation

resulting from nonlinearity in the system. The latter is used when the wave get stretched

and the wave amplitude becomes smaller.

For nonlinear chain only, there is no effect on the wave profile in the long wavelength

range and the nonlinear chain behaves like the linear chain as shown in Fig. 2.7-(b) and Fig.

2.7-(c). This is not surprising since inspecting Eq. (23) when Γ̄i = 0 demonstrates that for

small values of wavenumbers, β is negligible. In the meantime, increasing the wavenumber
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(a) Linear chain: ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0 (b) Hardening chain nonlinearity ϵΓ̄α2 = 0.03,
ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0

(c) Softening chain nonlinearity
ϵΓ̄α2 = −0.03, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0

(d) Hardening resonator nonlinearity
ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0

(e) Softening resonator nonlinearity
ϵΓ̄2α

2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0

(f) Hardening resonator nonlinearity
ϵΓ̄1α

2 = 0.03, ϵΓ̄2α
2 = ϵΓ̄α2 = 0

Figure 2.7: Spatial profile of the wave packet for different types and sources of
nonlinearities at frequencies in the upper branch of dispersion curve.

gradually shows different types of wave distortion due to nonlinear chain. For instance,

hardening chain distorts the wave into a low amplitude dispersive signal and high amplitude
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localized signal. The latter indicates the birth of solitary wave due to nonlinearity unlike

the pure dispersive signal in the linear case. This can be explained by changing the shape

of the variable slope dispersion curve to linear (fixed slope) dispersion curve similar to those

of nondispersive mediums in homogeneous structures [85] (see Sec. 4.3). On the other

hand, softening chain stretches the signal further to lower amplitudes components with the

absence of any localized high amplitude signals. In other words, the shape of the variable

slope dispersion curve of linear metamaterial becomes more nonlinear (variable slope), thus

more dispersive [85].

The effect of some nonlinear phenomena in the long wavelength limit can be observed

only when the nonlinearity is assigned in the resonator as depicted in Fig. 2.7-(d), Fig.

2.7-(e), and Fig. 2.7-(f). If the resonator with a frequency near the upper dispersion curve

is nonlinear, a significant distortion in the wave profile is observed in the vicinal frequencies.

Therefore, nonlinearity in the local resonator can affect the long wavelength limit unlike

the nonlinear chain case. For instance, we set the second resonator (ωd2 = 1.5ω) to be

nonlinear and plot the wave profile in Fig. 2.7-(d) and Fig. 2.7-(e). The results indicate

that both hardening and softening nonlinearity in the resonator distort the wave shape at

all wavelength limits. However, this distortion (w.r.t linear case in Fig. 2.7-(a)) becomes

less significant with increasing wavenumber. The hardening nonlinearity stretches the wave

in the long wavelength limit while it develops a localized signal in addition to the dispersive

signal with decreasing wavelength as shown in Fig. 2.7-(d). The softening nonlinearity

stretches the wave profile more substantially at all wavelengths limits as shown in Fig. 2.7-

(e). This dispersive signal is associated with multiple high amplitude localized features with

increasing wavelength. Finally, we set the first resonator (ωd1 = ω) to be nonlinear and plot

the wave profile in Fig. 2.7-(f). Since this resonator’s frequency is away from the upper

branch of dispersion curve, the effect of nonlinearity is insignificant. Fig. 2.7-(f) also shows
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the existence of a minor distortion in the wave profile at the long wavelength limit. This

distortion becomes negligible with increasing wavenumber.

(a) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0.03; (b)
ϵΓ̄α2 = 0.03

(b) ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = −0.03

(c) ϵΓ̄α2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0.03 (d) ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = −0.03

(e) ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = −0.03, ϵΓ̄2α

2 = 0.03 (f) ϵΓ̄α2 = −0.03, ϵΓ̄2α
2 = 0.03,

ϵΓ̄α2 = −0.03

Figure 2.8: Spatial profile of the wave packet for different types and sources of
nonlinearities at frequencies in the upper branch of dispersion curve.
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After analyzing each type of nonlinearity individually, we analyze the effect of different

combinations of nonlinearities as depicted in Fig. 2.8. When the chain and both resonators

have hardening nonlinearity, waves at short wavelength limit form a solitary wave (localized

signal) with a small amplitude dispersive signal as shown in Fig. 2.8-(a). However, distortion

at long wavelength limit is not negligible anymore since the nonlinear resonators stretches

the wave with medium vibration amplitude. Between the long and short wavelength limits,

there is a transition in the wave profile behavior, such that the wave has a dispersive feature

(with amplitude in between the two limits) and localized feature with medium amplitude.

Severe distortions in the wave profile are observed when the nonlinearity of both resonators

are changed to softening as shown in Fig. 2.8-(b). Signals at all wavelength limits are more

dispersive, particularly, waves with low wavenumbers. However, one can still recognize lo-

calized features at short wavelength limit due to hardening chain. The latter can completely

disappear if the chain has softening nonlinearity (see Fig. 2.8-(c)), even though, both res-

onators have hardening nonlinearity. Yet hardening nonlinear resonators reduce the wave

stretching.

Next, we assign for the first resonator a type of nonlinearity different from the second

resonator, which has a frequency near the upper optical mode in Fig. 2.8-(d) and Fig. 2.8-

(e). It is observed that the behavior of the wave profile for the cases in Fig. 2.8-(d) is

similar to the wave profile in Fig. 2.8-(b) and signals in Fig. 2.8-(e) and Fig. 2.8-(a) are also

similar. Though the distortion in the mid and long wavelength limits is less dominant by the

nonlinearity of the second resonator. One can hypothesize that the effect of nonlinearity in

the first resonator is less pronounced than that of the second resonator in the upper branch

of the dispersion curves. Finally, we can also observe that the nonlinearity type in the first

resonator does not distort the wave profile in the short wavelength limit since the frequency

of this resonator is away from frequencies of the system in this region and the effect of other
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sources of nonlinearity are more dominant as shown in Fig. 2.8.

2.4.2 Spatial Spectrograms of the Wave Packet

After investigating wave propagation through the metamaterial in the spatial domain, we

now examine the wave profile in the wavenumber domain. Here, we use Short Term Fourier

Transform (STFT) instead of simple Fourier Transform (FT) to investigate the signal as it

changes over time. We apply a Hann window with the size of initial wave profile to divide

the time signal into shorter segments. The spectrograms for different types and sources of

nonlnearities at different wavelengths are plotted in Fig. 2.9 and Fig. 2.10.

Figure. 2.9-(a) shows that the input signal is the same as the output signal for the case

of nonlinear chain. This is not surprising since it was observed in the previous analysis that

at long wavelength limit, the system with nonlinear chain has similar performance to the

linear system. This does not hold in the nonlinear resonator case. It is revealed for Fig. 2.9-

(b) and Fig. 2.9-(c) that the input signal is severely distorted in the long wavelength limit.

If the nonlinearity is hardening, the input signal becomes stretched over the chain with high

amplitude as shown in Fig.2.9-(b). On the other hand, softening nonlinearity distorts the

input signal into low amplitude dispersive component and multiple high amplitude localized

components. Indeed, some of the energy content of the input signal appears at wavenumbers

outside the input signal window. This implies that this energy content appears at frequencies

different than the input signal frequencies since wavenumber and frequency are related in

Eq. (24). Therefore, we will refer to any shift in the wavenumber of the output signal as

frequency shift in the subsequent discussion. However, if only the first resonator is nonlinear,

the observed distortion is less significant at long wavelength limit as shown in Fig. 2.9-

(d). Beyond the long wave length limit, the effect of nonlinearity in the case of nonlinear
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(a) Hardening chain nonlinearity ϵΓ̄α2 = 0.03,
ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9
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(b) Hardening resonator nonlinearity
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2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9
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(c) Softening resonator nonlinearity
ϵΓ̄2α

2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9
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(d) Hardening resonator nonlinearity
ϵΓ̄1α

2 = 0.03, ϵΓ̄2α
2 = ϵΓ̄α2 = 0, k = π/9
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(e) Hardening resonator nonlinearity
ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9
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(f) Hardening resonator nonlinearity
ϵΓ̄1α

2 = 0.03, ϵΓ̄2α
2 = ϵΓ̄α2 = 0, k = 7π/9

Figure 2.9: Spatial spectrograms of the wave packet for different types and sources
of nonlinearities at frequencies in the upper branch of dispersion curve.
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(a) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0.03, k = π/9 (b) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0.03, k = π/9

(c) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0.03, k = π/9 (d) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = −0.03, k = π/9

(e) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = −0.03, k = 7π/9 (f) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = −0.03, k = 7π/9

Figure 2.10: Spatial spectrograms of the wave packet for different types and sources
of nonlinearities at frequencies in the upper branch of dispersion curve.
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resonator is also demonstrated in the short wavelength limit as shown in Fig. 2.9-(e). We

can observe that the nonlinear hardening resonator acts like the nonlinear hardening chain

in the short wavelength limit, such that it distorts the signal into localized component unlike

the dispersive signal in the linear chain. Since the short wavelength limit frequencies in the

upper optical mode are away from the first resonator frequency, the effect of nonlinearity in

this resonator is insignificant in this zone. For instance, we assign a hardening nonlinearity

for this resonator in Fig. 2.9-(f), yet the wave is dispersive like the linear case.

To investigate how different types and sources of nonlinearities interact in the metama-

terial, we assign different types of nonlinearity to the chain and resonators and plot them

in Fig.2.10. When all sources of nonlinearity are of hardening type, the system performs

like the hardening resonator (ωd2) in the long wavelength limit as depicted in Fig. 2.10-(a).

Therefore, this zone can be controlled fully by the second resonator regardless of the nonlin-

earity in the chain, and partially by the first resonator as observed in Fig. 2.9-(d). In Fig.

2.10-(b), the output signal is distorted severely and brakes down into multiple components.

Most of the energy content of the output signal appears at wavenumbers away from the

input signal wavenumbers. Therefore, a significant frequency shift is observed at medium

wavelength limit when all sources of nonlinearities are hardening. This frequency shift forms

a Pseudo-bandgap [195], which can be utilized to design acoustics diode. However, there is

no frequency shift at short wavelength limit for hardening chain and hardening resonators,

instead, the signal is concentrated in a main component forming a solitary wave as depicted

in Fig. 2.10-(c).

In order to generate a significant frequency shift in all wavelengths limits, we assign

softening nonlinearity to both the resonators and the chain. This can generate a significant

frequency shift in wavelength zones; therefore, it can widen the Pseudo-bandgap, thus result-

ing in a wider operating frequency range for acoustics diodes for example. These plots are
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presented in Fig. 2.10-(d) and Fig. 2.10-(e). A significant frequency shift is observed in all

of these figures. In particular, the signal at long and medium wavelengths shift the dominant

component in the signal to very low values of wavenumber/frequency. This indicates that a

wider Pseudo-bandgap can be established at these wavelength zones, since any input signal

with wavenumber/frequency in this range will be distorted and shifted significantly to low

wavenumber. Even though this frequency shift is less significant at short wavelength limit

and at higher values of wavenumber/frequency (Fig. 2.10-(f)), it can be used to construct

acoustic diodes.

2.4.3 2-D Fourier Transform of the Response

After studying the wave form evolution in spatial and wavenumber domains, we present the

contour of 2D Fast Fourier transform (2D-FFT) or 2D power spectrum of the signal in both

frequency and wavenumber domains (see Fig. 2.11 and Fig. 2.12). Contour plots allow us

to reconstruct the dispersion curves especially inside the Pseudo bandgap. Moreover, these

plots can be used to detect the birth of solitary waves based on the shape and distribution

of frequency-wavenumber component. At long wavelength limit, the hardening nonlinear

chain does not distort the traveling wave as depicted in Fig. 2.11-(a). We note here that

the contour plots for the linear signal is exactly the same as the signal plot in Fig. 2.11-(a).

Thus confirming that the nonlinear chain has no effect in this zone. However, frequency shift

and distortion are observed for nonlinear resonator (ωd2) with hardening nonlinearity (Fig.

2.11-(b)) and softening nonlinearity (Fig. 2.11-(c)). It is noteworthy that the frequency shift

is more significant and the wave distortion is more severe in the case of softening nonlinearity.

To demonstrate the importance of tuning the nonlinear resonator, we present the contour

plot for the first resonator in Fig. 2.11-(d). It can be observed that the distortion in this

case is less significant comparing to the plot in Fig. 2.11-(b).
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(a) Hardening chain nonlinearity ϵΓ̄α2 = 0.03,
ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9

(b) Hardening resonator nonlinearity
ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9

(c) Softening resonator nonlinearity
ϵΓ̄2α

2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9

(d) Hardening resonator nonlinearity
ϵΓ̄1α

2 = 0.03, ϵΓ̄2α
2 = ϵΓ̄α2 = 0, k = π/9

(e) Linear chain and resonators
ϵΓ̄2α

2 = ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9

(f) Hardening resonator nonlinearity
ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9

Figure 2.11: 2-D Fourier transform contour of the response for different types and
sources of nonlinearities at frequencies in the upper branch of dispersion curve.
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(a) ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = −0.03, k = π/9 (b) ϵΓ̄2α
2 = ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/2

(c) ϵΓ̄2α
2 = ϵΓ̄1α

2 = ϵΓ̄α2 = −0.03, k = π/2 (d) ϵΓ̄1α
2 = ϵΓ̄2α

2 = ϵΓ̄α2 = −0.03, k = 7π/9
Figure 2.12: 2-D Fourier transform contour of the response for different types and
sources of nonlinearities at frequencies in the upper branch of dispersion curve.
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At short wavelength limit, the contour plots for the linear traveling wave is plotted

in Fig. 2.11-(e). We can observe that the signal density is stretched over wide range of

frequencies. Moreover, the power spectrum of this signal has a variable slope dispersion

curve , hence suggesting that the wave is dispersive in this case [85]. However, the stretching

of the dispersive wave becomes narrower and the signal tends to become localized when

nonlinear hardening resonator is used as depicted in Fig. 2.11-(f). We can also observe that

the presence of some low amplitude dispersive signals in the surrounding of the localized

wave. These dispersive signals were also observed in Section. 4.1 for hardening nonlinearity

in both the resonator and chain. It is obvious here that the localized signal represents a

solitary wave since the power spectrum has a linear dispersion curve (constant slope) [85].

Finally, we demonstrate the concept of significant frequency shift by using softening

chain and softening resonators at all wavelength limits (Fig. 2.12). In Fig. 2.12-(a), a

significant frequency shift is observed at the long wavelength limit. This shift locates the

dominant frequency component at frequencies much lower than the predicted frequencies in

the linear case (see Fig.2.11-(a) for comparison). At medium wavlength limit, the frequency

shift is more significant comparing to the other cases as shown in Fig. 2.12-(c). The original

signal (Fig. 2.12-(b)) is completely distorted and shifted to frequencies in the maximum and

minimum level of the upper dispersion curve. At short wavelength limit (Fig. 2.12-(d)), a

frequency shift can also be observed. Although this shift is less significant comparing to other

wavelength limits, the initial frequency bands is clearly shifted to the end of the dispersion

curve. Furthermore, the dispersion curve tends to be more nonlinear, thus the wave is more

dispersive [85]. The aforementioned frequency shifts reveal that a wider Pseudo-bandgap

can be formed by using softening chain and softening resonators. This Pseudo-bandgap can

be utilized for constructing acoustics diodes with wide range of operational frequencies.
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2.5 Limitation of the approximate analytical solution

by contour plots

After analyzing the spectro-spatial analysis of the wave propagating in a nonlinear meta-

material and showing the possibility of predicting the nonlinear dispersion curves from the

contour plots, we now study the limitations of the approximate analytical solution by in-

creasing the strength of nonlinearity. This can be done by comparing the analytical results

with their corresponding contour plots.

For the case of nonlinear chain, we compare our solution derived by the method of

multiple scales to the dispersion curves obtained by the contour plots of the 2D-FTT of

the numerical simulations for different strength of nonlinearity as shown in Fig. 2.13. This

comparison is done in the short wavelength limit (in the upper optical branch of the dispersion

curves) since this region is the most affected by nonlinearity as we showed in Sec. 3. For

small value of nonlinearity (α2ϵΓ ≤ 0.06), our approximate analytical solution shows a good

agreement with the contour plots of the numerical simulations as shown in Fig. 2.13-(a) and

Fig. 2.13-(b). It can also be observed that the other wave with linear profile coincide with

the linear dispersion curves. Increasing the nonlinearity further results in an additional weak

nonlinear wave, which lies between the linear and nonlinear dispersion curves as shown in Fig.

2.13-(c)-Fig. 2.13-(f). The energy content in this wave increases with increasing nonlinearity.

Yet, Fig. 2.13-(c)-Fig. 2.13-(e) indicate that our approximate analytical solution can still

predict the upper boundaries of the dispersion curve for (α2ϵΓ ≤ 0.015). Beyond this value

(α2ϵΓ ≥ 0.15), we observe that our approximate analytical solution fails to accurately predict

the upper boundary of the dispersion curve as shown in Fig. 2.13-(f).

As for the case of nonlinear resonators, the comparison of the approximate solution and

the 2D-FTT contour plot of the numerical simulation is shown in Fig. 2.14. Considering
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(a) ϵΓ̄α2 = 0.03, k = π/9 (b) ϵΓ̄α2 = 0.06, k = π/9

(c) ϵΓ̄α2 = 0.09, k = π/9 (d) ϵΓ̄α2 = 0.12, k = π/9

(e) ϵΓ̄α2 = 0.15, k = π/9 (f) ϵΓ̄α2 = 0.18, k = π/9

Figure 2.13: Comparison between approximate analytical solution and contour
plots of 2D-FFT of the numerical simulations for nonlinear chain case.

frequencies closer to the nonlinear resonator frequency and focusing on the long wavelength

limit, Fig. 2.14-(a) and Fig. 2.14-(b) show that our approximate analytical solution cannot
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(a) ϵΓ̄2α
2 = 0.03, k = π/9 (b) ϵΓ̄2α

2 = 0.06, k = π/9

(c) ϵΓ̄2α
2 = 0.06, k = 7π/9 (d) ϵΓ̄2α

2 = 0.15, k = 7π/9

Figure 2.14: Comparison between approximate analytical solution and contour
plots of 2D-FFT of the numerical simulations for nonlinear resonator case.

accurately predict the dispersion curve of the system even for small values of nonlinearity.

However, when considering the region away from the nonlinear resonator frequency and

focusing on the short wavelength limit, Fig. 2.14-(c) and Fig. 2.14-(d) demonstrate that

our approximate analytical solution can accurately predict the nonlinear dispersion curve

for small values of nonlinearity. This accuracy vanishes for larger value of nonlinearity

(ϵΓ̄2α
2 ≥ 0.15).
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2.6 Conclusion and Future Work

In this chapter, we investigated a nonlinear metamaterial consisting of a nonlinear chain

with multiple nonlinear local resonators. Using the method of multiple scales, we obtained

explicit expressions for the nonlinear dispersion relations for a nonlinear chain with multiple

nonlinear resonators. These expressions were validated by numerical simulations and results

in the literature. The validation indicated that our analytical solution can accurately predict

the cut-off frequencies of the dispersion curves and the boundaries of the bandgaps. However,

the analytical results failed to predict the behavior of the nonlinear system in region near the

frequency of the nonlinear local resonator and the Pseudo-bandgap for wave packet input

signal simulations. The Pseudo-bandgap has a unique feature since a significant frequency

shift can be observed inside this zone. Nevertheless, analytical expressions can still reveal

the wavelength zones affected by nonlinearity. The nonlinearity only affected the short

wavelength limit for the case of nonlinear chain. However, for the case of nonlinear resonators,

this nonlinear affected all wavelengths, particularly when the resonator was properly tuned.

This observation was consistent with the topological analysis.

In the spectro-spatial analysis, the results showed the existence of solitary wave with

hardening nonlinearity and dispersive wave with softening nonlinearity. This wave distortion

cannot be observed at long wavelength limit in the nonlinear chain case. However, nonlinear

local resonators stretch the wave in this zone with both type of nonlinearities. The amplitude

of this dispersive wave was much higher with hardening nonlinearity. This wave distortion

depends on the nonlinear resonator frequency and how close it is to the input wave frequency.

These observations were also confirmed by spectrograms and contour plots of 2-D Fourier

Transform. For different combinations of nonlinearities, the spectrograms demonstrated

significant frequency shift in the medium wavelength limit when the chain and resonator have



2.6. CONCLUSION AND FUTURE WORK 49

both hardening nonlinearity. However, this frequency shift can be observed at all wavelength

limits when we change the nonlinearity type to softening. Finally, the contour plots showed

a wide Pseudo-bandgap demonstrating a significant frequency shift at all wavelength limits.

the implication is that this Pseudo-bandgap can be utilized to design and construct acoustics

diodes with wide range of operation frequencies. For future work, the authors plan to

experimentally demonstrate the benefits of the revealed phenomena.



Chapter 3

Spectro-spatial wave features in

nonlinear metamaterials: Theoretical

and computational studies

This chapter is an edited version of: Bukhari, Mohammad, Eshagh Farzaneh Joubaneh, and

Oumar Barry. ”Spectro-spatial wave features in nonlinear metamaterials: Theoretical and

computational studies.” Journal of Vibration and Acoustics 143, no. 3 (2021). [28].

Considerable attention has been given to nonlinear metamaterials because they offer

some interesting phenomena such as solitons, frequency shifts, and tunable bandgaps. How-

ever, only little is known about the spectro-spatial properties of a wave propagating in non-

linear periodic chains, particularly, a cell with multiple nonlinear resonators. This problem

is investigated here. Our study examines both hardening and softening nonlinearities in the

chains and in the local resonators. Explicit expressions for the nonlinear dispersion relations

are derived by the method of multiple scales. We validate our analytical results using numer-

ical simulations. The numerical simulation is based on spectro-spatial analysis using signal

processing techniques such as spatial-spectrogram and wave filtering. The spectro-spatial

analysis provides detailed information about the interactions of dispersive and nonlinear

phenomena of waveform in both short and long-wavelength domains. Furthermore, we val-

50
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idate and demonstrate the theoretically obtained bandgaps, wave distortion, and birth of

solitary waves through a computational study using finite element software, ANSYS. The

findings, in both theoretical and computational analyses, suggest that nonlinear resonators

can have more effect on the waveform than the nonlinear chains. This observation is valid

in both short and long wavelength limits.
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3.1 INTRODUCTION

Introducing unique dynamic properties artificially from engineering configurations and ma-

terial constituent leads to promising materials with exceptional characteristics in different

engineering applications. These materials, which are called metamaterials, have attracted

many researchers because of their wider applications in different fields. They were first in-

troduced in electromagnetic and optical wave propagation and later extended to mechanical

waves applications[14, 84].

Mechanical metamaterials are often fabricated from periodic cells arranged carefully.

The earliest study of periodic structure was in the 1900s [97, 98, 99, 159, 160, 178]. These

structures form bandgaps due to Bragg scattering at wavelengths near their lattice con-

stant. This enables, for example, vibration attenuation at low frequencies located inside the

bandgap. However, the condition associated with Bragg scattering makes this application

limited to large structures.

Attaching local resonators on the crystal allows a bandgap formation at wavelengths

much larger than the lattice constant [110]. This enables the vibration control of small struc-

tures at low frequencies, thus widening the possible applications of metamaterials. Further

investigation on the comparison between local resonator and Bragg scattering concepts can

be found in [109]. Multiple bandgaps at different frequency ranges can also be developed by

using multiple resonators with different parameters [78, 197].

Beyond vibration suppression, nonlinear metamaterials offer a wide pool of applica-

tions including gap solitons [95], dark solitons, envelope and dark solitons [131], wave non-

reciprocity [107], and altering band structure limits [117].

Weakly nonlinear acoustics metamaterials were investigated analytically by using dif-

ferent perturbation techniques [134, 135]. For instance, Narisetti et al. [133], employed the

Lindstedt-Poincare method in deriving the dispersion relations for nonlinear chain and vali-
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Figure 3.1: A schematic diagram for the nonlinear acoustics metamaterial

dated the results numerically. The method of multiple scales can deal with more complicated

nonlinear systems like multiple waves interaction or nonlinear resonators [101, 119].

Early considerations of nonlinear continuum phononic media can be found in [85, 90].

Furthermore, enhancing the vibration attenuation performance can be realized using chains

with two coupled nonlinear resonators [57, 186].

Wave non-reciprocity can be used in uni-directional acoustic wave propagation (e.g.

acoustics diode). This can be obtained by coupling linear and nonlinear mediums [104, 106,

107], bifurcation in granular structures [16], or nonlinear hierarchical internal structures

[129]. Moreover, an acoustic rectifier can be obtained by a cubic weakly nonlinear oscillator

attached to a linear periodic lattice such that the operation frequencies of the rectifier coin-

cide with the secondary resonances of the nonlinear oscillator [115].

Analyzing nonlinear metamaterials is often performed by tracking the change in the

temporal state properties and discussing the existence of solitary waves, and dispersion

characteristics. However, Ganesh and Gonella [63] have studied the spectro-spatial wave

packet propagation features of nonlinear periodic chains by utilizing some signal processing

tools. This allows detecting wave localization (birth of solitons), and reconstructing dis-

persion curves. However, although their analytical expressions could predict the shift in

dispersion curves, many other nonlinear phenomena could not be inferred. Zhou et al. [195],
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extended Ganesh and Gonella’s work by including local linear resonators and studying the

spectro-spatial wave features of nonlinear acoustic metamaterial. In both studies [63, 195],

the effect of nonlinearity in the chain was limited to short wavelength region only. None of

the studies included the nonlinearity in local resonators or determined how nonlinear res-

onators affect dispersion characteristics or propagation of solitary waves in both long and

short-wavelength domains. None of the past works included the nonlinearity in the local

resonators to study their effect on the wave propagation in both long and short-wavelength

domains. The goal of the current study is to fill this knowledge gap by studying a nonlin-

ear metamaterial consisting of nonlinear chains with multiple local resonators. The present

study is performed using different analytical and computational techniques in order to show

the ability of obtaining interesting nonlinear wave propagation phenomena at all wavelength

limits.

Seeking a nonlinear system that offers interesting wave propagation phenomena in all

wavelength regions, which is a rare find, we recently investigated the nonlinear vibration

of a nonlinear chain with multiple nonlinear local resonators analytically and numerically

[24, 27, 30? ]. In order to validate the observed nonlinear wave propagation features, we

extend our conference paper in [24] by reporting a thorough theoretical and computational

studies. The nonlinearity is assumed to be weakly cubic type with softening or hardening

nonlinear coefficients. In one case, we study the effect of nonlinearity attributed to the non-

linearity in the chain only. In another case, we examine the nonlinearity effect caused by the

local resonator only. We employ the method of multiple scales to generate approximate close

form expressions for the dispersion curves of a nonlinear (or linear) chain with any number

of linear (or nonlinear) resonators. We follow this by numerical simulations of the metama-

terial subjected to a wave packet input impulse. The results are used to check our analytical

model in predicting the cut-off frequency. We then use multiple signal processing tools in

order to investigate the spectro-spatial properties of the nonlinear acoustic metamaterial.
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Furthermore, we study the effect of both hardening and softening nonlinearities in the chain

and in the local resonators. Finally, we conduct a computational study using finite element

software ANSYS to validated the bandgaps, birth of solitary waves, and other spectro-spatial

properties. The findings suggest that very interesting dispersion characteristics and propaga-

tion of solitary wave can be realized in both long-wavelength and short-wavelength domains

using nonlinear chain with multiple nonlinear local resonators. These interesting wave prop-

agation characteristics can be employed to design superior vibration isolation and acoustic

diode devices.

The remainder of the chapter is organized as follows. The next section describes the

system of interest and presents explicit expressions for the nonlinear dispersion relations.

The obtained analytical expressions are validated through direct numerical simulations and

results from the literature. Spectro-spatial analysis is then carried out to explain the rela-

tion between topological/physical (space-time domain) and spectral domains. Finally, we

present a computational study using ANSYS to further validate and demonstrate the inter-

esting wave characteristics observed from the analytical and numerical results. Our findings

are then summarized in the conclusion.

3.2 SYSTEM DESCRIPTION AND MATHEMATICAL

MODELING

A schematic diagram for the acoustic metamaterial chain is depicted in Fig. 3.1. The chain

consists of periodic cells. Each cell is represented by a mass, m, and it is connected to the

other cells by a linear or nonlinear spring with linear coefficient, k, and nonlinear coefficient

ϵΓ. There are s number of local resonators in each cell. The ith resonator consists of a mass,

mi and connected to the nth cell by a linear or nonlinear spring with linear coeficient, ki,
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and a nonlinear coefficient, ϵΓi. It is noteworthy here that the system is reduced to a linear

system if ϵ = 0.

The equations of motion for the nth cell can be expressed as follows [133, 195]

mün +K(2un − un−1 − un+1)+

ϵΓ((un − un−1)
3 + (un − un+1)

3)+

s∑
i=1

ki(un − vni) +
s∑

i=1

ϵΓi(un − vni)
3 = 0

(3.1)

miv̈ni + ki(vni − un) + ϵΓi(vni − un)
3 = 0 (3.2)

For the case of nonlinear chain only, we set Γi = 0 while we set Γ = 0 in the case of

nonlinear resonator only.

Eqns. (1)-(2) can be written in the non-dimensional form as

ün + 2un − un−1 − un+1 + ϵΓ̄((un − un−1)
3+

(un − un+1)
3) +

s∑
i=1

k̄i(un − vni) +
s∑

i=1

ϵΓ̄i(un − vni)
3 = 0

(3.3)

ω2
n

ω2
di

v̈ni + (vni − un) + ϵΓ̄i(vni − un)
3 = 0 (3.4)

where the dots here denote the derivative in terms of the non-dimensional time τ = ωnt,

Γ̄ = Γ
ω2
nm

, k̄i = ki
ω2
nm

, ω2
n = K/m, and ω2

di = ki/mi.
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3.2.1 Approximate Analytical Solution by the Method of Multiple

Scales

For weakly nonlinear systems like the one presented in Eqns. (3)-(4), perturbation techniques

can be employed to obtain approximate analytical solution of the dispersion curves. Here we

use the method of multiple scales to present explicit expressions for the dispersion relations.

The method of multiple scales is advantageous over other techniques due to the simplicity

of handling and collecting the secular terms in multiple equations or complicated systems.

The approximate solution can be represented up to second order approximation as [135]

un(t, ϵ) = un0(T0, T1) + ϵun1(T0, T1) (3.5)

vni(t, ϵ) = vni0(T0, T1) + ϵvni1(T0, T1) (3.6)

where T0 = τ is the fast time scale and T1 = ϵτ is the slow time scale. The system can now

be represented by two independent variables (scales) and applying the full derivative is not

valid any more. Instead, we can represent the time derivative by the chain rule as

(¨) = D2
0 + 2ϵD0D1 + ... (3.7)

where Dn = ∂
∂Tn

.

Using Bloch theory for infinite periodic medium [? ] (also known as Floquet theory for

1-dimensional medium [? ]), the solution of the linear system can be expressed as

un = Aej(nk̄−ωT0) + c.c (3.8)

vni = Bie
j(nk̄−ωT0) + c.c (3.9)
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where k̄ = aq is the nondimensional wavenumber, and c.c is the complex conjugate. For

convenience, we drop the bar from k̄ in the subsequent analysis since the linear stiffness of

the chain k does not appear any more in the normalized parameters.

Substituting Eqns. (5)-(7) into Eqns. (3)-(4), collecting the coefficients of ϵ0&ϵ, and

then substituting Eqns. (8)-(9), one can write the linear dispersion relation for all cases of

nonlinearity as

− ω2 + (2− 2 cos k) +
s∑

i=1

k̄i(1−Kωi) = 0 (3.10)

where Kωi =
1

1−ω2
nω

2/ω2
di
. To derive the nonlinear solution, the vibration amplitude should be

written in the polar form as

A =
1

2
αeiβ (3.11)

Solving for the amplitude α, reveals that α = α0, where α0 is a constant, for both cases of

nonlinearity. The phase can be written for each case as [30? ]

• Nonlinear chain Γ̄ ̸= 0

β = − 3Γ̄α2(1− cos k)2

2ω(1 +
∑s

i=0

k̄iω2
n/ω

2
di

1−ω2
nω

2/ω2
di
Kωi)

T1 (3.12)

• Nonlinear resonator Γ̄i ̸= 0

β = −

∑s
i=1[

3
8
α2(1−Kωi

)3Γ̄i(
k̄i

1−ω2
nω

2/ω2
di
− 1)]

ω(1 +
∑s

i=1
k̄iω2

n/ωdi

1−ω2
nω

2/ω2
di
Kωi)

T1 (3.13)

Therefore, the nonlinear dispersion curves can be written as
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ωnl = ω + ϵβ′ (3.14)

where β
′ is the derivative in terms of the slow time scale.

From Eqn. (12), it can be observed that the nonlinear frequency in the nonlinear chain

case is a function of wavenumber. In fact, the correction factor β ∼ 0 when k is very

small and hence the effect of chain nonlinearity (β) is negligible for long wavelength limit

(k ∼ 0) at both acoustic and optical modes. On the other hand, for the case of the nonlinear

resonator (Eqn. (13)), the wavenumber does not explicitly appear in the expression of the

correction factor and hence the only wavenumber dependence in this case is through the linear

dispersion relation (i.e. Eqn. (10)). Also note the appearance of a new term (1−Kωi)
3 in the

numerator of Eqn. (13), which can have a significant effect on the correction factor β and

hence on the nonlinear frequency when the resonator is tuned to the excitation frequency

regardless of the wavenumber. It is noteworthy here that the derived expression for, β in

Eqn. (13), is correct and different from that obtained in [117], since the latter omitted the

contribution of the resonators on the left hand side from the equations at order ϵ [119, 133]

(for more information refer to [118]).

3.3 VALIDATING ANALYTICAL RESULTS

To validate the dispersion relations obtained by the method of multiple scale, we compare

the current results with those obtained in the literature for a nonlinear chain single linear

resonator system obtained by Lindstedt-Poincare methods and with those obtained numer-

ically. For this part, we select ωn = ωd1 = 1000 rad/sec, k̄i = 1, s = 1, ϵΓ̄α2 = 0.06, and

ϵΓ̄iα
2 = 0.
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Figure 3.2: Validating the results of nonlinear chain with single linear resonator, ϵΓ̄α2 = 0.06,
ϵΓ̄1α

2 = 0.

For numerical simulations, we simulate a chain consisting of 500 cells and attached to it

s number of resonators (e.g. s = 1 in the first part of the validation, then we set s = 2). The

boundaries of the chain are assumed to be a perfectly matched layer (PML) in order to absorb

and dissipate incoming waves, as well as, to minimize wave reflections at each end [133]. The

system is excited by a transient wave packets signal at different wavenumbers. The velocity

of the wave packet is selected to limit the motion of the signal in one direction and suppress

any waves traveling in the opposite direction [63]. The numerical integration is carried out

using MATLAB built in integrator ODE45 ( Runge-Kutta). After running the simulation at

a specific wavenumber, 2-D Fast Fourier Transform is applied on the displacement matrix

and the frequency and wavenumber corresponding to the maximum amplitude value are

collected. These values represent the point in the dispersion curve corresponding to the

wavenumber of excitation signal [119]. The wavenumber is then swept to reconstruct other
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Figure 3.3: Validating the results of nonlinear chain with two linear resonators, ϵΓ̄α2 = 0.06,
ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0.

points in the dispersion curves. These wave packets excitation can be defined as:

um(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(1−

cos(mk/Ncy)) sin(mk)

(3.15)

u̇m(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))

(−ωnω/Ncy sin(mk/Ncy) sin(mk)− ωnω(1−

cos(mk/Ncy)) cos(mk))

(3.16)

vmi(0) = Kωium(0) (3.17)

v̇mi(0) = Kωiu̇m(0) (3.18)

where H(x) is the heaviside function and Ncy is the cycles number and set in the current
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Figure 3.4: Validating the results of linear chain with two nonlinear resonators, ϵΓ̄α2 = 0,
ϵΓ̄1α

2 = 0.06, ϵΓ̄2α
2 = 0.

study to Ncy = 7.

Fig. 3.2 presents a comparison between our results, the literature results, and the numer-

ical results. Our multiple scales results show very good agreement for the case of nonlinear

chain with single linear resonator.

For the case of nonlinear chain with multiple linear resonators, we validate our analyt-

ical results using numerical simulation only since the literature lacks simulations for similar

nonlinear systems. The results are shown in Fig. 3.3 for the case of two resonators where

ωd1 = ωn and ωd2 = 1.5ωn. The results show that the method of multiple scales can ac-

curately predict, in general, dispersion curves and the trend of this type of nonlinearity.

However, it fails to predict any other nonlinear dynamics phenomena such as solitons and

the presence of secondary resonances as we will show in the following sections.
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(a) (b)

(c) (d)

Figure 3.5: Analytical dispersion curves for acoustics metamaterial and two lo-
cal resonators with different types and sources of nonlinearities: (a) Softening
chain nonlinearity ϵΓ̄α2 = −0.06, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0; (b) Hardening resonator

nonlinearity ϵΓ̄2α
2 = 0.06, ϵΓ̄1α

2 = ϵΓ̄α2 = 0; (c) Softening resonator nonlin-
earity ϵΓ̄1α

2 = −0.06, ϵΓ̄α2 = ϵΓ̄2α
2 = 0; (d) Softening resonator nonlinearity

ϵΓ̄2α
2 = −0.06, ϵΓ̄1α

2 = ϵΓ̄α2 = 0.

Furthermore, the numerical and analytical results of the nonlinear resonator are plotted

in Fig. 3.4. We can observe that the method of multiple scales is a good predictor of the

upper and lower branches of the dispersion curve, but a poor predictor of the middle branch

when the natural frequency of the system is ωd1 = ωn. Therefore, this region should be

handled by a different approach.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.6: Spatial profile of the wave packet for different types and sources of
nonlinearities at frequencies in the upper branch of dispersion curve: (a) Linear
chain ϵΓ̄α2 = ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0; (b) Hardening chain nonlinearity ϵΓ̄α2 = 0.03,

ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (c) Softening chain nonlinearity ϵΓ̄α2 = −0.03, ϵΓ̄1α
2 =

ϵΓ̄2α
2 = 0; (d) Hardening resonator nonlinearity ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 =

0; (e) Softening resonator nonlinearity ϵΓ̄2α
2 = −0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0; (f)
Hardening resonator nonlinearity ϵΓ̄1α

2 = 0.03, ϵΓ̄2α
2 = ϵΓ̄α2 = 0.
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Figure 3.7: Spatial spectrograms of the wave packet for different types and sources
of nonlinearities at frequencies in the upper branch of dispersion curve: (a) Hard-
ening chain nonlinearity ϵΓ̄α2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9; (b) Hardening

resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (c) Softening
resonator nonlinearity ϵΓ̄2α

2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9; (d) Hardening

resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0, k = π/9; (e) Hardening
resonator nonlinearity ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9; (f) Hardening

resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0, k = 7π/9.
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3.4 THE EFFECT OF DIFFERENT TYPES OF NON-

LINEARITIES ON THE BANDGAP BOUNDARIES

After checking the obtained solution for each case, we examine the effect of nonlinearity on

the wave propagation in various wavelength regions. In addition to Figs. 3.3-3.4, we present

the analytical dispersion curves for different kind and source of nonlinearities in Fig. 3.5.

We can observe from Fig. 3.3 and Fig. 3.5.(a) that the nonlinear chain affects mainly

the short wavelength region (k ∼ π). The effect of nonlinearity in the long wavelength

region (k ∼ 0) is almost negligible; however, a significant shift of the dispersion curves is

observed at high wavenumbers. On the other hand, Fig. 3.4 and Figs. 3.5.(b)-(d) show that

systems with nonlinear resonators have significant impact on the dispersion curves in the

long wavelength region.

Moreover, it is demonstrated that the effect of nonlinear resonators becomes more pro-

nounced at frequencies near the resonator frequency. For instance, in Fig. 3.4 and Fig. 3.5.(c),

a significant shift occurs near the resonance frequency of the nonlinear resonators ωd1 = ωn.

However, making the second resonators ωd2 = 1.5ωn nonlinear, shifts the effect of nonlinear-

ity to other frequency regions.

It is also demonstrated that tuning the bandgap can be done by changing the type of

nonlinearity. In Fig. 3.5.(a) and Figs. 3.5.(c)-(d), softening nonlinearity shifts the disper-

sion curves lower, thus increasing the size of the bandgap. On the other hand, hardening

nonlinearity shifts the dispersion curves up as shown in Figs. 3.3-3.4 and Fig. 3.5.(b).
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3.5 SPECTRO-SPATIAL ANALYSIS

Although the cut-off frequencies can be predicted by the method of multiple scales, other

nonlinear wave propagation features cannot be characterized. This merits the use of spectro-

spatial analysis to characterize the wave propagation in the proposed metamaterial. It

should be noted that all the following simulations are based on the optical branch because

this branch is more affected by nonlinearity than the acoustic branch. Also the numerical

simulation for the optical mode is much faster. Moreover, Figs. 3.6-3.7 are plotted at the

end of the numerical simulations. The numerical simulations lasted for t = 8 sec.

The spatial profile of the wave packet is depicted in Fig. 3.6 for different types of

nonlinearities. For the linear case (Fig. 3.6 (a)), the output profile of the long wavelength

limit is a mirror image of the input signal profile. However, increasing the wavenumber

gradually turns the input wave into a dispersive wave (i.e, the output wave get stretched

over the chain and the wave amplitude becomes smaller). In addition, we observe that the

nonlinear chain gives rise to travelling localized wave (i.e. solitary waves) with increasing

wavenumber when the nonlinearity is hardening (Fig. 3.6.(b)) and wave dispersive (i.e., the

wave is stretched over the chain) when the nonlinearity is softening (Fig. 3.6.(c)). This can

be explained by the change in the dispersion curve slope (i.e., see discussions on Fig. 3.8).

For instance, hardening nonlinear chain has a fixed linear slope instead of a variable slope

in the dispersion curve. This is an indication of solitary (localized) waves [85]. On the

other hand, Figs. 3.6.(a)-(c) indicate that nonlinear hardening chain has no effect on the

wave profile in long wavelength region for both types of nonlinearities (i.e., the input signal

has the same profile as the output signal at long wave length region). The opposite is

observed in Figs. 3.6.(d)-(f) when the system is changed to linear chains with nonlinear

local resonators. It is evident that the wave profile is distorted in all wavelength domains

unlike the nonlinear chain case. In Fig. 3.6.(d), a hardening resonator exhibits dispersive
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wave at long wavelength and travelling localized wave at short wavelength. On the other

hand, a softening resonator shows an interesting behavior at long wavelength limit since

the wave profile has travelling localized and dispersive components. However, the travelling

localized component vanishes with reducing wavelength (i.e. increasing wavenumber) as

shown in Fig. 3.6.(e). Therefore, unlike the case of nonlinear chain, wave distortion can be

obtained at all wavelength limits in the case of nonlinear resonator. This effect of resonator

nonlinearity depends significantly on the frequency of the nonlinear resonator. For example,

tuning the nonlinear resonator away from the upper dispersion curve results in significant

reduction in the effect of nonlinear wave propagation phenomena, specifically, in the short

wavelength region as shown in Fig. 3.6.(d). It is noteworthy that, albeit the analytical

dispersion curves fail to predict the cut-off frequency and other important wave propagation

features, they accurately predict how the nonlinearities in both the chains and resonators

affect the wave propagation across all wavelength domains. In that, their predictions about

the effect of nonlinearities agree with the spatial profile plots. For example, both Fig. 3.3

and Fig. 3.6.(b) show hardening chains to have no effect in long-wavelength domain and

significant effect in short wavelength domain.

Fig. 3.7 shows the spectrograms of the wave propagating through the metamaterial in

both short and long-wavelengths. As we observed before, the nonlinear chain has no effect on

the structure in the long wavelength limit. This is clearly shown in Fig. 3.7.(a), the output

wave profile is exactly the same as the input signal. However, as shown in Figs. 3.7.(b)-

(c), a significant distortion (i.e., the output wave is split into multiple components and/or

there are other forms of deformation resulting from resonator and chain nonlinearity) to the

input signal is observed when we change the nonlinearity from chain to local resonator. The

signal becomes clearly dispersive (i.e, the output wave get stretched over the chain) along

the chain with significant equal amplitude when the nonlinearity is hardening as shown in

Fig. 3.7.(b). When the nonlinearity is of softening type, we observe multiple localized signals,
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as well as, dispersive components (Fig. 3.7.(c)). The dispersive components are generated

at a wide range of wavenumbers outside the initial signal wavenumber content. In the short

wavelength region, the effect of nonlinear resonator is similar to that of nonlinear chain: the

output signal is localized unlike in the linear case where the signal at this limit is completely

dispersive. As we will show in the below discussions, this indicates that soliton formation

is also possible in the case of nonlinear resonator as shown in Fig. 3.7.(e). In Fig. 3.7.(d)

and Fig. 3.7.(f), it is observed that a nonlinear resonator with frequency away from the

excitation frequency has less effect on the wave profile, specifically in the short wavelength

limit where it is completely linear. Therefore, a properly tuned nonlinear resonator can

distort the output wave at all wavelength limits. The output signal appears at frequencies

different than the input frequency. This indicates that nonlinear resonators can be utilized

in designing acoustics diodes that can be operated at all wavelength limits.

Furthermore, we present the effect of nonlinear resonators in the image of 2-D fast

Fourier transform depicted in Fig. 3.8. The linear signal is similar to the nonlinear signal

as shown in Fig. 3.8.(a), thus confirming that the nonlinear chain has no effect in this limit.

In Fig. 3.8.(b)-(c), the nonlinear resonator shows a wider distribution of the signal along

both the frequency and wavenumber ranges in the long wavelength limit for both types of

nonlinearity. This observation suggests that such nonlinear acoustic metamaterial can be

suitable for applications such as acoustic diode. Fig. 3.8.(e) demonstrates that the nonlin-

ear resonator is also effective in the short wavelength limit since it localizes the signal and

stretches it over a wider region. Moreover, the results indicate that the energy content is con-

centrated in fixed slope dispersion curve unlike the case of linear chain. This is an indication

that solitary localized waves can be observed at this wavelength limit with properly tuned

hardening resonators. However, it is also demonstrated in Fig. 3.8.(d) and Fig. 3.8.(f) that

the effect of nonlinear resonator vanishes when it is not tuned carefully. Overall, both spec-
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tral (wavenumber-frequency domain) and topological/physical (space-time domain) analyses

provide good insight about the nonlinear effect on wave propagation across all wavelength

regions. But only the topological analysis can provide detail information about the physical

features of wave propagation such as solitons formation.

Finally, we check the limitation of our analytical solution in weakly nonlinear systems

for nonlinearity in the chain and the resonator. In Fig. 3.9, we plot the analytical solution

for the linear and nonlinear dispersion curves against the images of 2D FFT for the numerical

simulations. For the nonlinear chain case, our solution shows a good agreement with the

numerical results for small value of nonlinearity (ϵΓ̄ ≤ 0.06) as shown in Fig. 3.9 (a). The

figure also indicates that the solitary nonlinear component with high energy content (shown

in Fig. 3.8 (e)) coincides with the nonlinear dispersion curve while the linear component

with low energy content coincides with the linear dispersion curves. Increasing the nonlin-

earity further (ϵΓ̄ ≥ 0.06) gives rise to a new component between the linear and nonlinear

dispersion curves in addition to the previously observed linear and nonlinear components.

Nevertheless, the nonlinear component still coincides with the nonlinear dispersion curves,

which indicates that the analytical solution is still accurate in terms of the bandgap bound-

aries. This new component has a fixed slope with energy content lower than the energy

content of the main nonlinear component. Yet its energy content increases with increasing

nonlinearity. However, for values beyond (ϵΓ̄ ≥ 0.15), a discrepancy between the analytical

and numerical solutions can be observed although the main numerical nonlinear component

is still closer to the analytical nonlinear dispersion curve than the linear dispersion curves as

shown in Fig. 3.9 (c). Moreover, the new component is more dominant and has higher energy

content due to the increase of nonlinearity. For the nonlinear resonator case, Fig. 3.9 (d)

demonstrates that the analytical solution fails to predict the nonlinear dispersion curve at

frequencies close to the nonlinear resonator frequency and the numerical results completely
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(a) (b)

(c) (d)

(e) (f)

Figure 3.8: 2-D Fourier transform of the response for different types and sources of
nonlinearities at frequencies in the upper branch of dispersion curve: (a) Hardening
chain nonlinearity ϵΓ̄α2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9; (b) Hardening

resonator nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (c) Softening
resonator nonlinearity ϵΓ̄2α

2 = −0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = π/9; (d) Hardening

resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0, k = π/9; (e) Hardening
resonator nonlinearity ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9; (f) Hardening

resonator nonlinearity ϵΓ̄1α
2 = 0.03, ϵΓ̄2α

2 = ϵΓ̄α2 = 0, k = 7π/9. Dashed lines
represents linear frequency bands.
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coincide with the analytical linear dispersion curve instead of the nonlinear dispersion curve.

However, at frequencies away from the nonlinear resonator frequency, the analytical solution

can accurately predict the numerical results for small values of nonlinearity (ϵΓ̄ < 0.15) as

shown in Fig. 3.9 (e). Beyond that both solutions start departing from each other as shown

in Fig. 3.9 (f) and the analytical solution does not predict the actual dispersion curves

accurately.

3.6 COMPUTATIONAL STUDY USING ANSYS APDL

In order to further validate and demonstrate the analytical bandgaps and the interesting

nonlinear wave propagation phenomena obtained by the theoretical analysis, we conduct a

computational study using finite element software, ANSYS. This computational analysis is

based on a long nonlinear chain with linear resonator, as well as, a long linear chain with

nonlinear resonator.

The geometry of the metamaterials is first created by a group of nodes and elements in

the preprocessor section of ANSYS Parametric Design Language (APDL). The number of

nodes is equal to the number of cells. Three types of elements are defined as: COMBIN14

for the stiffness of the linear spring, MASS21 for the mass of the chain and resonator,

and COMBIN39 for the stiffness of the nonlinear spring. The values of the linear spring

and mass are assigned to their elements by command “R”. For the nonlinear spring (in

the nonlinear chain or the nonlinear resonator cases), we define the weak nonlinearity by a

force-displacement curve. These values were then assigned to the element COMBIN39 by

command “R”.

Each rigid chain and resonator is created by one node using commands “N” and “*RE-

PEAT”. Next, element MASS21 is assigned to its corresponding node using commands
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(a) (b)

(c) (d)

Linear

Nonlinear

(e) (f)

Figure 3.9: Comparison between the analytical solution and images of 2D FFT of
the numerical simulations for a chain with two resonators: (a) Hardening chain
nonlinearity ϵΓ̄α2 = 0.06, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = 7π/9; (b) Hardening chain

nonlinearity ϵΓ̄α2 = 0.09, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0, k = 7π/9; (c) Hardening chain
nonlinearity ϵΓ̄α2 = 0.18, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = 7π/9; (d) Hardening resonator

nonlinearity ϵΓ̄2α
2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (e) Hardening resonator
nonlinearity ϵΓ̄2α

2 = 0.06, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9; (f) Hardening resonator

nonlinearity ϵΓ̄2α
2 = 0.15, ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = 7π/9.
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(a) (b)

Figure 3.10: (a) A schematic of a cell in ANSYSWorkbench; (b) equivalent diagram
in APDL.

“TYPE” and “REAL”. Fig. 3.10 shows the schematic of a cell in ANSYS workbench (Fig.

3.10. (a)) and its equivalent diagram in ANSYS APDL (Fig. 3.10. (b)). In Fig. 3.10.(a),

two linear springs each with a stiffness of k1/2 connect in parallel the chain to the resonator.

These two springs are merged into one element defined as COMBIN14 with an equivalent

stiffness of k1.

3.6.1 Band Structures

In order to determine the passband and bandgap, we excite the metamaterial by a harmonic

force and monitor the output amplitude at each frequency in the frequency sweep range.

Following [76], we excite the second chain in the metamaterial and record the response of

the last cell of the chain at the other end.

For the single resonator case, we plot the frequency response curve for different sources

of nonlinearities in Fig. 3.11. (a)-(c). In Fig. 3.11. (a)-(b), the results indicate that

the wave does not propagate through the structure for frequencies inside the bandgap in

the linear and nonlinear chain cases. These frequency limits show a very good agreement

with those obtained analytically (marked by the dashed lines in Fig. 3.11). Moreover,
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the results demonstrate that both methods (i.e., computational and analytical) can capture

the shift in the bandgap boundaries due to the nonlinearity in the chain. On the other

hand, the wave propagates in the passband (outside the bandgap) since the amplitude of the

system is much higher as compared to the amplitude inside the bandgap. However, for the

nonlinear resonator case (Fig. 3.11. (c)), the results indicate that our analytical solution

over estimates the bandgap boundaries. This error in bandgap appears mainly close to the

nonlinear resonator frequency within the end of the acoustics branch and at the beginning

of the optical branch.

For the case of two resonators, we plot the frequency response curve of the system for

different types of nonlinearities in Fig. 3.11 (d)-(f). The computational results obtained by

ANSYS reveal a good agreement with the analytical solution for the linear and nonlinear

chain cases as shown in Fig. 3.11 (d)-(e). However, the analytical results fails again in

matching the computational results for the nonlinear resonator case, especially at the non-

linear resonator frequencies, as shown in Fig. 3.11. (f). The different regions (i.e., passband

and bandgap) between the dashed lines separate the regions of high amplitude response and

the zero amplitude response in the system.

3.6.2 Spectro-Spatial Analysis of ANSYS Results

In this section, we demonstrate the presence of solitary waves based on ANSYS computa-

tional simulations. We excite the chain by a wave packet and plot the spatial profile of the

output wave, the spectrograms of the wave propagation, and the 2DFFT images in Figs.

3.12- 3.14.

For the spatial profile, we observe that a nonlinear chain has no effect on the wave

profile at long wavelength limit while the nonlinear resonator distorts the signal significantly
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Figure 3.11: Frequency response curves for a linear and nonlinear metamaterial with
marking the boundaries of the analytical bandgaps by dashed lines: (a) Linear chain
single resonator ϵΓ̄α2 = ϵΓ̄1α

2 = 0; (b) Nonlinear chain single resonator ϵΓ̄α2 =
0.06; ϵΓ̄1α

2 = 0; (c) Nonlinear resonator single resonator ϵΓ̄α2 = 0; ϵΓ̄1α
2 = 0.06;

(d) Linear chain two resonators ϵΓ̄α2 = ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0; (e) Nonlinear chain
two resonators ϵΓ̄α2 = 0.06; ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0; Nonlinear resonator two resonators

ϵΓ̄α2 = ϵΓ̄2α
2 = 0; ϵΓ̄1α

2 = 0.06.
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(a) (b)

Figure 3.12: Spatial profile in short and long wavelength limits in the upper optical
mode (a chain with two resonators) for linear chain, nonlinear chain, and nonlinear
resonator: (a) k = π/9; (b) k = 7π/9.

as shown in Fig. 3.12. (a). This distortion can lead to a significant frequency shift (i.e., the

output signal appears at frequencies different than the frequency of the input signal) and

shows a good agreement with the theoretical results obtained in the previous section. The

wave profile for the linear chain is a mirror image of the nonlinear chain case. On the other

hand, in Fig. 3.12. (b), the nonlinearity in the chain and resonator shows a birth of local-

ized solitary waves at short wavelength limit and the profile of the linear chain is different

from that of the nonlinear chain since it is completely dispersive. These findings were also

observed in the numerical analysis in the previous section, except that in the computational

simulation the localized component in the nonlinear resonator case is not sharp as compared

to the numerical results.

In Fig. 3.13 (a)-(b), spatial spectograms further demonstrate the wave distortion and

wave number/frequency shift due to the nonlinear resonator at long wavelength limit. In par-

ticular, some of the energy content for the output signal appears outside the input wavenum-

ber/frequency band as shown in Fig. 3.13 (b). This distortion cannot be obtained in the

nonlinear chain case (Fig. 3.13 (a)) since its spectrogram is a mirror image of the linear

chain case. On the other hand, the spatial spectrogram plots in Fig. 3.13 (c)-(d) indicate
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(a) (b)

(c) (d)

Figure 3.13: Spatial spectrograms for nonlinear metamaterial with two local res-
onators in short and long wavelength limits: (a) Nonlinear chain, ϵΓ̄α2 = 0.03,
ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9; (b) Nonlinear resonator, ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 =

ϵΓ̄α2 = 0, k = π/9; (c) Nonlinear chain, ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0,k = 7π/9;
(d) Nonlinear resonator, ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9.

that all energy content of the output wave is concentrated in one component inside the input

wavenumber/frequency band with high energy. This observation suggests the birth of local-

ized wave at short wavelength limit. Although, the wave in Fig. 3.13 (d) looks dispersive,

the wave still has localized component that preserves high energy content.

Finally, we show the images of 2DFFT in Fig. 3.14 to demonstrate the effect of nonlin-

earity on the dispersion curve based on the results obtained in ANSYS. In the long wavelength

limit, the results indicate that the nonlinearity in the chain doe not distort the wave since

its profile (shown in Fig. 3.13 (a)) is exactly the same as the profile of the linear chain. On
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(a) (b)

(c) (d)

Figure 3.14: Images of 2-D Fourier transform and nonlinear metamaterial with
two local resonators in short and long wavelength limits : (a) Nonlinear chain,
ϵΓ̄α2 = 0.03, ϵΓ̄1α

2 = ϵΓ̄2α
2 = 0, k = π/9; (b) Nonlinear resonator, ϵΓ̄2α

2 = 0.03,
ϵΓ̄1α

2 = ϵΓ̄α2 = 0, k = π/9; (c) Nonlinear chain, ϵΓ̄α2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄2α

2 = 0,
k = 7π/9; (d) Nonlinear resonator, ϵΓ̄2α

2 = 0.03, ϵΓ̄1α
2 = ϵΓ̄α2 = 0, k = 7π/9.

the other hand, the nonlinearity in the resonator distorts the output wave since the wave

(Fig. 3.14. (b)) appears at frequency different than the input frequency which is identical to

the undistorted wave of the linear and nonlinear chain shown in Fig. 3.13 (a). In the short

wavelength limit, the image of the nonlinear chain (Fig. 3.14. (c)) shows that the energy

content of the output wave appears on two main components. One with variable slope and

coincides with the linear dispersion curve, the other has fixed slope and appears above the

linear dispersion curve due to the type of hardening nonlinearity. The latter represents a

solitary wave [85]. For the nonlinear resonator case (Fig. 3.14. (d)), distinguishing the two
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energy components is harder since the this region is not affected by the resonator nonlinear-

ity as compared to the nonlinear chain. Yet the hardening resonator nonlinearity shifts the

dispersion curves up toward the fixed slope case which indicates the birth of solitary wave.

3.7 CONCLUSION

In this chapter, a nonlinear acoustics metamaterial with multiple local resonators was in-

vestigated theoretically and computationally. In one case, we examined the nonlinearity in

the chains and in another we investigated the nonlinearity in the resonators. Closed-form

expressions were presented for the nonlinear dispersion relations using the method of mul-

tiple scales. These expressions are more general since they can be applied for nonlinear

chains with any number of nonlinear local resonators. The analytical results were validated

via comparison with those in the literature, those obtained numerically, and those obtained

by finite element software, ANSYS. The validation revealed that the analytical results can

predict the cut-off frequency in both cases; however, the analytical approach fails to predict

the dispersion curve near the resonator frequency. This failure suggests that higher per-

turbation or more robust analytical techniques may be required to accurately predict the

dispersion relations of such a nonlinear metastructure. The analytical dispersion equation

for the case of nonlinear resonator shows a significant frequency shift at all wavelength limits,

particularly when the excitation frequency is near the resonator frequency. This finding is

an indication that nonlinear resonators in the present system, unlike nonlinear chains, affect

wave propagations in the long wavelength domain. This observation was consistent with the

topological (space-time domain) analysis conducted based on numerical and computational

simulations. In the spectro-spatial analysis, we demonstrated that the effect of hardening

nonlinearity appears as localizing the wave, whereas, that of softening nonlinearity appears
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as dispersing the wave. This effect depends on the nonlinear resonator frequency and how

close it is to the input wave frequency. Spectrograms and images of 2-D short term Fourier

transform also confirmed these observations. They also showed that the nonlinear resonator

has output signal stretching over a wider range of frequencies and wavenumbers in the long

wavelength region. In addition, the nonlinear resonators and nonlinear chains exhibited

similar waveform characteristics in short wavelength region when the nonlinear resonator

was tuned properly. These observations suggest that such a nonlinear metamaterial (i.e,

metamaterial investigated in the current study), consisting of a nonlinear (or linear) chain

and multiple linear (or nonlinear) resonators, are suitable for various applications includ-

ing acoustic diodes and broadband vibration isolation and energy harvesting. The current

findings can be further supported or generalized upon investigating similar systems using

various analytical and experimental techniques and employing these observations in various

applications like acoustics diode in the future.



Chapter 4

Simultaneous energy harvesting and

vibration control in a nonlinear

metastructure: a spectro-spatial

analysis

This chapter is an edited version of: Bukhari, Mohammad, and Oumar Barry. ”Simultaneous

energy harvesting and vibration control in a nonlinear metastructure: A spectro-spatial

analysis.” Journal of Sound and Vibration 473 (2020): 115215. [26].

Considerable attention has recently been given to the study of simultaneous energy

harvesting and vibration attenuation in metastructures. However, only linear metastructures

were investigated although nonlinear metastructures and nonlinear electromechanical devices

offer superior interesting wave propagation phenomena (e.g., birth of solitary waves, tunable

bandgap, acoustic nonreciprocity) and broadband energy harvesting. In this paper, we

investigate the wave propagation in a weakly nonlinear metastructure with electromechanical

resonators. Explicit expressions are derived for the nonlinear dispersion relations using the

method of multiple scales. These expressions are validated via direct numerical integration.

We carried out parametric studies to investigate the role of different parameters of the

82
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electromechanical resonators on the linear and nonlinear band structure. To obtain further

detailed information on the nonlinear wave propagation, we employ spectro-spatial analyses

on the numerical simulations. This spectro-spatial analysis can reveal the output voltage

distortion due to different types of nonlinearities. The results indicate that nonlinear chain

can enhance energy harvesting through the birth of solitary wave and without degrading

the boundary of the bandgap. The results also suggest that such a system is suitable for

designing electromechanical diodes and rectifiers.
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4.1 Introduction

Metastructures are artificially engineered structures offering exceptional and unique proper-

ties that are not present in conventional homogeneous structures [84]. They were originally

developed for optical wave propagation (also known as metamaterials) and then they were

extended to enhance elastic and wave propagation properties [33]. Some of these properties

are negative mass, negative density, and negative Poisson’s ratio [14]. These unique features

suggest that metastructures can be beneficial in vibration and noise control, non-destructive

testing, energy harvesting, and acoustic rectifiers.

Metastructures are usually arranged in specific patterns that exhibit exotic function-

alities. Earlier consideration of metastructures studied periodic structures [97, 98, 99, 159,

160, 178]. Periodic structures prevent the wave from propagating through the structure at

range of frequencies known as bandgap and caused by Bragg scattering. These frequencies

have wavelengths close to the lattice constant. This bandgap formation can be employed in

low-frequency vibration attenuation.

The limitation on the lattice size in Bragg scattering restricts the application of metama-

terials to only large structures; however, many engineering applications require controlling

smaller size components. Inspired by smaller size systems, Liu et al. [110] introduced lo-

cal resonators in metastructures to control vibrations at wavelengths much smaller than

the lattice constant. These structures are called locally-resonant metamaterials and they are

capable of widening the original bandgap developed by Bragg scattering. Indeed, the param-

eters of the local resonator determine the dominant cause of the bandgap [109]. Moreover,

multiple bandgaps can be obtained by using multiple resonators with different parameters

[78, 197].

For large wave amplitudes in inherently nonlinear mediums, linear theory cannot ad-
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equately represent the problem; thus higher-order nonlinear terms need to be considered.

Nonlinear metastructures exhibit some interesting wave propagation phenomena that do not

develop in linear metastructures. Some of those are gap solitons [95], envelope and dark

solitons [131], asymmetric wave propagation [107], and adjustable bandgap [117].

Nonlinear problems can be characterized based on the strength of nonlinearities. When

the nonlinearity is weak, the problem can be handled by perturbation techniques [134, 135]

and approximate analytical solution can be derived when the problem asymptotically con-

verges. Weakly nonlinear metastructures were investigated by Narisetti et al. [133]. They

employed Lindstedt-Poincare method to derive explicit expressions for the dispersion rela-

tions. However, when several nonlinear waves propagate and interact through the structure,

the method of multiple scales is more suitable since the associated algebra requires less ef-

forts [119]. Strongly nonlinear metastructures have gained less attention in the literature

and they usually require other techniques such as the complexification-averaging or shooting

methods to tackle the problem [2].

Analyzing the dispersion relation analytically does not provide adequate information

about the nonlinear dynamical features in metastructures. Instead, it only presents the non-

linear shift in the dispersion curves. To reveal other interesting features, Ganesh and Gonella

[63] employed spectro-spatial analysis to investigate the wave propagation through metas-

tructures. Their analysis provided more detailed information about the wave distribution

in the structure (i.e., localized or dispersive waves); therefore, the birth and inhalation of

solitary waves can be predicted based on the wavelength and nonlinearity type. The use of

spectro-spatial analyses were also extended in [27, 195] for locally resonant metastructures.

They observed a significant frequency shift in the optical branch, and they then employed

this shift to design acoustics diodes.

In recent years, many researchers investigated the bandgap formation due to electrome-
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chanical coupling in metastructures with piezoelectric patches [5, 13, 34, 173, 194]. The

electromechanical coupling generates piezoelectric locally bandgap where the dimension of

the bandgap is controlled by the added stiffness to the system. Embedding piezoelectric

materials in metastructures can also lead to simultaneous energy harvesting and vibration

attenuation [74]. This is inspired by the flat band of frequencies in metastructures, which

was experimentally demonstrated using a locally resonant phononic crystal plate with em-

bedded spiral beams[157]. The problem was theoretically investigated later for a discrete

structure in [74] and for a continuous structure in [75]. Moreover, Hu et al. [76] extended

the problem by coupling the internal resonators. This showed an improvement in the en-

ergy harvesting and vibration suppression. Energy harvesting in metastructures was also

experimentally demonstrated by testing a 3D printed 2D structure in [105]. Furthermore,

traveling wave energy harvesting was also experimentally and numerically demonstrated in

a 2D phononic crystal lens structure. The authors showed that a significance improvement

in energy harvesting can be achieved when the acoustic metamaterial is designed to focus or

properly localize the wave energy [174, 175].

The study of simultaneous energy harvesting and vibration attenuation in metastruc-

tures has so far been limited to linear metastructures. There is no study that investigates the

effect of nonlinearity in metastructures for simultaneous energy harvesting and vibration con-

trol. In this chapter, we investigate the wave propagation and energy harvesting in a weakly

nonlinear metastructure with local electromechanical resonators. We employ the method

of multiple scales to derive explicit expressions for the dispersion relations. These relations

are validated by direct numerical integration. Then, we study various nonlinear phenomena

and their effects on the energy harvesting distribution and magnitude. This is done through

studying the relation between topological (i.e., space-time domain) and spectral (dispersion

relations) features of a wave propagating in such a nonlinear metastructure. Parametric
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studies are conducted to investigate the effect of different parameters on the band structure,

the role of nonlinearity on energy harvesting, and energy harvesting associated with solitary

waves.

The rest of the chapter is outlined as follows: In Section 2, we model the nonlinear chain

and electromechanical resonators. We then present an approximate closed form solution for

the dispersion relations. These relations are discussed and validated numerically in Section

3. In Section 4, we investigate the topological features of the output voltage wave by spectro-

spatial analysis to demonstrate more detailed information about nonlinear wave propagation

phenomena. Finally, we discuss the obtained results in Section 5, and then summarize our

findings in Section 6.

4.2 Mathematical Modeling

A schematic diagram for the proposed metastructure is shown in Fig. 4.1. The metastructure

is presented by a chain of cells. Each cell consists of a rigid mass, M , and is connected to

other cells by a nonlinear spring with linear coefficient, K, and nonlinear coefficient, ᾱ. The

cell is also connected to a local electromechanical resonator with an effective mass, mp, and

an effective linear stiffness k1. The resonator consists of a substrate covered by a piezoelectric

layer. This piezoelectric layer is shunted to an external resistor Req and it harvests a voltage,

v. The displacement of the nth cell is defined as un, while the absolute displacement of its

local resonator is Yn. Following [74] and [24] the coupled equation of motions for each cell

can be written as

M ¨̄un + 2Kūn −Kūn+1 −Kūn−1 + ᾱ(ūn − ūn+1)
3 + ᾱ(ūn − ūn−1)

3 +mp(¨̄yn + ¨̄un) = 0 (4.1)
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Figure 4.1: A schematic diagram for the nonlinear acoustics metastructure with linear elec-
tromechanical resonator resonators.

mp ¨̄yn + k1ȳn − θv̄n = −mp ¨̄un (4.2)

RCp ˙̄vn + v̄n +Rθ ˙̄yn = 0 (4.3)

where ȳn = Yn − ūn is the relative displacement of the local resonator, θ is the electrome-

chanical coupling coefficient, and Cp is the capacitance of the piezoelectric element. These

equations can be written in normalized form as

ün + 2un − un+1 − un−1 + α(un − un+1)
3 + α(un − un−1)

3 + k̄Ω2
0(ÿn + ün) = 0 (4.4)

Ω2
0ÿn + yn − α1vn = −Ω2

0ün (4.5)

α2v̇n + vn + α3ẏn = 0 (4.6)
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where ω2
n = K/M , ω2

d = k1/mp, k̄ = k1/K, un = ūn/U0, yn = ȳn/y0, vn = v̄n/V0, α =

ᾱU2
0/K, Ω0 = ωn/ωd, α1 = θV0/k1, α2 = RCpωn, α3 = Rθωny0/V0, and the nondimensional

time is τ = ωnt. We express the solution for the system by power series. By ignoring the

terms of second order and higher, the solution can be written in the form

un(t, ϵ) = un0(T0, T1) + ϵun1(T0, T1) + o(ϵ2) (4.7)

yn(t, ϵ) = yn0(T0, T1) + ϵyn1(T0, T1) + o(ϵ2) (4.8)

vn(t, ϵ) = vn0(T0, T1) + ϵvn1(T0, T1) + o(ϵ2) (4.9)

where T0 = τ is the fast time scale and T1 = ϵτ is the slow time scale. Since the time is

expressed in two independent variables, the time derivative can be presented using the chain

role as

( ˙ ) = D0 + ϵD1 + ... (4.10)

(¨) = D2
0 + 2ϵD0D1 + ... (4.11)

Introducing Eqs. (4.7)-(4.11) into Eqs. (4.4)-(4.6) and collecting the terms of similar coeffi-

cient leave us with the following sets of equations

order ϵ0

D2
0un0 + 2un0 − u(n−1)0 − u(n+1)0 + k̄Ω2

0D
2
0(yn0 + un0) = 0 (4.12)

Ω2
0D

2
0yn0 + yn0 − α1vn0 = −Ω2

0D
2
0un0 (4.13)

α2D0vn0 + vn0 + α3D0yn0 = 0 (4.14)
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order ϵ1

D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1 + k̄Ω2

0D
2
0(yn1 + un1) = −2k̄Ω2

0D0D1(yn0 + un0)−

2D0D1un0 − α(un0 − u(n−1)0)
3 − α(un0 − u(n+1)0)

3

(4.15)

Ω2
0D

2
0yn1 + yn1 − α1vn1 = −Ω2

0D
2
0un1 − 2Ω2

0D0D1un0 − 2Ω2
0D0D1yn0 (4.16)

α2D0vn1 + vn1 + α3D0yn1 = −α2D1vn0 − α3D1yn0 (4.17)

4.2.1 Linear dispersion relations

At order ϵ0, the problem is linear. The solution can be written as

un = Aei(nk−ωτ) (4.18)

yn = Bei(nk−ωτ) (4.19)

vn = Cei(nk−ωτ) (4.20)

Substituting Eqs. (4.19)-(4.20) into Eq. (4.14) yields

− iα2ωC + C − iα3ωB = 0 (4.21)

Solving for C leaves us with

C = ΓB (4.22)

where Γ is complex and can be written as

Γ =
iα3ω

1− iα2ω
(4.23)
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Substituting Eqs. (4.18)-(4.19) and Eq. (4.22) into Eq. (4.13) leads to

B = KωA (4.24)

where Kω is also complex and defined as follow

Kω =
Ω2

0ω
2

1− α1Γ− Ω2
0ω

2
(4.25)

Finally, one can obtain the linear dispersion relation from Eqs. (4.12), (4.22), (4.24) as:

− ω2 + (2− 2 cos k)− k̄Ω2
0ω

2(1 +Kω) = 0 (4.26)

It is noteworthy here that Eq. (4.26) has five roots. Four of them are complex pairs with

nonzero real part, while the fifth one is pure complex.

4.2.2 Nonlinear dispersion relation

At order ϵ the problem is nonlinear. We need to obtain the solvability condition in order to

obtain a convergent approximate solution.

Equation. (4.17) can be written as (after multiplying by α1)

(α2D0 + 1)α1vn1 = α1[−α3D0yn1 − α2D1vn0 − α3D1yn0] (4.27)

Multiplying Eq. (4.16) by (α2D0 + 1) and using Eq. (4.27) to eliminate vn1, one can obtain

(α2D0 + 1)(Ω2
0D

2
0yn1 + yn1 + Ω2

0D
2
0un1) + α1α3D0yn1 = (α2D0 + 1)

(−2Ω2
0D0D1un0 − 2Ω2

0D0D1yn0)− α2α1D1vn0 − α1α3D1yn0

(4.28)
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Equation (4.28) can be written as

[(α2D0 + 1)(Ω2
0D

2
0 + 1) + α1α3D0]yn1 = −(α2D0 + 1)Ω2

0D
2
0un1 + (α2D0 + 1)

(−2Ω2
0D0D1un0 − 2Ω2

0D0D1yn0)− α2α1D1vn0 − α1α3D1yn0

(4.29)

Multiplying Eq. (4.29) by k̄Ω2
0D

2
0 and substituting it in Eq. (4.15) yields

[(Ω2
0D

2
0 + 1)(α2D0 + 1) + α1α3D0]((1 + k̄Ω2

0)D
2
0un1 + 2un1 − u(n−1)1 − u(n+1)1)−

k̄Ω2
0D

2
0(α2D0 + 1)Ω2

0D
2
0un1 = [(Ω2

0D
2
0 + 1)(α2D0 + 1) + α1α2D0](−2D0D1un0−

−2k̄D0D1(un0 + yn0)− α(un0 − u(n−1)0)
3 − α(un0 − u(n+1)0)

3) + k̄Ω2
0D

2
0[−(α2D0+

1)(−2Ω2
0D0D1un0 − 2Ω2

0D0D1yn0)] + α1α2D1vn0 + α1α3D1yn0]

(4.30)

To determine the solvability condition, one should substitute Eqs. (4.18)-(4.20) into Eq.

(4.30) to obtain

[(Ω2
0D

2
0 + 1)(α2D0 + 1) + α1α3D0]((1 + k̄Ω2

0)D
2
0un1 + 2un1 − u(n−1)1 − u(n+1)1)−

k̄Ω2
0D

2
0(α2D0 + 1)Ω2

0D
2
0un1 = ([(−Ω2

0ω
2 + 1)(−iα2ω + 1)− iα1α2ω](2iωA

′

+2iωk̄Ω2
0(1 +Kω)A

′ − 12αA2Ā(1− cos k)2)− k̄Ω2
0ω

2[(iωα2 − 1)(2iΩ2
0ωA

′ + 2iΩ2
0ωKωA

′)

+α1α2KωΓA
′ + α1α3KωA

′])ei(nk−ωt +NST

(4.31)

where NST denotes the non-secular terms.

The solvability condition can then be obtained as

[(−Ω2
0ω

2 + 1)(−iα2ω + 1)− iα1α2ω](2iωA
′ + 2iωk̄Ω2

0(1 +Kω)A
′ − 12αA2Ā(1− cos k)2)−

k̄Ω2
0ω

2[(iωα2 − 1)(2iΩ2
0ωA

′ + 2iΩ2
0ωKωA

′) + α1α2KωΓA
′ + α1α3KωA

′] = 0

(4.32)
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Substituting the polar form (A = aeib where a and b are functions of the slow time scale,

Kω = Re[Kω] + i Im[Kω], and Γ = Re[Γ] + i Im[Γ]) in Eq. (4.32) yields

(4.33)

−1

2
α1α2ω

2Ω2
0k̄(Re[Γ]+ iIm[Γ])

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+ α2ω
2Ω2

0k̄
(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+
1

2
α1α3ω

2Ω2
0k̄

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+ iωΩ2
0k̄

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω]) + α2ω

2Ω2
0k̄

(
eiba′ + iaeibb′

)
+α1α3ω

2Ω2
0k̄

(
eiba′+ iaeibb′

)
+ iωΩ2

0k̄
(
eiba′+ iaeibb′

)
− 3

2
ia3αα2e

ibcccω3Ω2
0

+
3

2
a3αeibcccω2Ω2

0 +
3

2
ia3αα2e

ibcccω +
3

2
ia3αα1α3e

ibcccω

− 3

2
a3αeibccc− α2ω

4Ω2
0

(
eiba′ + iaeibb′

)
+ α2ω

2
(
eiba′ + iaeibb′

)
+α1α3ω

2
(
eiba′ + iaeibb′

)
− iω3Ω2

0

(
eiba′ + iaeibb′

)
+ iω

(
eiba′ + iaeibb′

)
= 0

where ccc = 1 − cos k. Separating the real and imaginary parts reveals the following

equations

f + ga′ + hab′ = 0 (4.34)

l − ha′ + gab′ = 0 (4.35)

where f, g, h, and l are defined as

(4.36)g = −1

2
ω
(
α2ω

(
Ω2

0

(
k̄ (α1(−Im[Γ])Im[Kω] + (α1Re[Γ]− 2)Re[Kω]− 2) + 2ω2

)
− 2

)
+ 2Ω2

0k̄Im[Kω]− α1α3ω
(
Ω2

0k̄ (Re[Kω] + 2) + 2
))

h=
1

2
ω
(
Ω2

0

(
k̄ (Re[Kω] (α1α2Im[Γ]ω−2)+ωIm[Kω] (α2 (α1Re[Γ]−2)−α1α3)−2)+2ω2

)
−2

)
(4.37)

f =
3

2
a3αccc

(
ω2Ω2

0 − 1
)

(4.38)
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l =
1

2
(−3)a3αcccω

(
α2

(
ω2Ω2

0 − 1
)
− α1α3

)
(4.39)

It is noteworthy here that only f and l are function of vibration amplitude. One can

solve Eqs. (4.34)-(4.36) to obtain

a′ =
lh− fg

g2 + h2
(4.40)

ab′ = −gl +mh

h2 + g2
(4.41)

Therefore, the slow flow equations can be written in the following form

a′ = c0a
3 (4.42)

ab′ = c1a
2 (4.43)

where c0 and c1 are constants. These slow flow equations are nonlinear and need to be solved

in order to determine the correction term for the nonlinear frequency.

4.2.3 Approximate solution for slow flow equations

To obtain an approximate solution, we plot the values of c0 and c1 over the frequency range

in Fig. 4.2 for ϵα = 0.06, k̄ = 1, ωn = ωd = 1000 rad/sec, k1 = 106 N/m, R = 100Ω,

θ = 171 × 10−12 N/V, and Cp = 13.3 × 10−9 F. One can observe that the values of c0 are

too small and almost negligible comparing to the values of c1 in the acoustic and optical

modes. This indicates that one can safely assume that a′ = 0 and as a result the amplitude

is constant a = a0. Therefore, the correction factor can be written as

b′ = c1a
2
0 (4.44)



4.2. MATHEMATICAL MODELING 95

(a) (b)

(c) (d)

Figure 4.2: Values of c0 and c1 over the frequency range (a)-(b): acoustic mode; (c)-(d):
optical mode.

Integrating the differential equation yields

b = c1a
2
0T1 (4.45)

and the nonlinear frequency can be written as

ωnl = ω − ϵb′ (4.46)
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(a) (b)

Figure 4.3: Phase portrait of a′ and a for different values of c0 (a): negative c0; (b): positive
c0.

For large c0, the amplitude can be determined as

a =

√
−1

2(c0T1 + c)
(4.47)

where c = −1
2a20

. When c0 is negative, the value under the square root is always positive;

therefore, Eq. 4.47 is also a solution of the system for T1 > 0. However, if c0 is positive

the square root has a solution only if c0T1 >
1

2a20
. Otherwise, the trivial solution is the only

possible solution.

We plot the phase portrait for the first order system for positive and negative values

of c0 in Fig. 4.3. The results indicate that the stable solution associated with negative c0

will reach 0 eventually; therefore, the trivial solution is always the only stable solution. On

the other hand, the system departs from zero when c0 is positive, which is not defined when

c0T1 > 1
2a20

. Therefore, the system will also reach 0 eventually and only the trivial solution

is stable.
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4.3 Effect of electromechanical resonator on the band

structure

In this section, we investigate the effect of the electromechanical coupling on the boundaries

of the metastructure’s bandgap. In particular, we fix the parameter of the metastructure

and local resonator and we change the values of resistor if not mentioned otherwise. These

parameter are defined as k̄ = 1, ωn = ωd = 103 rad/sec, k1 = 106 N/m, and Cp = 13.3×10−9

F. These parameters are chosen based on similar studies in [195] and [55].

4.3.1 Validation of the approximate analytical solution

To check the accuracy of the current analytical solution derived by the method of multiple

scales, we first compare our results with those obtained for nonlinear chain in the absence

of electromechanical coupling using the Lindstedt-Poincare method. This can be obtained

by setting the load resistor and piezoelectric constant to zero. Therefore, the problem is

reduced to the classical chain with mechanical resonator instead of the electromechanical

resonator. The comparison for both solutions are shown in Fig. 4.4-a. The results show a

very good agreement with those in the literature.

Next, we consider the electromechanical coupling by shunting the system to a resistor.

The analytical results here are validated numerically. We simulate a chain consisting of

500 cells, connected by nonlinear springs, and coupled to electromechanical resonators. The

parameters of the chain are similar to those in the previous section. The simulation is con-

ducted by integrating the governing equation numerically by Matlab built-in solver ODE45.

To omit any reflective waves, we apply Perfectly Match Layers (PML) at each end of the

chain [133]. The chain is excited by a transient wave packet. We select the velocity of the
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wave packet to force the wave to propagate in one direction. Therefore, the wave packet is

defined as

um(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(1− cos(mk/Ncy)) sin(mk) (4.48)

u̇m(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(−ωnω/Ncy sin(mk/Ncy) sin(mk)−

ωnω(1− cos(mk/Ncy)) cos(mk))

(4.49)

ym(0) = Kωum(0) (4.50)

ẏm(0) = Kωu̇m(0) (4.51)

v = ΓKωum(0) (4.52)

where Ncy is the number of cycles and in our numerical simulations we set Ncy = 7, and

H(x) is the Heaviside function.

After simulating the system at any wavenumber, we determine the 2D Fourier trans-

form (2DFFT) of the data in the frequency and wavenumber domains. Then the natural

frequency of the system is the frequency associated with the maximum power density point.

By sweeping the wave number over the first Brillouin zone, one can numerically reconstruct

the dispersion curves from the obtained sets of wavenumbers and frequencies. It is notewor-

thy here that each of the optical and acoustic modes can be obtained separately by exciting

the system at frequencies close to the required mode frequencies.

We plot the numerical dispersion curves for different load resistors in Fig. 4.4-b. We

present only two values of resistor since other cases have similar dispersion curves. The

numerical results also show a good agreement with the analytical results in the presence of

the electromechanical coupling. However, the analytical solution fails to predict the middle

branch of the optical mode. In this region, there is a significant frequency shift (as we will
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show in the subsequent sections) associated with transient wave packets excitation. This

region is called Pseudo-bandgap [195].

(a) (b)

Figure 4.4: Validation of the analytical results (a): without electromechanical coupling using
[195]; (b): with electromechanical coupling using numerical simulations for θ = 10−10 N/V,
R = 104Ω.

4.3.2 Linear band structure

When the problem is linear, we plot the dispersion curves with and without electromechanical

coupling in Fig. 4.5. Unlike the chain with damping [80], it can be observed that shunting

the electromechanical resonator to a load resistor does not affect the band structure of the

metastructure for the weak electromechanical coupling case as shown in Fig. 4.5-a. Hence,

harvesting the power has no role in controlling the boundary of the bandgap although it

may change the attenuation level inside the bandgap (see Fig. 4.5-b). This indicates that

metastructures can be used for simultaneous energy harvesting and vibration mitigation

without degrading the bandgap boundary when the electromecanical coupling is weak.

For larger electromechanical coupling values up to θ = 10−3 N/V, the electromechan-

ical coupling has also no noticeable effect on the band structure for different shunted load
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resistors. However, for θ ≥ 10−2 N/V the band structure starts deforming and emerging into

one dispersion curve branch instead of two as shown in Fig. 4.5-c. Therefore, the bandgap

disappears at this level of electromechanical coupling. Moreover, the shunted resistor has a

significant role in the dispersion curve shape at this level of electromechanical coupling as

shown in Fig. 4.5-d.

(a) (b)

(c) (d)

Figure 4.5: The effect of electromechanical coupling on the band structure in linear chain.
(a): Weak electromechanical coupling θ = 10−10N/V ; (b): Imaginary part of the band
structure θ = 10−10 N/V; (c): Strong electromechanical coupling vlaues when R = 102Ω;
(d): Effect of resistor on strong electromechanical coupling, θ = 10−2 N/V.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: The effect of electromechanical coupling on the band structure in nonlinear
chain. (a): In the absence of electromechanical coupling; (b): Hardening nonlinearity
with weakly electromechanical coupling θ = 10−10N/V ; (c): Softening nonlinearity with
weakly electromechanical coupling θ = 10−10N/V ; (d): Hardening nonlinearity with strong
electromechanical coupling R = 104Ω; (e): Softening nonlinearity with strong electrome-
chanical coupling R = 104Ω; (f): Effect of resistor on strong electromechanical coupling,
θ = 10−3N/V .
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4.3.3 Nonlinear band structure

When the problem is nonlinear, we first plot the dispersion curves in the absence of elec-

tromechanical coupling for different types of nonlinearities in Fig. 4.6-(a). It can be observed

that hardening nonlinearity shifts the dispersion curves up while softening nonlinearity shifts

the curves down. Moreover, this shift is more significant in the optical mode. Next, we plot

the dispersion curves with electromechanical coupling in Fig. 4.6-(b)-Fig. 4.6-(f). For both

types of nonlinearities (hardening and softening) with weakly electromechanical coupling

(Fig. 4.6-(b) and Fig. 4.6-(c)), it can be revealed that the effect of electromechanical cou-

pling is negligible on the bandgap boundaries and only the nonlinearity in the chain shifts it.

Therefore, one can also use metastructures for simultaneous energy harvesting and vibration

reduction when the chain is nonlinear without affecting the bandgap boundaries. It is note-

worthy here that these observations only hold for electromechanical coupling coefficient of

10−10 < θ < 10−3 N/V. Similar to the linear case, stronger electromechanical coupling (i.e.,

θ ≥ 10−3 N/V) also alters the band structure of nonlinear systems as shown in Fig. 4.6-(d)

and Fig. 4.6-(e). Moreover, the band structure for θ ranging between 10−3 and 100 N/V

significantly depends on the shunted resistor unlike the case of weakly electromechanical

coupling.

In the subsequent sections, our study will focus on the weakly electromechanical coupling

case because θ depends on the piezoelectric constant which is usually at the order of 10−10

for most engineering applications [55].
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4.4 Spectro-spatial analysis

In the previous section, we showed that weakly electromechanical coupling has no effect on

the band structure in both linear and nonlinear chains. Nevertheless, the nonlinearity in the

chain shifts the dispersion curves up or down depending on the type of nonlinearity. However,

the dispersion characteristics do not reveal enough detailed information about nonlinear

wave propagation phenomena except frequency shifts. Therefore, we employ the spectro-

spatial analysis in this section to demonstrate other nonlinear wave propagation phenomena,

particularly, wave distortion represented by wave localization or wave dispersion in nonlinear

medium. This is done by analyzing the numerical data by different signal processing tools

as it will be shown in the subsequent subsections.

4.4.1 Spatial profile of the wave packet

The wave profile of the output voltage and the voltage in the input cell is plotted in Figs. 4.7-

4.8 for different load resistors and different wave limits. It should be noted that the input

voltage is determined using Eq. (52) and the output voltage is calculated using numerical

integration. Considering the acoustic-mode wave in the long wavelength region, Fig. 4.7-a

shows that the harvested power decays through the chain for both linear and hardening

nonlinear chains. This is not surprising since the frequency of the wave packet is away from

the electromechanical resonator frequency. This figure is a mirror image of the wave profile

of a wave propagating in a nonlinear chain since the effect of nonlinearity is negligible in

the long wavelength limit. However, at frequencies close to the resonator frequency in the

long wavelength limit (optical mode), the harvested voltage wave propagates through the

structure as shown in Fig. 4.7-b. Yet the nonlinearity is negligible in this wavelength limit

of the optical branch.
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For the acoustic branch in the medium wavelength domain (Fig. 4.7-c), the dispersion

curve is nonlinear (i.e., variable slope) and hence as expected, the wave is dispersive and

its amplitude decreases significantly when the chain is linear. For the hardening nonlinear

chain, the wave is split into two components; one is dispersive with low amplitude and the

other is localized with high amplitude (solitary) wave. The solitary wave obtained from the

nonlinear chain exhibits the highest output voltage as compared to the linear and softening

nonlinear chains. The softening nonlinear chain stretches the dispersive wave, thus resulting

in the lowest output voltage as compared to the linear and nonlinear hardening chains.

Nevertheless, the number of cells engaged in energy harvesting at specific time are higher

than those in the linear and hardening nonlinear chains.

For the optical mode in the medium wavelength limit, Fig. 4.7-d shows that the wave

still has two different magnitude components for the hardening nonlinearity case, but the

output voltage of the localized wave is not significantly higher that of the linear chain. Yet

the higher amplitude component in hardening nonlinear chain in this case is more localized

than that of the acoustic mode wave of Fig. 4.7-c. Fig. 4.7-d also shows that the softening

nonlinear chain lowers the amplitude of the localized component and stretches the other

wave component over more cells.

In the short wavelength region (Fig. 4.7-e for the acoustic mode and Fig. 4.7-f for the

optical mode), it can be noted that the linear wave is more dispersive since the dispersion

curve in this region is strongly nonlinear (refer to Section 4.3 for more details). However, the

effect of nonlinearity is more significant in localizing the wave for the hardening nonlinearity

case and stretching the wave for the softening nonlinearity case. These results suggest that

higher power amplitude solitary waves are developed when the nonlinearity is hardening

while more cells are engaged in energy harvesting when the nonlinearity is softening.

Finally, we show the spatial profile of the harvested voltage due to wave packet excitation
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at lower electromechanical coupling in Fig. 4.8. The general observations discussed for the

case of R = 107Ω and θ = 10−8 N/V holds here. However, some of the spatial profiles are

slightly different, especially for the acoustic mode in the long wavelength limit. This indicates

that the load resistor has a slight effect on the spatial profile of the wave propagation.

4.4.2 Spatial short term Fourier transform of wave motion

In this section, we plot the short term Fourier transform (STFT) to investigate the change

in wave characteristics over time in the space domain as depicted in Fig. 4.9 and Fig. 4.10

for the acoustics and optical modes, respectively. We use a Hann window with the size

of input burst to contain the short spatial components over time. This Hann window is

represented by a signal between dashed lines in the figures. It is noteworthy here that

we only consider medium and short wave lengths in this section since the previous section

revealed that nonlinearity has no affect in the long wave length domain. These analyses are

carried out on a chain coupled to R = 107Ω load resistors.

For the acoustic-mode wave propagating in a linear chain (Fig. 4.9-a for k = π/2 and

Fig. 4.9-b for k = 7π/9), the voltage output is dispersive and has only one component with

low amplitude. Moreover, it can be observed that the stretching of the wave is more severe

at shorter wavelengths. It should be noted here that we plot the input signal in addition to

the output signal; therefore, the reader can recognize the wave distortion. Furthermore, for

better visualization of the output signal amplitude, we can compare the ratio between the

output to the input signal to demonstrate the increase or decrease in wave amplitude. For

instance, output voltage wave amplitude in Fig. 4.9-b is lower than that in Fig. 4.9-a since

the input signal in the former case is lower.

For the nonlinear chain, two different behaviors are observed for different types of
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Spatial profile of the wave packet of harvested voltage from electromechanical
resonator, R = 107Ω, θ = 10−8 N/V; (a): k = π/9 acoustic mode, (b): k = π/9 optical
mode, (c): k = π/2 acoustic mode, (d): k = π/2 optical mode, (e): k = 7π/9 acoustic mode,
(f): k = 7π/9 optical mode.

nonlinearities. For hardening nonlinearity (Fig. 4.9-c for k = π/2 and Fig. 4.9-d for k =

7π/9), solitary waves are developed, thus the output voltage is higher and localized within a
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(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Spatial profile of the wave packet of harvested voltage from electromechanical
resonator, R = 107Ω, θ = 10−10 N/V; (a): k = π/9 acoustic mode, (b): k = π/9 optical
mode, (c): k = π/2 acoustic mode, (d): k = π/2 optical mode, (e): k = 7π/9 acoustic mode,
(f): k = 7π/9 optical mode.

few number of cells. However, the effect of hardening nonlinearity is more significant in the

shorter wavelength limit and some of its energy is shifted outside the Hann window limits
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as shown in Fig. 4.9-d. For softening nonlinearity (Fig. 4.9-e for k = π/2 and Fig. 4.9-f

for k = 7π/9), the output voltage wave is stretched over the chain. This wave has lower

amplitude than the linear case. It is also observed here that the effect of nonlineariy becomes

more significant with reducing the wavelength. Moreover, some of the energy content is

shifted below the Hann window limits. In general, we observe that the output voltage wave

is attenuated through the chain at all wavelength regions of the acoustic mode; however,

wave amplitude is almost at the same order of magnitude of the input wave amplitude in

hardening nonlinear chain at short wavelength.

For the optical mode wave, we show STFT in Fig. 4.10. In general, the output voltage

wave propagates at higher amplitudes through the chain in all wavelength limits. Yet this

propagation depends significantly on the type of nonlinearity and wavelength. For a wave

propagating in a linear chain at medium wavelength (Fig. 4.10-a), it can be observed that

the wave is not dispersive and has a significant amplitude localized wave unlike the behavior

observed in the same wavelength region of the acoustic mode. However, the wave is clearly

dispersive at shorter wavelengths as depicted in Fig. 4.10-b for the linear chain.

For the optical branch in the medium wavelength region, (Fig. 4.10-c and Fig. 4.10-d),

the output voltage wave is severely distorted and brakes down into multiple components.

For hardening nonlinearity, the output wave has three components. The first component

has low wavenumber and the wave is dispersive with low amplitude. The second component

lies inside the Hann window (linear limit) and the wave is also dispersive. As for the third

component, most of the energy content is shifted above the Hann window due to hardening

nonlinearity. The latter represents a solitary wave. For softening nonlinearity (Fig. 4.10-d),

the output voltage wave is broken into two components. The first component has a high

wavenumber and the wave is dispersive with low amplitude. However, most of the energy of

the linear wave is shifted significantly below the Hann window. In both types of nonlinearity,
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we observe a significant frequency shift for the optical branch in the medium wavelength limit

since most of the output energy dilates outside the input signal frequency confined within

the Hann window.

Finally, we investigate the wave distortion for the optical branch in the short wavelength

domain (Fig. 4.10-e and Fig. 4.10-f). The results indicate that the behavior of this mode is

similar to that of the acoustic mode in the short wavelength limit. The hardening nonlinearity

develops a localized solitary wave, which has a voltage amplitude much higher than the linear

case as shown in Fig. 4.10-e. On the other hand, softening nonlinearity stretches the wave

significantly in this wavelength limit. The resulting wave is dispersive with low amplitude.

It is noteworthy here that, for the nonlinear chain, some of the energy content is shifted

outside the limits of the input signal in the short wavelength region.

4.4.3 Contour plots of 2D Fourier transform

After analyzing the output voltage of the wave characteristics over time in the spatial domain,

we investigate the frequency-wavenumber characteristics of the system in order to reconstruct

the nonlinear dispersion curves and examine the Pseudo-bandgap observed in Fig. 4.4-b.

This can be done by determining the 2D Fourier transform for the temporal and spatial

components. We plot the contour lines of the results in frequency-wavenumber domain for

the acoustic mode in Fig. 4.11 and optical mode in Fig. 4.12. To compare the distribution of

the frequency-wavenumber component for different types of nonlinearity, we plot the output

voltage power density with the same wavelength inside the same frequency-wavenumber band

limit. We focus only on waves propagating in the medium and short wavelength regions since

we have shown that the effect of nonlinearity is negligible in the long wavelength limit.

For the acoustic mode in the medium wavelength limit (Fig. 4.11-a, b, and c), it is
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(a) (b)

(c) (d)

(e) (f)

Figure 4.9: Short term Fourier transform for energy harvested in acoustic mode and for
different types of nonlinearity, R = 107Ω, θ = 10−10 N/V; (a): k = π/2, ϵαA2 = 0, (b):
k = 7π/9, ϵαA2 = 0, (c): k = π/2, ϵαA2 = 0.03, (d): k = 7π/9, ϵαA2 = 0.03, (e): k = π/2,
ϵαA2 = −0.03, (f): k = 7π/9, ϵαA2 = −0.03.

demonstrated that the hardening nonlinearity localized the output voltage power spectrum

while the softening nonlinearity stretches it over a wider range of frequency-wavenumber.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.10: Short term Fourier transform for energy harvested in optical mode and for
different types of nonlinearity, R = 107Ω, θ = 10−10 N/V; (a): k = π/2, ϵαA2 = 0, (b):
k = 7π/9, ϵαA2 = 0, (c): k = π/2, ϵαA2 = 0.03, (d):k = π/2, ϵαA2 = −0.03, (e): k = 7π/9,
ϵαA2 = 0.03, (f): k = 7π/9, ϵαA2 = −0.03.

Moreover, it can be demonstrated that hardening nonlinearity bents the nonlinear dispersion

curve (Fig. 4.11-a) to a less nonlinear dispersion curve while the softening nonlinearity bents
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(a) (b)

(c) (d)

(e) (f)

Figure 4.11: 2D Fourier transform for harvested voltage in acoustic mode, θ = 10−10 N/V,
R = 107Ω; (a): k = π/2, ϵαA2 = 0, (b): k = π/2, ϵαA2 = 0.03, (c): k = π/2, ϵαA2 = −0.03,
(d): k = 7π/9, ϵαA2 = 0, (e): k = 7π/9, ϵαA2 = 0.03, (f): k = 7π/9, ϵαA2 = −0.03.

the nonlinear dispersion curve to a more nonlinear dispersion curve; therefore, the wave

becomes more dispersive. It is noteworthy that no significant frequency shift can be observed.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.12: 2D Fourier transform for harvested voltage in optical mode, θ = 10−10 N/V,
R = 107Ω; (a): k = π/2, ϵαA2 = 0, (b): k = π/2, ϵαA2 = 0.03, (c): k = π/2, ϵαA2 = −0.03,
(d): k = 7π/9, ϵαA2 = 0, (e): k = 7π/9, ϵαA2 = 0.03, (f): k = 7π/9, ϵαA2 = −0.03.

For the same mode, but in the short wavelength region (Fig. 4.11-d, e, and f), similar behavior

in localizing and stretching the power spectrum can be observed. However, the effect here
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is more significant. For instance, the power spectrum in the case of hardening nonlinearity

is almost linear which indicates the birth of solitons. On the other hand, power spectrum

curves are more nonlinear in the case of softening nonlinear chain.

Next, we investigate the contour plots of 2D Fourier transform for the optical mode

(Fig. 4.12). For the medium wavelength limit (Fig. 4.12-a, b, and c), we observe a significant

frequency-wavenumber shift in the power spectrum contours for both types of nonlinearity.

However, this shift is more pronounced in the case of hardening nonlinearity. It can be

observed that the power spectrum is broken into mainly three components in the case of

hardening nonlinearity while it is divided into two components in the case of softening

nonlinearity. This is not surprising since we have observed this broken signal in STFT plots

in the previous section. In Fig. 4.12-b, it is observed that the higher frequency component

has most of the energy content; moreover, this component has a linear dispersion curve (i.e.,

constant slope), which indicates that there is a development of solitary wave. For the short

wavelength limit (Fig. 4.12-d, e, and f), a frequency-wavenumber shift is also observed in

the presence of nonlinearity; however, neither significant shift nor severe wave distortion

is demonstrated in this wavelength region. When the chain has hardening nonlinearity

(Fig. 4.12-e), the power spectrum of the output voltage is concentrated in a linear dispersion

curve (strong soliton) and shifted to higher frequency values. Nevertheless, one can still

observe some of the energy content appearing as nonlinear dispersion curves similar to those

observed in the case of linear chain shown in Fig. 4.12-a. For softening nonlinearity Fig. 4.12-

f, the power spectrum is shifted to lower frequency values. However, the energy content is

not broken into multiple components, instead the signal is almost concentrated in one branch

over wider band of frequency and wavenumber.
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4.5 Discussion

Finally, we add some general comments about simultaneous energy harvesting or sensing and

vibration attenuation in nonlinear metastructures based on the analyses carried out in the

present study. The output voltage wave propagates to higher level through the chain only

for the optical branch. However, the wave amplitude can be at the same level of input signal

when the chain has hardening nonlinearity for the acoustic mode in the short wavelength

limit. This is because solitary wave can be observed in this limit. The hardening nonlinearity

can also convert the dispersive waves to solitary waves with higher voltage amplitude in the

optical mode. On the other hand, softening nonlinearity stretches the voltage wave over the

chain and reduces the amplitude. Therefore, higher voltage amplitude wave is predicted with

hardening chain while low voltage amplitude is predicted with softening chain. However, the

number of cells engaged in energy harvesting is higher in the latter case. Nonlinear chain also

shifts the output signal frequency to higher or lower values at medium and short wavelengths

when the nonlinearity is hardening or softening, respectively. However, this shift is significant

for the optical mode in the medium wavelength limit. This significant shift is concentrated in

shifting the higher power density component up or down while other lower value components

can also be observed at different frequencies.

Nonlinear chains can be employed toward better simultaneous energy harvesting, sens-

ing, and vibration attenuation. For instance, the significant increase in the voltage amplitude

by hardening chain allows better and faster sensing of the input disturbance. In addition, the

significant frequency shift can be utilized to design electromechanical rectifier [107]. This can

be achieved by coupling such a nonlinear electromechanical chain with a linear electrome-

chanical chain and tuning the frequency shift region to the bandgap of the linear chain. This

will allow energy harvesting (sensing) and wave propagation in only one direction.
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Finally, replacing some of the local electromechanical resonators by local mechanical

resonators should preserve the performance of vibration attenuation in the structure. This

is because the weak electromechanical coupling has no effect on the size of the bandgap.

However, these local mechanical resonators must have equivalent dynamical properties as

those of the local electromechanical resonators. Thus, only finite number of energy harvester

can be considered. This will be more meaningful from the prospective of energy harvesting.

4.6 Conclusion

In this work, a nonlinear metastructure coupled to a linear electromechanical resonator

was studied. The metastructure was modeled as a chain of masses connected by weakly

nonlinear springs. The cells were coupled to electromechanical resonators which were also

modeled as a spring-mass system and shunted to a load resistor. We employed the method

of multiple scales to derive an analytical approximate solution for the nonlinear dispersion

relations. These results were validated by direct numerical integration. The validation

showed that the method of multiple scales can accurately predict the cut-off frequencies,

but not the significant frequency shift in the medium wavelength limit of the optical branch.

The analytical results indicated that neither the band structure of linear nor nonlinear chains

were affected by the weakly electromechanical coupling. These findings suggest that energy

harvesting does not degrade the vibration mitigation limits in metastructures. However, for

very strong electromechanical coupling, the electromechanical coupling can alter the band

structure. Nevertheless, these values of coupling coefficient are much higher than those in

real life engineering applications.

We further investigated the nonlinear voltage output wave propagation by studying the

spectro-spatial features using different signal processing techniques. This provided further
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detailed information about different nonlinear phenomena based on the type of nonlinearity.

The spatial profile of the output voltage wave demonstrated that the wave does not propagate

for higher values comparing to input wave profile in linear chains. The effect of nonlinearity

in nonlinear chains appeared as wave stretching in softening chain or wave localization in

hardening chain. It was demonstrated that acoustic-mode wave in the short wavelength

region can propagate with higher voltage amplitude only for the hardening nonlinear chain.

Conversely, optical-mode wave in all wavelength regions can propagate with high voltage am-

plitude in both linear and nonlinear chains. Yet softening nonlinearity can stretch the wave

while hardening nonlinearity can localize it. This wave distortion depends significantly on

the wave length. The images of STFT demonstrated the output voltage wave distortion due

to nonlinearity. The results indicated that there is a significant frequency shift at frequency-

wavenumber located in the middle of the optical mode. Moreover, it was shown that the wave

gets divided into multiple components in the medium wavelength limit. Furthermore, the

spectro-spatial analysis revealed that the nonlinear dispersion curves can be reconstructed

by contour of 2D Fourier transform. These contour plots demonstrated the birth of solitary

waves in hardening nonlinear metastructures at medium and short wavelengths.

Finally, the observed significant frequency shift by spectro-spatial analysis in nonlinear

metastructures can be employed to construct electromechanical diodes with simultaneous

uni-direction energy harvesting and energy transfer.



Chapter 5

Substantial frequency conversion at

long-wavelength limit in metamaterial

with weakly nonlinear local

electromechanical resonators:

Analytical and computational study

This chapter is submitted for publication: Bukhari, Mohammad, and Oumar Barry. ”Sub-

stantial frequency conversion at long-wavelength limit in metamaterial with weakly nonlinear

local electromechanical resonators: Analytical and computational study”.

Recent studies of nonlinear metatmaterials have shown interesting wave propagation

phenomena including the birth of soliton, tunable bandgap, acoustic nonreciprocity and

broadband energy harvesting. However, most studies are limited to nonlinear mechanical

metamaterials and their applications in the short-wavelength limit. There is no study of

nonlinear electromechanical metamaterials at the long-wavelength limit. The present work

fills this gap through investigating a metamaterial with nonlinear local electromechanical

resonators. An approximate analytical solution for the dispersion relations is obtained by

118
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the method of multiple scales (MMS). This analytical solution is used to study the role

of different system’s mechanical and electromechanical parameters on the band structure.

Other important nonlinear wave propagation characteristics are deduced by exploring the

spectro-spatial features through different signal processing methods of the numerical results.

The output voltage results demonstrate a significant wave distortion and frequency shift,

particularly at the long-wavelength limit and other wavelength limits. Moreover, the results

indicate an increase in the voltage output and the birth of solitary waves. Furthermore, the

observed significant frequency shift at the long wavelength limit is demonstrated computa-

tionally using COMSOL Multiphysics. A nonlinear metamaterial is modeled and analyzed

to demonstrate this phenomenon. These results suggest that such a system can enhance

sensing and increase the operation range of electromechanical diode.
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5.1 Introduction

Recent studies have shown that artificially engineered structures can offer exceptional proper-

ties that cannot be obtained by conventional homogeneous structures [84]. These structures

are usually called metamaterials. The exciting properties of metamaterials include, but are

not limited to: negative stiffness, negative mass, negative Poisson’s ratio, and negative den-

sity (i.e., negative is associated with the effictive parameter not to the parameter itself)[14].

The study of mechanical metamaterial was initially motivated by the development within

the optics community [33]. Then, it was extended for acoustics [120] and elastic wave appli-

cations [84]. The unique characteristics of the mechanical metamaterial allow it to control

noise and vibration, harvest energy, enable non-reciprocal wave propagation devices, and

non-destructive testing.

For vibration attenuation applications, metamaterials draw their interesting proper-

ties from periodicity [160](i.e., phononic crystals) or through the embedded local resonators

[110]. Periodic structures offer a low-frequency bandgap where waves with a wavelength

near the lattice constant cannot propagate through the structure [97, 98, 99, 159, 160, 178].

This bandgap results from Bragg scattering. However, the limitations associated with the

lattice dimension limit the application to large structures, and thus controlling smaller size

structures requires different engineering configurations. This limitation can be overcome by

embedding local resonators in locally resonant metamaterials by mode hybridization. This

configuration showed the ability to attenuate waves with wavelengths much larger than the

lattice constant [110]. Also, in the presence of periodicity, locally resonant metamaterials can

form bandgap due to Bragg scattering and mode hybridization depending on the structure

and local resonators parameters [109]. Yet bandgaps can be generated without Bragg scat-

tering at a very low local resonator’s frequency. Therefore, locally resonant metamaterials

can also offer a frequency bandgap even in the absence of periodicity [4]. It is noteworthy
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that multiple tuned frequency bandgaps can be obtained by utilizing different resonance

frequency local resonators [78, 197].

With increasing amplitude of a wave propagating in an inherently nonlinear medium,

the linear equation cannot adequately describe the problem, and nonlinear terms need to

be considered. Nonlinear metamaterials can be handled using different techniques depend-

ing on the strength of nonlinearity. For weak nonlinearity, perturbation methods can be

utilized to obtain an approximate converging closed-form solution [134, 135]. For example,

Narisetti et al. utilized the Lindstedt-Poincare technique to obtain dispersion relation in

discrete metastructure [133]. Moreover, the method of multiple scales (MMS) can handle

more complex problems that include nonlinear interaction of multiple waves [119]. MMS can

better address the problem due to reducing the required efforts associated with the algebra.

Also, MMS is more convenient in handling higher-order perturbation [62]. On the other

hand, strong nonlinearity in metamaterial can be treated by other techniques like homotopy

analysis [1, 2, 90]. In addition to the accuracy obtained by considering nonlinear metama-

terial, nonlinear metamaterials show interesting wave propagation phenomena beyond those

observed in linear metamaterials, such as solitons [95, 131], non-reciprocal wave propagation

[107], and tunable bandgaps [117].

The study of nonlinear metamaterials has been limited to obtaining the cut-off fre-

quency through deriving the dispersion relations or investigating solitary waves at a short-

wavelength limit. These investigations do not reveal the essential characteristics of the

nonlinear wave propagation in metamaterials. Therefore, several studies in the literature

employed spectro-spatial analysis to provide a better understanding of these essential prop-

erties [24, 27, 30, 63, 195]. Spectro-spatial features can provide detailed information on the

local wave properties (e.g., solitary waves) or global wave properties (e.g., dispersion curves).

Studies on spectro-spatial analyses have included studies on nonlinear periodic chains [63],
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nonlinear locally resonant metamaterial [195], and locally resonant metamaterial with mul-

tiple local resonators with nonlinearity stemming from the chain or resonators [24, 27, 30].

These studies demonstrated the birth of solitary waves at short-wavelength limit, a signifi-

cant frequency conversion at medium-wavelengths for transient excitation, and no effect of

nonlinearity at long-wavelength limit in the case of the nonlinear chain [30]. Moreover, the

investigations revealed that wave distortion could be obtained at all wavelength limits in

the case of nonlinear resonator depending on the resonance frequency of the nonlinear local

resonator [24, 27, 30]. These frequency shifts indicate that such nonlinear metamaterial can

enable the design of acoustics diodes.

In addition to the superior performance of metamaterial in vibration attenuation, re-

cent studies were motivated by the wide plateau band of frequencies in metamaterials to

harvest energy [157]. The energy harvesting can be realized by installing electromechanical

resonators instead of conventional local resonators for simultaneous energy harvesting and

vibration attenuation [74]. Although earlier consideration of electromechanical coupling was

to generate piezoelectric bandgap through the added stiffness [5, 13, 34, 173, 194], recent

investigations showed the possibility of harvesting additional energy through this coupling

[74, 75, 76, 157]. These investigations were conducted experimentally on locally resonant

phononic plates [157] and 2D metamaterials [105], or theoretically on discrete systems [74],

continuous systems [75], and coupled internal resonators [76].

To the best of our knowledge, recent studies on metamaterials for simultaneous energy

harvesting and vibration mitigation were limited to investigating the linear problem. Only

our previous work in [26] considered the effect of nonlinearity in such a problem. However,

the nonlinearity in our previous work stems only from the nonlinear chain. This restricts the

effect of nonlinearity for only short-wavelength limits, thus limiting the system applications

to frequencies in this region (e.g., acoustics diodes, significant frequency shift). There is a
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gap in the literature in extending nonlinear metamaterial’s applications to frequencies at all

wavelength limits in the presence of nonlinear electromechanical resonator for simultaneous

energy harvesting and vibration reduction. Therefore, for the first time, we investigate a

metamaterial with local electromechanical resonators with nonlinearity stemming from the

resonator in the present study to fill this gap. This is also motivated by our previous work

that has shown the possibility of significant frequency shifts at all wavelength limits in lo-

cally resonant metamaterial with nonlinearity in the conventional mechanical resonator [27].

In this paper, we employ analytical and different numerical signal processing techniques to

investigate the local and global properties of the nonlinear wave features in the proposed

metamaterial. The former is demonstrated through MMS to obtain a closed-form solution

for the band structure. The latter is demonstrated through investigating the spectro-spatial

features of the numerical results to reveal the birth of solitary waves, existing of significant

frequency shift for non-reciprocal wave propagation applications, exploring the type of wave

distortion, and validating the analytical results by reconstructing the band structure. These

spectro-spatial analyses include spatial wave profile, spectrograms of Short term Fast Fourier

Transform (STFT), and contours of 2D Fast Fourier transform (2D FFT). Parametric anal-

yses are also conducted to study the effect of nonlinearity and electromechanical coupling

parameters on the nonlinear wave propagation features in terms of wave amplitude and har-

vested power. Finally, we present the computational proof of this phenomenon: the presence

of significant frequency shift at the long-wavelength limit in the proposed structure.

The rest of the current study is organized as follows: In Sec. 2, we present a mathemat-

ical model for the proposed metamaterial with nonlinear local electromechanical resonators.

This is followed by the derivation of an analytical solution for the band structure. Then, we

discuss the analytical findings in terms of the effect of different parameters on the bandgap

size in Sec. 3. In Section 4, we study the spectro-spatial features of the output voltage wave
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Figure 5.1: A schematic for the proposed metamaterial with nonlinear local electromechan-
ical resonators.

by several signal processing techniques to reveal more important features of the nonlinear

wave propagation phenomena in the proposed structure. Next, spectro-spatial analyses are

used to validate our analytical solution in Section 5. The observed phenomenon is also val-

idated computationally using COMSOL Multiphysics in Section 6. Finally, we summarize

our findings in the conclusion section.

5.2 Mathematical model

The proposed metamaterial with embedded nonlinear electromechanical local resonators is

depicted in Fig. 5.1. The metamaterial consists of an infinite chain of cells with mass M .

These cells are connected by a linear spring with stiffness K. A local nonlinear electrome-

chanical resonator with an effective mass mp is embedded in each cell. The nonlinearity in

the resonator stems from a nonlinear spring with an effective linear stiffness k1, and cubic

nonlinear stiffness ᾱ. The electromechanical local resonator is modeled as a beam sand-

wiched by piezoelectric layers with coupling coefficient θ and capacitance Cp. This resonator

is shunted to a load resistor R, and it harvests a voltage, v̄n. If the displacement of the

nth cell is defined as un, and the displacement of the electromechanical resonator is defined

as Yn, then the governing equations of motion for each cell with its local resonator can be
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written as [24, 55, 74]

M ¨̄un + 2Kūn −Kūn+1 −Kūn−1 +mp(¨̄yn + ¨̄un) = 0 , (5.1)

mp ¨̄yn + k1ȳn − θv̄n + ᾱȳ3 = −mp ¨̄un , (5.2)

RCp ˙̄vn + v̄n +Rθ ˙̄yn = 0 , (5.3)

where ȳn = Yn − ūn is the relative displacement of the electromechanical resonator. The

dimensionless version of these equations can be expressed as

ün + 2un − un+1 − un−1 + k̄Ω2
0(ÿn + ün) = 0 , (5.4)

Ω2
0ÿn + yn − α1vn + αy3 = −Ω2

0ün , (5.5)

α2v̇n + vn + α3ẏn = 0 , (5.6)

where ω2
n = K/M , ω2

d = k1/mp, k̄ = k1/K, un = ūn/U0, yn = ȳn/y0, vn = v̄n/V0, α =

ᾱU2
0/K, Ω0 = ωn/ωd, α1 = θV0/k1, α2 = RCpωn, and α3 = Rθωny0/V0. It is noteworthy

that the dots are related to the time derivative in the term of the nondimensional time,

τ = ωnt. To obtain an approximate analytical solution using MMS, we expand our solution

by power series and keep only the first order terms as:

un(t, ϵ) = un0(T0, T1) + ϵun1(T0, T1) + o(ϵ2) , (5.7)

yn(t, ϵ) = yn0(T0, T1) + ϵyn1(T0, T1) + o(ϵ2) , (5.8)

vn(t, ϵ) = vn0(T0, T1) + ϵvn1(T0, T1) + o(ϵ2) . (5.9)

In addition, we keep the time scales T0 and T1 and neglect any higher time scales at
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this order of perturbation where T0 = τ is the fast time scale, and T1 = ϵτ is the slow time

scale.With the introduction of multiple time scales, the derivative operators will also get

perturbed to

( ˙ ) = D0 + ϵD1 + ... , (5.10)

(¨) = D2
0 + 2ϵD0D1 + ... , (5.11)

where D0 and D1 denote the partial derivative with respect to the fast time scale and slow

time scale, respectively. Substituting Eqs. (5.7)-(5.11) into Eqs. (5.4)-(5.6) and separating

the coefficients of ϵ0 and ϵ1 yields

order ϵ0

D2
0un0 + 2un0 − u(n−1)0 − u(n+1)0 + k̄Ω2

0D
2
0(yn0 + un0) = 0 , (5.12)

Ω2
0D

2
0yn0 + yn0 − α1vn0 = −Ω2

0D
2
0un0 , (5.13)

α2D0vn0 + vn0 + α3D0yn0 = 0 , (5.14)

order ϵ1

D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1 + k̄Ω2

0D
2
0(yn1 + un1) = −2k̄Ω2

0D0D1(yn0 + un0)− 2D0D1un0 ,

(5.15)

Ω2
0D

2
0yn1 + yn1 − α1vn1 = −Ω2

0D
2
0un1 − 2Ω2

0D0D1un0 − 2Ω2
0D0D1yn0 − αy3n0 , (5.16)

α2D0vn1 + vn1 + α3D0yn1 = −α2D1vn0 − α3D1yn0 , (5.17)

It can be noted from Eqs. 12-14 that O(ϵ0) equations are corresponding to linear equations

and all the nonlinear terms appear at the equations corresponding to higher order of ϵ as
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excitation terms. Therefore, there will not be any difficulty in handling of these equations.

Having established these equations at different order of ϵ, next we present linear dispersion

relations.

5.2.1 Linear dispersion relations

To obtain the linear dispersion relation, the equation set at order ϵ0 is sufficient. The solution

of this set can be expressed as

un = Aei(nk−ωτ) , (5.18)

yn = Bei(nk−ωτ) , (5.19)

vn = Cei(nk−ωτ) . (5.20)

Substituting Eqs. (5.19)-(5.20) into Eq. (5.14) leads to

− iα2ωC + C − iα3ωB = 0 . (5.21)

Rearranging Eq. (5.21) yields

C = ΓB , (5.22)

where Γ is defined as

Γ =
iα3ω

1− iα2ω
. (5.23)

Similarly, one can solve for B by introducing Eqs. (5.18)-(5.19) and Eq. (5.22) into Eq.

(5.13) to get

B = KωA , (5.24)
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where Kω can be expressed as

Kω =
Ω2

0ω
2

1− α1Γ− Ω2
0ω

2
, (5.25)

From Eqs. (5.12), (5.22), (5.24), the dispersion relation of the metamaterial with local

electromechanical resonator can be written as:

− ω2 + (2− 2 cos k)− k̄Ω2
0ω

2(1 +Kω) = 0 . (5.26)

We emphasize that the above dispersion relation leads to 5 roots for ω with electromechanical

coupling instead of 4 for the system without electromechanical coupling. Also, only 4 out of

these 5 roots carry a nonzero real part.

5.2.2 Nonlinear dispersion relation

To obtain the approximate analytical solution (i.e., nonlinear frequency correction coeffi-

cient), we need to solve the nonlinear problem at order ϵ1. In particular, the solvability

condition should be determined in order to guarantee the convergence of our approximate

solution.

Multiplying Eq. (5.17) by α1 and collecting the coefficient of vn1 on the left-hand side

yields

(α2D0 + 1)α1vn1 = α1[−α3D0yn1 − α2D1vn0 − α3D1yn0] . (5.27)

To eliminate vn1 from Eq. (5.27), we multiply Eq. (5.16) by (α2D0 + 1) and substitute Eq.

(5.27). After rearrangement, Eq. 5.16 becomes
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[(α2D0 + 1)(Ω2
0D

2
0 + 1) + α1α3D0]yn1 = −(α2D0 + 1)Ω2

0D
2
0un1 + (α2D0 + 1)

(−2Ω2
0D0D1(un0 + yn0)− αy3n0)− α2α1D1vn0 − α1α3D1yn0 .

(5.28)

To eliminate vn1 and yn1 for Eq. (5.15), we multiply Eq. (5.28) by k̄Ω2
0D

2
0 and Eq. (5.15)

by [(α2D0 + 1)(Ω2
0D

2
0 + 1) + α1α3D0], and substitute the resulting equation into Eq. (5.15)

yields

[(Ω2
0D

2
0 + 1)(α2D0 + 1) + α1α3D0]((1 + k̄Ω2

0)D
2
0un1 + 2un1 − u(n−1)1 − u(n+1)1)−

k̄Ω2
0D

2
0(α2D0 + 1)Ω2

0D
2
0un1 = [(Ω2

0D
2
0 + 1)(α2D0 + 1) + α1α3D0](−2D0D1un0−

2k̄D0D1(un0 + yn0)) + k̄Ω2
0D

2
0[−(α2D0+

1)(−2Ω2
0D0D1(un0 + yn0))− αy3n0 + α1α2D1vn0 + α1α3D1yn0] .

(5.29)

The solvability condition can be obtained by substituting the linear solution Eqs. (5.18)-

(5.20) into Eq. (5.29) as

[(Ω2
0D

2
0 + 1)(α2D0 + 1) + α1α3D0]((1 + k̄Ω2

0)D
2
0un1 + 2un1 − u(n−1)1 − u(n+1)1)−

k̄Ω2
0D

2
0(α2D0 + 1)Ω2

0D
2
0un1 = ([(−Ω2

0ω
2 + 1)(−iα2ω + 1)− iα1α3ω](2iωA

′

+2iωk̄Ω2
0(1 +Kω)A

′)− k̄Ω2
0ω

2[(iωα2 − 1)(2iΩ2
0ωA

′(1 +Kω)

−3A2Ā) + α1α2KωΓA
′ + α1α3KωA

′])ei(nk−ωτ) + NST .

(5.30)

where NST refers to the non-secular terms.

Next, to obtain a convergent solution, secular terms (i.e., coefficient of ei(nk−ωτ), which

leads to unbounded solution) must be eliminated. Therefore, the solvability condition can
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then be written as

[(−Ω2
0ω

2 + 1)(−iα2ω + 1)− iα1α3ω](2iωA
′

+2iωk̄Ω2
0(1 +Kω)A

′)− k̄Ω2
0ω

2[(iωα2 − 1)(2iΩ2
0ωA

′(1 +Kω)

−3A2Ā) + α1α2KωΓA
′ + α1α3KωA

′] = 0 .

(5.31)

Introducing the polar form (A = 1
2
aeib where a and b are real functions of T1) and the

complex values in Cartesian form (i.e., Kω = Re[Kω] + i Im[Kω], and Γ = Re[Γ] + i Im[Γ])

in Eq. (5.31) leads to

(5.32)

3

8
ia3αα2e

ibω3Ω2
0k̄ (Re[Kω] + iIm[Kω])

3

− 3

8
a3αeibω2Ω2

0k̄ (Re[Kω] + iIm[Kω])
3

− 1

2
α1α2ω

2Ω2
0k̄(Re[Γ] + iIm[Γ])

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+ α2ω
2Ω2

0k̄
(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+
1

2
α1α3ω

2Ω2
0k̄

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω])

+ iωΩ2
0k̄

(
eiba′ + iaeibb′

)
(Re[Kω] + iIm[Kω]) + α2ω

2Ω2
0k̄

(
eiba′ + iaeibb′

)
+ α1α3ω

2Ω2
0k̄

(
eiba′ + iaeibb′

)
+ iωΩ2

0k̄
(
eiba′ + iaeibb′

)
−α2ω

4Ω2
0

(
eiba′ + iaeibb′

)
+α2ω

2
(
eiba′ + iaeibb′

)
+α1α3ω

2
(
eiba′ + iaeibb′

)
− iω3Ω2

0

(
eiba′ + iaeibb′

)
+ iω

(
eiba′ + iaeibb′

)
= 0 .

Upon separating the real and imaginary parts, the following equations can be obtained

f + ga′ + hab′ = 0 , (5.33)

l − ha′ + gab′ = 0 , (5.34)
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where the coefficients of a′ and ab′ are

(5.35)g = −1

2
ω
(
α2ω

(
Ω2

0

(
k̄ (α1(−Im[Γ])Im[Kω] + (α1Re[Γ]− 2)Re[Kω]− 2) + 2ω2

)
− 2

)
+ 2Ω2

0k̄Im[Kω]− α1α3ω
(
Ω2

0k̄ (Re[Kω] + 2) + 2
))

,

(5.36)h =
1

2
ω
(
Ω2

0

(
k̄ (Re[Kω] (α1α2Im[Kω]ω− 2) + ωIm[Kω] (α2 (α1Re[Γ]− 2)−α1α3)− 2)

+ 2ω2
)
− 2

)
,

f =
3

8
a3αω2Ω2

0k̄
(
α2ωIm[Kω]

3 − 3α2ωIm[Kω]Re[Kω]
2 + 3Im[Kω]

2Re[Kω]− Re[Kω]
3
)
,

(5.37)

l =
1

8
(−3)a3αω2Ω2

0k̄
(
3α2ωIm[Kω]

2Re[Kω] + 3Im[Kω]Re[Kω]
2 − Im[Kω]

3 − α2ωRe[Kω]
3
)
.

(5.38)

Among these coefficients, only l and f depends on the oscillation amplitude a. To

obtain the slow-flow equations, one can solve Eqs. (5.33)-(5.34) to get

a′ =
lh− fg

g2 + h2
, (5.39)

ab′ = −gl +mh

h2 + g2
. (5.40)

Consequently, the slow-flow equations of the system can be written as

a′ = c0a
3 , (5.41)

ab′ = c1a
2 , (5.42)
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where c0 and c1 are constants and depend on the system parameters. It is to be noted

here that these slow-flow equations are not linear functions of a. Consequently, determining

the nonlinear frequency correction term for the nonlinear frequency is not straight forward.

However, the value of c1 is significantly larger than c0 for common energy harvester param-

eters, as shown in Fig. 5.1. Therefore, one can safely assume the change in a with slow time

scale T1 is zero, which further implies a′ = 0 and, consequently, the amplitude is constant

a = a0. Finally, the nonlinear frequency correction factor can be expressed as

b′ = c1a
2
0 , (5.43)

and integrating this factor with respect to the slow time scale T1 yields

b = c1a
2
0T1 . (5.44)

As a result, the nonlinear dispersion relation can be expressed as

ωnl = ω − ϵb′ . (5.45)

5.3 Analytical bandgap parametric study

To investigate the effect of resonator’s nonlinearity in the presence of electromechanical cou-

pling on the band structure, we vary some electromechanical and nonlinear parameters (i.e.,

ϵαa2, θ, and R) while other system parameters are held as constants. The fixed parame-

ters are chosen based on [26, 55] as k̄ = 1, ωn = ωd = 100 rad/sec, k1 = 106 N/m, and

Cp = 13.3× 10−9 F. It is noteworthy that we focus our analysis on the nonlinear band struc-

ture since the discussion about the linear band structure can be found in [26]. Moreover, we
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validate our results in Sec. 5 by reconstructing the band structure from the 2D Fast Fourier

Transform (2D-FFT).

The band structure of different system parameters is depicted in Fig. 5.2. The effect of

weak nonlinearity on the band structure is demonstrated in Fig. 5.2 (a). The results indicate

that softening nonlinearity shifts the dispersion curves down while hardening nonlinearity

shifts the dispersion curves up. However, this shift varies over the wavelength and the

different modes. For instance, the shift is more pronounced at the short-wavelength limit in

the acoustics mode. On the other hand, the shift can be observed at all wavelength limits

in the optical mode with more shift at the long-wavelength limit. This observation in the

shift in the optical mode at the long-wavelength limit can only be observed in the case of a

nonlinear resonator, unlike the nonlinear chain case where the nonlinearity has no effect at

the long-wave length limit. Since the shift is more dominant at short-/long- wavelength limits

in the acoustics/optical modes, one can deduce that the effect of nonlinearity is concentrated

near the resonance frequency of the nonlinear electromechanical local resonator and degrades

gradually with mistuning.

For typical weak electromechanical coupling (θ = 10−10 N/m), the electromechanical

coupling has no effect (i.e., altering the band structure or the size of bandgap) on the band

structure as demonstrated in Fig. 5.2 (b). This indicates that the proposed metamaterial

can be employed for simultaneous energy harvesting and vibration reduction applications.

However, the attenuation level inside the bandgap is degraded due to this coupling [26].

On the other hand, the band structure of the system changed significantly at very strong

electromechanical coupling (i.e., θ ≥ 10−2) as shown in Fig. 5.2 (c). In particular, the

acoustics and optical modes start merging into a one dispersion curve with the increase in

the electromechanical coupling. Moreover, some real frequencies appear at frequencies higher

than the optical mode range in the absence of the electromechanical coupling. The strong
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electromechanical coupling also affects the attenuation level inside the bandgap significantly,

as shown in Fig. 5.2 (d). Also, the attenuation at higher frequencies increases with increasing

the electromechanical coupling as both mode merges into one dispersion curve. Although

with strong mechanical coupling the dispersion curves merge into one dispersion curve, the

effect depends significantly on the shunted resistor. For instance, the dispersion curves

gradually merge into one dispersion curve as the resistor increases at θ = 10−1, as shown in

Fig. 5.2 (e). In addition, the resistor has a role in affecting the attenuation level inside the

bandgap frequencies and at higher frequencies in the presence of strong electromechanical

coupling as increasing the resistor’s value leads to reduction in the attenuation level inside

the bandgap frequencies as shown in Fig. 5.2 (f).

5.4 Spectro-spatial Analyses

The obtained analytical solutions are useful in determining the effect of nonlinearity on dis-

persion curves and obtaining the cut off frequency (i.e., the limit of acoustics/optical modes

frequencies). However, it fails to get other important characteristics of propagating nonlinear

waves. Therefore, we conduct spectro-spatial analyses to reveal more interesting features of

the nonlinear waves that propagate through a metamaterial with nonlinear electromechan-

ical resonator. In the present study, we focus our analyses on the harvested voltage from

the nonlinear harvester. We numerically integrate a chain with 500 cells with the same pa-

rameters defined in the previous section. The chain is initially subjected to transient wave

packets defined by the following set of equations

um(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(1− cos(mk/Ncy)) sin(mk) , (5.46)
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(a) (b)

(c) (d)

(e) (f)

Figure 5.2: Effect of different parameters on the system band structure: (a) The effect of
nonlinearity without electromechanical coupling; (b) The effect of weak electromechanical
coupling with hardening nonlinearity; (c) The effect of strong coupling with hardening non-
linearity (real); (d) The effect of strong coupling with hardening nonlinearity (imaginary);
(e) The effect of resistor with strong coupling with hardening nonlinearity (real); (f) The
effect of resistor with strong coupling with hardening nonlinearity (imaginary).
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u̇m(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(−ωnω/Ncy sin(mk/Ncy) sin(mk)−

ωnω(1− cos(mk/Ncy)) cos(mk)) ,

(5.47)

ym(0) = Kωum(0) , (5.48)

ẏm(0) = Kωu̇m(0) , (5.49)

vm(0) = ΓKωum(0) , (5.50)

where the subscript m denotes the initial condition of the mth cell, Ncy is the number of

cycles and it is set to 7 in the present study, and H(x) is the Heaviside function.

5.4.1 Spatial profile of propagating waves

In this subsection, we investigate the output voltage spatial wave profile for different types

of nonlinearities and at different wavelength limits, as depicted in Fig. 5.3. At the long-

wavelength limit in the acoustics mode, the results indicate that the harvested voltage wave

is not distorted by the nonlinearity (i.e., output wave has the same profile in the linear

and nonlinear chains) as shown in Fig. 5.3 (a). Moreover, the output wave has a low am-

plitude since the excitation frequency is away from the resonance frequency of the local

resonator/harvester. On the other hand, the wave gets severely distorted due to nonlinear-

ity at the long-wavelength limit in the optical mode, as shown in Fig. 5.3 (b). For linear

metamaterial, the wave is not distorted at all, although its amplitude gets amplified be-

cause the excitation frequency is close to the local resonator/harvester frequency. However,

nonlinearity in the local resonator leads to a significant wave distortion for both, softening

and hardening nonlinearities. This distortion leads to significantly frequency conversion, as

we will show in the following sections. This observation raises attraction to metamaterial

with nonlinear electromechanical harvester due to the achieved wave distortion at the long-
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wavelength limit which cannot be obtained by other nonlinear systems like the nonlinear

chain [195]. Indeed, this wave distortion can lead to a significant frequency shift (as we

will show in the subsequent sections) and allow the use of the current system in designing

mechanical or electromechanical diodes that can be operated at this wavelength limit. Al-

though the harvested power by the nonlinear resonator is slightly lower than the harvested

power by the linear resonator case, the amplitude of the nonlinear wave has a level similar

to that of the input signal.

At medium wavelength limit in the acoustics mode (see Fig. 5.3 (c)), the output wave

becomes dispersive (i.e., stretched over the cells with lower amplitude) for the linear local

resonator case since the dispersion curve at this wavelength limit has a variable slope [85].

However, nonlinearity in the resonator results in distorting the output wave. This distortion

appears as an increase in the amplitude due to hardening nonlinearity. Indeed, the wave

has one dispersive component with low amplitude and one traveling localized amplitude

with high amplitude, unlike the linear wave, where it has only one dispersive component.

In addition, the wave becomes more dispersive in the case of softening nonlinearity. This

distorted wave is even more dispersive than the linear wave in terms of lower amplitude

and more stretching over the chain. In the optical mode (see Fig. 5.3 (d)), the nonlinearity

distorts the wave in mainly three components for both, hardening and softening nonlinearity,

unlike the linear case, which has only one component. It is noteworthy that the linear output

voltage waves appear to have amplitude higher than the input amplitude in the presence of

the energy harvester; however, the linear wave that propagates through the chain is usually

dispersive at this wavelength limit and has amplitude lower than the input signal in the

absence if the energy harvester[? ].

At short wavelength limit in the acoustics mode (see Fig. 5.3 (e)), the effect of nonlin-

earity becomes more obvious in terms of stretching the linear dispersive wave further due to
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the softening nonlinearity or the developed localized amplitude due to the hardening nonlin-

earity as compared to the medium wavelength limit in Fig. 5.3 (c). Moreover, one can also

observe another traveling localized component with amplitude lower than the main localized

component and higher than the dispersive component. However, this effect is not that sig-

nificant in the optical mode at the same wavelength limit since the resonance frequency of

the nonlinear resonator is away from this region [? ]. Nevertheless, the wave is still more

dispersive with lower amplitude in the case of softening nonlinearity while it has traveling

localized high amplitude component in the case of the hardening chain.

5.4.2 Images of STFT of the propagating waves

In order to reveal more important characteristics of the propagating voltage wave through the

proposed metamaterial, we monitor the change of the output voltage wave features over the

spatial domain by determining the STFT of the signal. Then, we plot the spectrograms of the

resulted signal after the processing, and the input signal with applying a Hann window with

the size of the input burst. The window is applied to confine the short spatial components

over the space. This window is highlighted on the spectrograms between two horizontal

dashed lines.

For signals in the acoustics mode, we plot the spectrograms in Fig. 5.4. Since the

nonlinearity has no effect on the output wave at long-wavelength limit in this mode, we

did not show the spectrograms of this signal. At medium wavelength limit, the output

voltage wave is dispersive in the linear metamaterial, as shown in Fig. 5.4 (a). Thus, the

output wave has an amplitude significantly lower than the input signal and is stretched

over the chain. However, the output signal has only one component. In the presence of

the hardening nonlinearity Fig. 5.4 (b), the wave becomes severely distorted and is split
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Spatial profile of output voltage, R = 107Ω, θ = 10−8 N/V: (a) Acoustics mode
k = π/9; (b) Optical mode k = π/9; (c) Acoustics mode k = π/2; (d) Optical mode k = π/2;
(e) Acoustics mode k = 7π/9; (f) Optical mode k = 7π/9.
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into two components; one is localized and contains most of the energy content, and the

other is stretched and has low energy content. On the contrary, the softening nonlinearity

stretches the output wave further, as shown in Fig. 5.4 (c). The energy content of this wave

is distributed over only one component. Furthermore, some of the energy content appears

outside the Hann window that contains the input signal, which indicates the severity of the

distortion resulted from the softening nonlinearity. For signals at a short-wavelength limit

in the acoustics mode, the results indicate that the output voltage wave in the linear case

has energy content higher than that at medium wavelength limit, as shown in Fig. 5.4 (c).

This is because the excitation frequency is closer to the local electromechanical resonator

frequency in the short wavelength limit case. This energy is confined within one component

and stretches over the chain more severely than the case of medium wavelength limit. As

of the case of the medium wavelength limit, similar distortion is observed for hardening

and softening nonlinearities. However, this distortion is more severe at the short-wavelength

limit. For instance, the hardening nonlinearity splits the output wave into three components

(see Fig. 5.4 (e)); the first is localized and contains most of the energy content (Solitary

wave), the second is dispersive (stretched over the cells) and has very low energy content,

and the third is also localized with medium energy content. Although the latter can be

observed at small values of resonator nonlinearity, it can only be observed at large values of

nonlinearity in the case of the nonlinear chain [26] where a unique solitary wave is developed.

On the contrary, the softening nonlinearity stretches the output voltage wave further over

the chain (i.e., as compared to the linear case at the medium and short-wavelength limits

and softening nonlinear case at medium wavelength limit), as shown in Fig. 5.4 (f). This

stretch results in significant output wave energy content out on the window of the input

signal.

We plot the spectrograms at the long-wavelength limit of the optical mode in Fig.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.4: Spectrograms of the STFT for the output voltage in the acoustics mode R =
107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c) k = π/2, ϵαa2 =
−0.03; (d) k = 7π/9, ϵαa2 = 0; (e) k = 7π/9, ϵαa2 = 0.03; (f) k = 7π/9, ϵαa2 = −0.03.
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5.5. We focus on this region since one of the interesting characteristics of the proposed

metamaterial is to realize severe distortion and significant frequency shift of the output

signal by the nonlinearity in this region. For the linear case (see Fig. 5.5 (a)), although the

output voltage wave is amplified due to the tuning between the excitation frequency and the

resonance frequency of the local resonator, the wave is not distorted since it is completely

confined within the window of the input signal. However, the presence of nonlinearity in the

local resonator distorts the output wave significantly. For instance, softening nonlinearity

splits the wave into multiple components with different energy content distribution, as shown

in Fig. 5.5 (b). Most of these components lie outside the Hann window of the input signal.

This indicates that a significant frequency/wavenumber shift can be obtained by softening

nonlinearity in the local resonator at the long-wavelength limit. Hardening nonlinearity also

results in severe wave distortion at the long-wavelength limit, as shown in Figs. 5.5 (c)

and (d). The results demonstrate that the output signal is stretched over a wide range of

frequency/wavenumber and distributed mainly within two main components. The energy

content of these components is distributed almost equally with high energy content in both

components. It is noteworthy that the energy content of components in the case of hardening

nonlinearity is higher than the case of softening nonlinearity. Increasing the nonlinearity

(see Fig. 5.5 (d)) results in stretching (distorting) the output voltage wave further; however,

the energy content becomes lower. The observed significant frequency shift at the long-

wavelength limit in the optical mode indicates that the proposed system can be used in

designing electromechanical diode. This interesting frequency conversion cannot be achieved

by other sources of nonlinearities, as the nonlinearity stems from the stiffness between the

chain’s cells [26, 195].

Finally, we study the effect of nonlinearity on the output voltage wave at medium and

short wavelength limits in the optical mode. The spectrograms of these cases are depicted in
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(a) (b)

(c) (d)

Figure 5.5: Spectrograms of the STFT for the output voltage at the long-wavelength limit
in the optical mode k = π/9, R = 107Ω, θ = 10−8 N/V: (a) ϵαa2 = 0; (b) ϵαa2 = −0.03; (c)
ϵαa2 = 0.03; (d) ϵαa2 = 0.06.
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Fig. 5.6. At medium wavelength limit, we observe that the wave is not distorted in the linear

case, and its component lies completely inside the window of the input signal, as shown in

Fig. 5.6 (a). However, nonlinearity of the local resonator results in a severe wave distortion;

thus a significant frequency/wavenumber shift happens, as shown in Figs. 5.6 (b) and (c).

Moreover, nonlinearity splits the output wave into three main components; one is completely

inside the window of the input signal with low energy content, and two outside this window.

One of those two components having most of the energy content is observed above/below

the input frequency range in the case of hardening/softening nonlinearity while the other

has low energy content, but it is still higher than the energy content of the first component

inside the window. This component lies below/above the window in the case of hardening/-

softening nonlinearity. The significant frequency shift at this wavelength limit (i.e., medium

wavelength limit) demonstrates that the proposed metamaterial can also be used in design-

ing electromechanical diode that operates within the medium wavelength limit. Therefore,

the proposed structure can be used at the long and medium-wavelength limits, unlike the

case of nonlinear chain where it can only be utilized at medium wavelength limit. At the

short-wavelength limit in the optical mode, the output voltage wave is stretched over the

chain in the linear case, as depicted in Fig. 5.6 (d). Indeed, the wave is dispersive, although

it has a high amplitude resulting from frequency tuning. The effect of the nonlinearity at

this wavelength limit appears as localizing the wave in the case of hardening nonlinearity

(see Fig. 5.6 (e)), and further stretching of the output signal in the case of the softening

nonlinearity (see Fig. 5.6 (f)). However, this effect is not significant (i.e., as compared to

results at the same wavelength in the acoustics mode) since the frequency in this region is

away from the resonance frequency of the nonlinear local electromechanical resonator [? ].



5.4. SPECTRO-SPATIAL ANALYSES 145

(a) (b)

(c) (d)

(e) (f)

Figure 5.6: Spectrograms of the STFT for the output voltage in the optical mode R = 107Ω,
θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c) k = π/2, ϵαa2 = −0.03;
(d) k = 7π/9, ϵαa2 = 0; (e) k = 7π/9, ϵαa2 = 0.03; (f) k = 7π/9, ϵαa2 = −0.03.
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5.4.3 Contour plots of 2D FFT of the propagating wave

In order to reconstruct the band structure, demonstrate the role of nonlinearity on the dis-

persion curves, demonstrate the frequency shift further, and investigate the birth of solitary

waves, we plot the contour plots of 2D FFT of the propagating wave in Figs. 5.7-5.9.

For the acoustics mode, we only show the results at short and medium-wavelength limits

since the nonlinearity has no effect on the results at the long-wavelength limit in this mode.

For the linear case at the medium-wavelength limit (see Fig. 5.7 (a)), the contour plot

indicates that the dispersion curve has a non-constant slope (nonlinear curve), and thus the

wave is dispersive [85]. Hardening nonlinearity changes the dispersion curve significantly

and makes its slope almost constant (linear curve), as shown in Fig. 5.7 (b). This indicates

the birth of solitary wave due to hardening nonlinearity [85]. On the other hand, softening

nonlinearity bends the dispersion curve further to make the slope more nonlinear; therefore,

the resulting wave is more dispersive, as depicted in Fig. 5.7 (c). At the short-wavelength

limit in the acoustics mode, the contour plot of the linear case indicates that the dispersion

curves have a variable slope (nonlinear curve), and the wave is dispersive, as shown in Fig.

5.7 (d). However, the bend is more pronounced in this case as compared to the medium-

wavelength limit case, and thus the curve is more nonlinear and the stretch of this wave is

more severe. Figure 5.7 (e) presents the contour plots in the case of hardening nonlinearity.

The results demonstrate the birth of solitary localized wave due to bending the curve toward

fixed slope curve. Moreover, the results indicate the birth of another solitary wave below the

main solitary localized wave with lower energy content. Figure 5.7 (f) shows the contour plot

in the case of softening nonlinearity. It can be deduced that softening nonlinearity bends

the dispersion curve to become more nonlinear (variable slope), and thus the output wave is

more stretched over the chain. It is noteworthy that although the effect of nonlinearity at

short wavelength limit is similar to the effect at medium wavelength limit, the effect in the
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case of short wavelength limit is more severe. This can also be deduced from the analytical

results in the previous section and can be explained by the closest of the frequencies within

short wavelength limit from the resonance frequency of the nonlinear local resonator.

Unlike the acoustics mode, the nonlinearity distorts the output wave at the long wave-

length limit in the optical mode. We present the contour plots of 2D FFT at small wavenu-

mers (i.e., long wavelength limit) in the optical mode in Fig. 5.8. Figure 5.8 (a) shows the

contour plot for the linear case. The results indicate that the energy of the contour plot

is concentrated within the frequency of the input signal. Therefore, no wave distortion is

observed in the linear case. However, softening nonlinearity results in sever distortion since

the energy content in the contour plot of the signal appears over a wide range of frequencies

other than the input excitation frequency (i.e., appears at wide portion of the dispersion

curve) as plotted in Fig. 5.8 (b). Moreover, hardening nonlinearity results also in significant

frequency conversion at this wavelength limit. For instance, the results in Fig. 5.8 (c) show

that the corresponding dispersion curve is stretched over wide range of frequencies. There-

fore, the propagating wave appears at frequencies different than the input frequency. The

effect of increasing nonlinearity on the contour plots is shown in Fig. 5.8 (d). The results

indicate that increasing the nonlinearity increases the stretch of frequency component over

a wider range of frequencies.

Next, we show the contour plots of 2D FFT at medium and short wavelength limits in the

optical mode. Figure. 5.9 (a) show the contour plot of the linear case at medium wavelength

limit. The results indicate that the frequency content of the contour plot is concentrated

around the input frequency. Therefore, no frequency shift is observed in the linear case.

However, hardening nonlinearity in the local resonator results in significant frequency shift

since the energy of the contour plots is mainly concentrated in three regions as shown in

Fig. 5.9 (b). This is not surprising since we have already observed these three component
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(a) (b)

(c) (d)

(e) (f)

Figure 5.7: Contour plots of the 2D FFT for the output voltage in the acoustics mode R =
107Ω, θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c) k = π/2, ϵαa2 =
−0.03; (d) k = π/9, ϵαa2 = 0; (e) k = π/9, ϵαa2 = 0.03; (f) k = π/9, ϵαa2 = −0.03.
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(a) (b)

(c) (d)

Figure 5.8: Contour plots of the 2D FFT for the output voltage at the long-wavelength limit
in the optical mode k = π/9, R = 107Ω, θ = 10−8 N/V: (a) ϵαa2 = 0; (b) ϵαa2 = −0.03; (c)
ϵαa2 = 0.03; (d) ϵαa2 = 0.06.
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in Fig. 5.6 (b). Two of these regions appear away from the original frequency of the input

signal and have energy content higher than the energy content of the component within

the input frequency range. Moreover, the upper component has a fixed slope; therefore, it

represents a localized (solitary) wave. Similar frequency shift is also observed in the case of

softening nonlinearity as shown in Fig. 5.9 (c). The energy content is also split into three

components; however, the component of most energy content exists near the lowest point

of the dispersion curve unlike the case of hardening nonlinearity. For waves at short wave

length limit, the contour plots of the linear case (depicted in Fig. 5.9 (d)) demonstrate that

the dispersion curve has a variable slope. therefore, the wave is dispersive and stretched

over the chain. Since this frequency region is away from the resonance frequency of the

local electromechanical resonator, the effect of nonlinearity is not significant in this region

as compared to the short wavelength limit in the acoustics mode. Yet, the slight effect

appears as localizing the energy component in the case of hardening nonlinearity (Fig. 5.9

(e)) and stretching the energy coponent over the dispersion curve (i.e., the output signal

has frequency components other than the input signal frequency) in the case of softening

nonlinearity as shown in Fig. 5.9 (f).

5.5 Analytical results validation using reconstructed

dispersion curves from 2D FFT of the numerical

results

In the previous section, we have shown that nonlinear dispersion curves can be reconstructed

from the contour plots of 2D FFT of the numerical results. In this section, the numerical

dispersion curves are used to check the validity of the obtained analytical solution and
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(a) (b)

(c) (d)

(e) (f)

Figure 5.9: Contour plots of the 2D FFT for the output voltage in the optical modeR = 107Ω,
θ = 10−8 N/V: (a) k = π/2, ϵαa2 = 0; (b) k = π/2, ϵαa2 = 0.03; (c) k = π/2, ϵαa2 = −0.03;
(d) k = π/9, ϵαa2 = 0; (e) k = π/9, ϵαa2 = 0.03; (f) k = π/9, ϵαa2 = −0.03.
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ascertain its limitation. At short wavelength limit in the acoustics mode, the analytical

results indicate that the effect of nonlinearity is the highest in this mode. The contour

plot in this region indicates that the analytical results can predict the cut-off frequency for

ϵαa2 ≤ 0.03, as shown in Fig. 5.10 (a). In particular, the main solitary wave (which has

most of the energy content) is almost confined within the analytical nonlinear dispersion

curve. It is noteworthy that the dispersive component of the signal (which has low energy

content) coincides with the linear dispersion curve. The error becomes more significant with

increasing nonlinearity and our analytical solution fails to predict the cut-off frequency in

this region with stronger nonlinearity, as depicted in Fig. 5.10 (b). For better prediction of

the cut-off frequency, higher order perturbation should be considered. The analytical results

also indicate that the effect of nonlinearity is more pronounced at long wavelength limit in

the optical mode. In this region, our approximate solution also fails to predict the exact

cut-on frequency, as shown in Figs. 5.10 (c) and (d). This can be explained by the significant

frequency shift observed at the long-wavelength limit and discussed in the previous sections.

In the short-wavelength limit in the optical mode, the analytical results slightly overestimate

the cut-off frequency, as shown in Figs. 5.10 (e) and (f). This error increases with increasing

nonlinearity although the effect of nonlinearity is minimal at this wavelength limit in the

optical mode as demonstrated in the analytical and spectro-spatial results. It is noteworthy

that although our analytical solution fails to predict the exact cut-off frequencies at some

regions, it can provide an indication about the regions most affected by nonlinearity. This

conclusion was supported by the spectro-spatial analyses discussed in the previous section.

For instance, the analytical results show that the effect of nonlinearity is more pronounced

at the long-wavelength limit in the optical mode. Similarly, the spectro-spatial analyses of

the numerical results demonstrated that the effect of nonlinearity in this region is the most

significant due to the severe wave distortion.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.10: Validation of the analytical results using the reconstructed dispersion curves
from 2D FFT R = 107Ω, θ = 10−8 N/V: (a) Acoustics mode, k = 7π/9, ϵαa2 = 0.03; (b)
Acoustics mode, k = 7π/9, ϵαa2 = 0.06; (c) Optical mode, k = π/9, ϵαa2 = 0.01; (d)
Optical mode, k = π/9, ϵαa2 = 0.03; (e) Optical mode, k = 7π/9, ϵαa2 = 0.03; (f) Optical
mode, k = 7π/9, ϵαa2 = 0.06.
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5.6 Computational demonstration of significant frequency

shift using COMSOL Multiphysics

In order to further demonstrate the significant frequency shift observed at the long-wavelength

limit, we simulate a nonlinear periodic structure using COMSOL Multiphysics. We followed

[192] in modelling our nonlinear structure; we model our resonator as unbuckled beam instead

of buckled (curved) beam since we focus on studying cubic nonlinearity only. A schematic

diagram of the unit cell is depicted in Fig. 5.11. The unit cell is assumed to be excited in

the longitudinal direction (e.g., 1D model). First, we conduct stationary analyses to check

the nonlinear stiffness of the local resonator in our model. We apply a static force at the

middle point of the resonator and record the displacement as the force varies. The material

is selected to be Aluminum which has a density of 2700 kg/m3 and a modulus of elasticity of

69 GPa. The out of plane thickness for the proposed structure is 4.8 mm. The displacement-

force curve obtained by COMSOL is plotted in Fig. 5.12. To obtain the stiffness coefficient,

we fit the data using MATLAB curve fitting tool. Using a formula with a linear and cubic

term, we obtain the linear stiffness as 18.19 N/mm and the nonlinear cubic stiffness as 12.01

N/mm3 with R-squared value near 1. This indicates that our assumption about weak cubic

nonlinearity in the proposed model is valid. It is noteworthy that we neglect the piezoelectric

layer in the model since we only consider the weak electromechanical coupling case where its

effect was shown to be negligible through this paper and in the literature [26]. However, the

piezoelectric layer will be considered in the experimental demonstration in the next section.

We obtain first the linear band structure of the unit cell using COMSOL Multiphysics

and plot it in Fig. 5.13. The waves propagating in the longitudinal direction are plotted

in red stars. The bandgap for the longitudinal waves is observed around the linear in-plane
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Figure 5.11: A schematic for unit cell model simulated in COMSOL Multiphysics, L = 69
mm, H = 22 mm, h = 1 mm, d = 2.75 mm, Lm = 6.5 mm, Hg = 5 mm.

Figure 5.12: Determining the resonator nonlinear stiffness for the model; displacement-force
curve measured in COMSOL and fitted curve.
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natural frequency (the in plane natural frequency was determined in COMSOL Multiphysics

and it is equal to 543.64 Hz) and highlighted in the shaded area in the figure. Particularly,

the bandgap is located between 504.6-544.5 Hz. To further demonstrate the bandgap, we

determine the transmissible curve of a chain consists of 50 cells and excited in the longitu-

dinal direction. The transmission diagram is depicted in Fig. 5.14 and indicates clearly a

significant drop in the transmissibility around the bandgap frequencies.

After demonstrating the bandgap in the infinite and finite structure (i.e., 50 cells chain),

we conduct further nonlinear time dependent analyses using COMSOL Multiphysics. We

excite the system by an input wave at a frequency, which lies within the long-wavelength

limit (a frequency just after the bandgap in the optical mode). We selected this frequency

to be ω=600 Hz and defined the input wave as

u0 =
U0

2
(H(t)−H(t− 2πNcy/ω))(1− cos(ωt/Ncy))sin(ωt) (5.51)

where H(t) is the Heaviside function, and Ncy is the number of cycles in the input wave

and it is equal to 30 in the current simulations. We first excite the system by a low wave

amplitude U0 = 10µm to investigate the behavior in the linear regime. The spectrogram

of the short term Fourier transform for the temporal domain is depicted in Fig. 5.15 (a).

The results indicate that the output wave has frequency content within the input frequency

range. However, a frequency component with very low energy content appears at frequency

above the input frequency range. This component is developed due to the extremely weak

nonlinearity at this level of input wave’s amplitude. Next, we excite our structure by a large

amplitude wave U0 = 100µm to reach the weekly nonlinear regime. The spectrogram of the

output wave is shown in Fig. 5.15 (b). The results indicate the existence of high energy fre-

quency components at frequency away from the input signal frequency. This demonstrates

a significant frequency shift at the long-wavelength limit, which corroborates the analyti-
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Figure 5.13: Band diagram of the structure by applying periodic boundary condition in
COMSOL Multiphysics. Only the Brillouin zone of the longitudinal waves is considered
here.

cal observations in the previous sections. Increasing the vibration amplitude further will

result in further migration of the energy content to frequency components away from the

input frequency component and diminishing the energy content of the linear component(i.e.,

component with frequency equal to the input frequency).

5.7 Experimental demonstration of significant frequency

shift

A metastructure prototype consists of 50 cells (i.e., single cell is shown in Fig. 5.11) was

fabricated from Multipurpose 6061 Aluminum Sheet with a thickness of 4.8 mm. A thin

piezoelectric layer was installed on the resonator embedded in the last cell to simulate the
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Figure 5.14: Transmission diagram of a structure consisting of 50 cells.

(a) (b)

Figure 5.15: Spectrogram of the short term Fourier transform for the output wave: (a)
Linear regime U0 = 5µm; (b) Nonlinear regime U0 = 50µm.
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Figure 5.16: Experimental setup of the metastructure prototype: (a) Shaker, (b) prototype,
(c) amplifier, (d) analyzer, (e) laser doppler, (f) shunted circuit.

weak electromechanical coupling and monitor the harvested voltage. To simulate a free

condition at the top and the bottom, the metastructure is suspended using fishing wires, as

shown in Fig. 8.15. The first cell of the metastructure is glued to an electromagnetic shaker

(LDS V408) that is driven by an amplified signal generated through the analyzer (Polytec

DAQ) according to the input wave profile defined in Eq. 5.51. This signal is further amplified

using an amplifier (LPA100). The response of the free end of the structure is recorded using

Polytec Laser Doppler Vibrometer (Polytec PSV-500). In addition, the piezoelectric layer is

shunted to a load resistor (2.2 MΩ) and the voltage is recorded using a DAQ system.

We first determine the transmission of the metastructure to determine the frequency

of the long wavelength limit that needs to be applied to the structure. A burst random
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Figure 5.17: Experimental transmission diagram of a structure consists of 50 cells.

signal with 15 averages is used to obtain the transmission curve. The obtained transmission

curve is shown in Fig. 5.17 and compared with COMSOL results. From the figure, it can

be observed that there is a clear local resonance transmission dip at around 462 Hz. Due to

some imperfection in the manufacturing process, the experimental attenuation dip is slightly

different from that of the computational with around 9% percentage error. This shift in

the frequency value can also be attributed to gluing the structure to the shaker unlike the

free-free boundary conditions used in the computational simulations. Moreover, this shift

might also be attributed due to the holes made in the structure in order to facilitate the

manufacturing process. Based on this, we also anticipate shifting the long wavelength limit

to a lower frequency region. Therefore, we select 530 Hz as an excitation frequency to

demonstrate the frequency shift in the long wavelength limit.

Next, we applied an input wave with a frequency of 530 Hz and 30 cycles to the structure

and measure the harvested voltage. The measured voltage is further analyzed by determining
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the short term Fourier transform of the signal, as shown in Fig. 5.18. At low amplitude input

signal (i.e., 0.05 V, 0.1269 g), the results indicate that the harvested voltage is confined within

the input frequency region and no frequency shift can be observed, as depicted in Fig. 5.18(a).

This indicates that the metastructure is excited in the linear regime where the effect of

nonlinearity is negligible. However, when we increase the input voltage to 0.5 V, multiple

frequency components appears at frequencies different from the input frequency range with

a significant energy content, as shown in Fig. 5.18(b). Indeed, this clearly demonstrates

the significant frequency shift at the long-wavelength limit due to resonator nonlinearity

when the system is excited in the nonlinear regime. Hence, the experimental observation

corroborates both the analytical and computational findings i.e., the emergence of significant

frequency shift in the long-wavelength domain. Therefore, these components with shifted

frequency content can be utilized to design the electromechancial diode when coupled to a

linear chain.

(a) (b)

Figure 5.18: Spectrogram of the short term Fourier transform for the measured output
voltage: (a) Linear regime 0.05 Volt; (b) Nonlinear regime 0.5 Volt.
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Conclusion

In this paper, we investigated a metamaterial with nonlinear local electromechanical res-

onators for simultaneous energy harvesting and vibration attenuation. The metamaterial

consists of a chain of masses connected by linear springs. A weakly nonlinear electromechan-

ical resonator was coupled to each cell and shunted to a load resistor to harvest energy. The

model of the electromechanical resonator was reduced to an equivalent nonlinear spring-mass

system with an equivalent capacitance of the piezoelectric element and an equivalent coupling

coefficient. An approximate closed-form solution for the dispersion relation was obtained by

MMS. The analytical results indicated that the effect of nonlinearity is more pronounced at

frequencies close to the resonance frequency of the electromechanical resonator. Therefore,

it can appear at all wavelength limits, unlike the case of chain nonlinearity, where the effect

of nonlinearity was concentrated at the short-wavelength limit only. Moreover, the results

demonstrated that weakly electromechanical coupling has no effect on the bandgap size and

dispersion curves. The electromechanical coupling affects only the attenuation level inside

the bandgap without changing its size. Therefore, the proposed system can also be employed

in energy harvesting applications without degrading the obtained bandgap size. On the other

hand, a very strong electromechanical coupling can lead to a significant change in the band

structure and merging the apart acoustics and optical mode into one dispersion curve.

To reveal more important characteristics of the nonlinear wave propagation in the pro-

posed structure other than the cut-off frequencies, we conducted signal processing techniques

on the numerical results to investigate the spectro-spatial features. The spatial wave profile

of the signals demonstrated that propagating waves are subjected to severe wave distor-

tion at all wavelength limits in the case of the nonlinear electromechanical resonator. In

general, the effect of softening nonlinearity appears as a wave stretching over the chain,
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while the effect of hardening nonlinearity appears as traveling localized component. The

severity of wave distortion was significant at excitation frequencies close to the resonance

frequency of the electromechanical resonator. In the acoustics mode, it was demonstrated

that the traveling localized component has a harvested voltage higher than the linear case,

thus hardening nonlinearity of the resonator can enhance sensing. The STFT also demon-

strated the wave localization/stretching due to the hardening/softening nonlinearity at the

medium and the short-wavelength limits in the acoustics mode and at the short wave length

limit in the optical mode. However, the results demonstrated a significant frequency shift at

medium wavelength limit in the optical mode for both types of nonlinearity. In particular,

the output frequency components of the wave appeared at frequencies different than the

input frequency and the energy content was concentrated into multiple component. Unlike

the case of nonlinear chain, the nonlinearity of the electromechanical resonator surprisingly

showed a significant frequency shift at long wavelength limit in the optical mode. This

frequency shift can extend the application of metamaterials to the long-wavelength region

in addition to medium and short wavelengths. Furthermore, we obtained the contour plot

of 2D FFT to numerically reconstruct the dispersion curves. In addition to demonstrating

the significant frequency shift, the results demonstrated that hardening nonlinearity has a

localized component with a fix slope. This indicated that the localized traveling component

is a solitary wave. Furthermore, we employed the contour plots to validate our analytical

solution. The results demonstrated the limitations of the obtained analytical solution. Al-

though our analytical solution showed a limitation in predicting the cut-off frequency, it can

be effectively used in obtaining the most affected regions and wavelength limits by nonlin-

earity. Finally, we proved the existence of significant frequency shift computationally using

COMSOL Multiphysics and experimentally. We designed a cell with week cubic nonlinear-

ity. Upon exciting a chain of 50 cells at the long-wavelength limit, we were able to show a

significant frequency shift in this limit with large amplitude waves.



Chapter 6

Effect of electromechanical coupling

on locally resonant metastructures for

simultaneous energy harvesting and

vibration attenuation applications

This chapter is an edited version of: Bukhari, Mohammad A., Feng Qian, Oumar R. Barry,

and Lei Zuo. ”Effect of Electromechanical Coupling on Locally Resonant Metastructures for

Simultaneous Energy Harvesting and Vibration Attenuation Applications.” In Dynamic Sys-

tems and Control Conference, vol. 84287, p. V002T38A003. American Society of Mechanical

Engineers, 2020. [32].

The study of simultaneous energy harvesting and vibration attenuation has recently

been the focus in many acoustic metamaterials investigations. The studies have reported

the possibility of harvesting electric power using electromechanical coupling; however, the

effect of the electromechanical resonator on the obtained bandgap’s boundaries has not been

explored yet. In this chapter, we investigate metamaterial coupled to electromechanical res-

onators to demonstrate the effect of electromechanical coupling on the wave propagation

analytically and experimentally. The electromechanical resonator is shunted to an external
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load resistor to harvest energy. We derive the analytical dispersion curve of the system and

show the band structure for different load resistors and electromechanical coupling coeffi-

cients. To verify the analytical dispersion relations, we also simulate the system numerically.

Furthermore, experiment is carried out to validate the analytical observations. The obtained

observations can guide designers in selecting electromechanical resonator parameters for ef-

fective energy harvesting from metamaterials.
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6.1 INTRODUCTION

Unlike homogeneous structures, artificially structured crystals in special engineered config-

urations and patterns can exhibit a superior vibration control performance particularly at

low frequencies. These structures are called metamaterials [14, 84]. For instance, arrang-

ing crystals in periodic configuration can attenuate waves with wavelength near the lattice

constant from propagating through the structure. This phenomena is also known as Bragg

scattering [97, 98, 99, 159, 160, 178].

Controlling smaller structures with lattice constant much smaller than the wavelength

can be obtained by embedding local resonators inside the structure to form locally resonant

metamaterials [110]. This is a consequence of mode hybridization. Nevertheless, Bragg

scattering can still be observed in locally resonant metamaterials [4]. Formation of bandgaps

in locally resonant metamaterials depend on the local resonator’s parameters [109].

By attaching a piezoelectric patch on the local resonator, electromechanical bandgap

can be formed due to the added stiffness to the system by the electromechanical coupling

[5, 13, 34, 173, 194]. Moreover, shunting the piezoelectric patch to an external resistor can

harvest the kinetic energy from wave propagating through the structure [74]. This offers

simultaneous energy harvesting and vibration attenuation in metamaterials. Inspiring by

metamaterials’ flat frequency response [157], many researcher investigated energy harvest-

ing from local electromechanical resonators. This included models for discrete crystals [74]

and distributed parameter metamaterials [75]. Moreover, Hu et al., [76] suggested coupling

the local resonators in metamaterials to enhance the energy harvesting performance. Fur-

thermore, experimintal demonstration for energy harvesting and vibration attenuation in 3D

printed 2D structure can be found in [105]. Another application for 2D metamaterials in

energy harvesting is focusing propagating waves by lens for effective energy harvesting [175].
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Figure 6.1: A schematic diagram for the locally electromechanical resonant metamaterial.

The aforementioned investigations have examined the concept of energy harvesting from

metamaterials with electromechanical resonators. However, there were no studies that ex-

amines the effect of electromechanical coupling with load resistor on the band structure of

locally resonant metamaterials. It is also unknown whether the energy harvesting degrades

the performance of vibration attenuation in metastructure. This is the focus of the current

study. In this chapter, we examine the wave propagation in a chain with local electrome-

chanical resonators. The electromechanical resonator is shunted to an external load resistor

to harvest the generated power. We present the governing equation of motions and then

obtain the dispersion relation analytically. We also validate the obtained analytical results

numerically. Moreover, we investigate the influence of different electromechanical coupling

parameters on the band structure. Finally, we experimentally validate the observed analyt-

ical results with a finite structure.
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Figure 6.2: Analytical and numerical band structures for a chain with electromechanical
resonator: ωd = ωn = 1000 rad/s2, k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V, Cp = 13.3× 10−9,
and R = 107Ω.
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(a) (b)

Figure 6.3: The effect of load resistor on the band structure: ωd = ωn = 1000 rad/s2,
k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V, Cp = 13.3× 10−9, and R = 102 − 107Ω. (a): Acoustic
mode; (b): Optical mode.

6.2 SYSTEM DESCRIPTION AND MATHEMATICAL

MODELING

A schematic diagram for the locally electromechanical resonant chain is shown in Fig. 6.1. s

periodic crystals with a mass, M , lattice constant, a, and connected by a linear spring with

a coefficient, K. A local electromechanical resonator shunted to an external resistor R is

embedded in each cell. The electromehanical resonator has an effective mass, mp, effective

stiffness, k1, electromechanical coupling coefficient, θ, and capacitance of the piezoelectric

element, Cp. The displacement of the nth cell is ūn, the absolute displacement of the local

resonator is Yn, and the harvested voltage by the shunted resistor is v̄n.

The governing equation of motions for the nth crystal and its electromechanical local

resonator can be expressed as

M ¨̄un + 2Kūn −Kūn+1 −Kūn−1 +mp(¨̄yn + ¨̄un) = 0 (6.1)
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Figure 6.4: Imaginary part of the band structures for a chain with electromechanical res-
onator: ωd = ωn = 1000 rad/s2, k1 = 106 N/m, k̄ = 1, θ = 10−10 N/V, and Cp = 13.3× 10−9

F.
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Figure 6.5: The effect of the electromechanical coupling coefficient on the band structures
for a chain with electromechanical resonator: ωd = ωn = 1000 rad/s2, k1 = 106 N/m, k̄ = 1,
R = 102Ω, and Cp = 13.3× 10−9 F.
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mp ¨̄yn + k1ȳn − θv̄n = −mp ¨̄un (6.2)

RCp ˙̄vn + v̄n +Rθ ˙̄yn = 0 (6.3)

where ȳn = Yn − ūn is the net displacement of the nth electromechanical resonator, and the

dots are the time derivatives.

Equations (1)-(3) can be rewritten in the dimensionless form as

ün + 2un − un+1 − un−1 + k̄Ω2
0(ÿn + ün) = 0 (6.4)

Ω2
0ÿn + yn − α1vn = −Ω2

0ün (6.5)

α2v̇n + vn + α3ẏn = 0 (6.6)

where

ω2
n = K/M,ω2

d = k1/mp, k̄ = k1/mp, un = ūn/U0,

yn = ȳn/y0, vn = v̄n/V0,Ω0 = ωn/ωd, α1 = θV0/k1,

α2 = RCpωn, α3 = Rθωny0/V0, τ = ωnt

(6.7)

and U0, y0, and v0, are normalized constants. The solution of the system can be expressed

as

un = Aei(nk−ωτ) (6.8)

yn = Bei(nk−ωτ) (6.9)

vn = Cei(nk−ωτ) (6.10)

where ω is angular frequency and k is the normalized wavenumber.
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Introducing Eqns. (9)-(10) into Eqn. (6) yields

− iα2ωC + C − iα3ωB = 0 (6.11)

Rearranging Eqn. (11) leaves us with

C = ΓB (6.12)

where Γ is complex and defined as

Γ =
iα3ω

1− iα2ω
(6.13)

Similarly, introducing Eqns. (8)-(10) and Eqn. (12) in Eqn. (5) leads to

B = KωA (6.14)

where Kω is also complex and defined as

Kω =
Ω2

0ω
2

1− α1Γ− Ω2
0ω

2
(6.15)

By substituting Eqns. (8)-(9), and Eqn. (14), the dispersion relation of the system can

be written as

− ω2 + (2− 2 cos k)− k̄Ω2
0ω

2(1 +Kω) = 0 (6.16)
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6.3 EFFECT OF ELECTROMECHANICAL COUPLING

ON THE BAND STRUCTURE

Upon calculating the roots of Eqn. (16) at a specific wave number, we get four complex

roots with nonzero real part and one pure complex root. Two of the former are the passband

positive frequencies while the other two roots are the passband negative frequencies. The

fifth root is the frequency inside the bandgap. We plot the band structure of the system in

Fig. 6.2. To check the accuracy of the analytical solution, we also plot the band structure

obtained numerically in Fig. 6.2. The band structure can be obtained by numerically

integrating a chain (i.e we use here 100 cells) excited at the middle point (at n = 50) by a

harmonic force. Then, we determine the wave number by picking the maximum value of the

2-D spectrum; such that, the wave number is associated with the spatial frequency at the

excitation frequency. To eliminate any reflected waves, the end condition is chosen to be a

perfectly matched layer (PML) [133]. The numerical results shows a very good agreement

with the analytical results in the presence of electromechanical coupling.

Next, we study the effect of load resistor on the band structure in a weakly electrome-

chanical coupling case. Figure 6.3 shows the acoustic and optical modes for different load

resistor (star lines) as compared to the case of mechanical local resonator without elec-

tromechanical coupling (mesh surface). The results indicate that neither the acoustic nor

the optical mode are evidently affected by the electromechanical coupling. This indicates

that metastructures can be used for simultaneous energy harvesting and vibration mitiga-

tion without degrading the bandgap boundary when the electromecanical coupling is weak.

Moreover, installing piezoelectric patches on few local resonators can offer feasible energy

harvesting in finite structures while preserving the vibration mitigation performance.

Although shunting the local resonator to a load resistor does not change the bandgap’s
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size, the load resistor affects the attenuation level inside the bandgap. This can be observed

from the change in the imaginary part of the band structure as shown in Fig. 6.4.

For stronger electromechanical coupling coefficient θ, electromechanical coupling does

not also change the shape of the band structure for θ ≤ 10−3. However, increasing the

electromechanical coupling further results in gradual deformation in the band structure.

Indeed, the acoustic and optical modes starts emerging into a one dispersion curve as shown

in Fig. 6.5. Therefore, the bandgap eventually disappears. It is noteworthy here that

this observation in the bandgap is not feasible in most engineering applications since the

electromechanical coupling coefficient depends on the piezoelectric coefficient which does

not usually exceed the order of 10−10 [148].

6.4 EXPERIMENTAL VALIDATIONS

In this section, experiments are carried out to study the effect of energy harvesting on the

vibration attenuation performance in a finite chain with electromechanical resonators as

shown in Fig. 6.7. The finite chain consists of five unit cells and is implemented by an

aluminum clamped free beam with length of 500 mm. The beam has a modulus of elasticity

of 69 GPa, 25.4 mm width, a density of 2.7 g/cm3, and a thickness of 3.25 mm. A local

eletromechanical beam resonator is attached to each cell. The beam resonator is made of

copper (i.e., has a 117.2 GPa modulus of elasticity and 8.912 g/cm3 density) to obtain high

mass ratio, which has a length of 85 mm, width of 16 mm, and thickness of 2 mm. Each

beam resonator is sandwiched by two piezoelectric layers that stretched over 25 mm for the

resonator length and polarized in the direction of the thickness. The piezoelectric layers are

bounded to the copper resonator by an electric conductive adhesive.

The finite structure was mounted on an electromagnetic shaker (VG-100) to excite the
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beam in the transverse direction. The shaker was driven by a Spider 80X dynamic analyzer

(Crystal Instruments Inc.). The analyzer generates a closed loop controlled signal that has a

constant excitation amplitude at different frequencies. The input excitation was recorded by

an accelerometer (PCB356A16) and fed the closed loop controller. Another accelerometer

was attached to the free end to record the output vibration. Each electromechanical resonator

was shunted to a load resistor with different values ranging from the short circuit condition

to the open circuit condition. The vibration of the free end along with the harvested voltage

from each resonator were collected by the analyzer. The system was excited by a harmonic

frequency sweep over the range of (20-300 Hz) with 0.1 g excitation amplitude. Within this

frequency range, the analytical bandgap, bare structure, and electromechanical resonance

frequency resonators are located.

To Validate the target frequencies for the host beam and the local resonators, we test

these components using the same experimental setup. The 2nd-4th natural frequencies for

the host beam are analytically determined as 66.4 Hz, 186.1 Hz, 366 Hz, respectively while

the experimental results indicate that the corresponding frequencies are 63 Hz, 180.5 Hz,

and 353 Hz, respectively. On the other hand, the natural frequency of the open circuit local

resonator is analytically determined as 163 Hz while the experimental results show that the

local resonator frequency is 158 Hz. The errors between the analytical and numerical results

are less than 5% for all measurements, these error can be explained by the added mass from

the accelerometer at the free end of the beams.

Next, we test the finite metastructure to obtain the experimental bandgap. For open

circuit condition, we plot the analytical dispersion curve for the experimental setup in Fig.

6.7. Then, we plot the experimental vibration frequency response curve of the system with

highlighting the boundaries of the analytical bandgap by the dashed vertical lines in Fig.

6.8. The results indicate that the experimental bandgap lies within the analytical bandgap;



6.4. EXPERIMENTAL VALIDATIONS 177

Figure 6.6: The experimental setup, a cantilever beam with 5 resonators.

however, there are multiple modes appearing in the middle of the bandgap. These modes are

localized modes and are due to the low number of cells and existing boundary conditions.

Therefore, these modes should be eliminated with increasing the number of cells in the

model. To experimentally investigate the effect of energy harvesting on the boundaries of

the bandgap, we plot the vibration frequency response curve of the finite structure in Fig.

6.9. As it was shown analytically, the shunted load resistor has no observaly effect on the

bandgap size. Therefore, utilizing metastructure for energy harvesting applications does not

degrade metastructure performance in terms of vibration attenuation.
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Figure 6.7: Analytical band structures for a chain with electromechanical resonator with
parameters in the experimental setup: ωd = 790, ωn = 1266 rad/s2, k1 = 6.788 × 105,
k̄ = 0.3581.
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Figure 6.8: Vibration frequency response curve for a chain with electromechanical resonator
with parameters in the experimental setup: ωd = 790, ωn = 1266 rad/s2, k1 = 6.788 × 105,
k̄ = 0.3581. Analytical bandgap is highlighted between the two vertical lines.
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Figure 6.9: The effect of electromechanical coupling on the vibration frequency response
curve for a chain with electromechanical resonator with parameters in the experimental
setup: ωd = 790, ωn = 1266 rad/s2, k1 = 6.788× 105, k̄ = 0.3581.
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6.5 CONCLUSION

In this chapter, we investigated the effect of energy harvesting on vibration attenuation

performance in locally resonant metastructures. The system was represented by an infi-

nite chain of spring-mass systems. Each unit cell (i.e., spring mass system) is connected

to an electromechanical local resonator. The electromechanical resonator was modeled as a

spring-mass system and is shunted to a load resistor. A dispersion relation and the band

structure of the system for different load resistor were derived analytically. The analytical re-

sults demonstrated that locally resonant metastructures can be employed to harvest electric

power without degrading the vibration attenuation performance for a weakly electromechan-

ical coupling case. However, the load resistor reduces the attenuation constant inside the

bandgap. Nevertheless, extremely strong coupling can deform the band structure and merge

the dispersion curves of optical and accoustics mode. Experiments were conducted on a finite

structure to demonstrate the observed phenomena for a weakly electromechanical coupling

case. The experimental results indicated the exsitance of bandgap in the frequency response

curve although the tested structure was finite. However, the effect of finite structure and

boundary conditions appeared as localized modes inside the bandgap. Moreover, the test

demonstrated that harvesting electrical power does not change the bandgap size.



Chapter 7

Broadband electromechanical diode:

acoustic non-reciprocity in weakly

nonlinear metamaterials with

electromechanical resonators

This chapter is submitted for publication: Bukhari, M., and O. Barry. ”Broadband elec-

tromechanical diode: acoustic non-reciprocity in weakly nonlinear metamaterials with elec-

tromechanical resonators”.

Recent attention has been given to acoustic non-reciprocity in metamaterials with non-

linearity. However, the study of asymmetric wave propagation has been limited to me-

chanical diodes only. There is no work reported on electromechanical rectifiers or diodes.

This problem is investigated here by analytically and numerically studying a combination

of nonlinear and linear metamaterials coupled with electromechanical resonators. The non-

linearity of the system stems from the chain in one case and from the electromechanical

resonator in another. The method of multiple scales is used to obtain analytical expressions

for the dispersion curves. The obtained analytical results are validated numerically using

Matlab built-in integrator. Numerical examples show potential for wider operation range
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of electromechanical diode, considerable harvested power, and significant frequency shift.

The observed frequency shift is demonstrated using spectro-spatial analyses and it is used

to construct an electromechanical diode to guide the wave to propagate in one direction

only. This only allows signal sensing for waves propagating in one direction and rejects

any other signals. The performance of this electromechanical diode is evaluated by calcu-

lating the transmission ratio and the asymmetric ratio for a transient input signal. Design

guidelines are provided to obtain the best electromechanical diode performance. The pre-

sented analyses show high asymmetry ratio for directional-biased wave propagation in the

medium-wavelength limit for the case of nonlinear chain. Indeed, the present asymmetric

and transmission ratios are higher than those reported in the literature for mechanical diode.

The operation frequencies can also be broadened to the long-wavelength limit frequencies

using the resonator nonlinearity.
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Figure 7.1: A schematic diagram for the nonlinear acoustic metamaterial with electrome-
chanical resonators

7.1 INTRODUCTION

Metamaterials are artificially fabricated in special engineering configurations and constitu-

tions. These configurations enable interesting dynamical properties that cannot be found

in conventional homogeneous materials [14, 84]. These interesting unique properties make

metamaterials perform incredibly in a wide pool of engineering applications (e.g., low fre-

quency vibration mitigation, directional-biased wave propagation, wave focusing, and cloak-

ing).

Metamaterials can be arranged in periodic patterns of cells also known as phononic

crystals [97, 98, 99, 159, 160, 178]. Periodicity in phononic crystals can be represented by

periodicity in material, geometry, and boundary conditions. These periodic crystals can

reflect waves with a wavelength near the lattice constant due to Bragg scattering and hence

they can be employed in low frequency vibration reduction applications. Nevertheless, the

restriction on the lattice constant size limits this application to large structures only.

In order to extend the application of metamaterials to control smaller structures, re-

searchers suggested embedding local resonators inside the cells [110]. This breaks the size

constraint in Bragg scattering and allows hybridizing the resonance mode with the long-
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wave nondispersive modes of the underlying medium, thus reflecting waves with wavelength

much smaller than the lattice constant even in the absence of periodicity [4]. Indeed, both

Bragg sccatering and mode hybridization can be observed in locally resonant metamaterials;

however, each effect can be dominant at certain design parameters [109].

In addition to these unique low frequency vibration attenuation phenomena observed

in linear metamaterials, nonlinearity in metamaterials can show further interesting wave

propagation phenomena. This includes, but is not limited to, adjusted bandgap limits [117],

solitons [95, 131], directional-biased wave propagation [107], and enhanced energy harvesting

and sensing [26].

These interesting nonlinear wave propagation phenomena can be obtained through dif-

ferent analytical and numerical analyses. For analytical analyses, the type and the strength

of nonlinearity determine how the problem can be tackled. For instance, weakly nonlinear

systems can be handled using different perturbation approaches [134, 135]. The use of these

techniques can be found in [133] for nonlinear chains, [195] for locally resonant metamateri-

als, and [27, 28, 30] for nonlinear chains with multiple linear and nonlinear local resonators.

On the other hand, systems with strong nonlinearity should be handled using different tech-

niques and closed form solution can be obtained in some cases analytically [90], or with the

help of homotopy analyses [1]. However, numerical analyses should be employed when the

approximate analytical solution of the problem is not accurate or when interesting nonlin-

ear phenomena cannot be revealed by analytical analyses. These analyses include temporal

space analyses and spectro-spatial analyses [27, 27, 28, 30, 63, 195].

The bandgap size in locally resonant metamaterials depends significantly on the added

mass to the system, in that a wider bandgap requires a larger mass. Therefore, controlling

vibrations in the structure may be limited by weight restrictions in many engineering ap-

plications. This restrictions can be overcome by adding a stiffness to the structure through
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attaching piezoelectric patches to periodic patterns of cells [5, 13, 34, 173, 194]. In particular,

electromechanical coupling can generate an electromechanical bandgap. The piezoelectric

can also be used for energy harvesting and sensing. This is inspired by the flat frequency

band in metamaterials and can be realized by shunting the piezoelectric material to a load

resistor [74, 75, 76, 105, 157]. Consequently, metamaterials can be used for simultaneous en-

ergy harvesting and vibration reduction applications. For weak electromechanical coupling,

it was analytically and experimentally shown that harvesting energy in metamaterials has no

effect on the bandgap size [32]. The study of nonlinear systems also showed that the bandgap

size is only affected by the nonlinearity in the chain in the case of weak electromechanical

coupling.

The nonlinearity in metamaterials can lead to a significant wave distortion. This wave

distortion results in frequency conversion, enabling output wave to appear at frequencies

different from the input wave frequency. Indeed, when the nonlinear metamaterial is cou-

pled to a linear metamaterial (i.e., the linear metamaterial has a bandgap tuned to the

frequency conversion region in the nonlinear metamaterial), the energy content with shifted

frequency can propagate in the forward configuration. However, waves propagating from

the linear metamaterial side (backward configuration) will be tuned inside the linear meta-

material’s bandgap. This is an indication that directional-biased wave propagation can be

realized [16, 104, 106, 107, 115]. This wave non-reciprocity can also be observed in nonlinear

granular structures [16] or nonlinear hierarchical internal structures [129]. Spectro-spatial

analyses can be employed to examine the frequency conversion in nonlinear metamaterials.

The spectro-spatial features can show a significant frequency shift at the medium-wavelength

limit in both nonlinear chain and nonlinear local resonators metamaterials [26, 27, 195]. Un-

like the case of nonlinear chain, nonlinear local resonator metamaterials can also show signifi-

cant frequency shift at the long-wavelength limit in addition to the medium-wavelength limit
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[27], [23]. Models of acoustic diodes are limited to the use of local mechanical resonators

embedded within the periodic structure or simple coupling between linear and nonlinear

metamaterials. To the best of our knowledge, there are no works in the literature inves-

tigating the use of electromechanical resonators in nonlinear metamaterials for designing

electromechanical diodes except our preliminary work, recently published in a conference

proceeding [29]. In addition, works in the literature did not harness the significant frequency

shift at long wavelength limit for the case of nonlinear resonator to broaden the operation

frequency of the electromechanical diode. Consequently, the asymmetric and transmission

ratios are not relatively high for diodes reported in the literature. Furthermore, design

guidelines for broadening the operation range of mechanical/electromechanical diode and

increasing the asymmetry ratio are rarely found in the literature. These knowledge gaps

form the core motivation of the current study.

In this paper, we study how a weakly nonlinear metamaterial with electromechanical

local resonators can be used to maximize the performance of electromechanical diodes (i.e.,

increase both asymmetry and transmission ratios). The nonlinearity stems from the chain

in one case and from the local electromechanical resonator in another, and is of a cubic type.

These sources of nonlinearities can offer different operation frequency regions for the diode.

The former can enable the diode to operate at medium wavelength limit, while the latter

can broaden the operation frequency range since it can enable the diode to operate at both

medium/long-wavelength limits. The system is simulated numerically and validated against

other models in the literature. The numerical results are used to obtain the band structures

and analyzed further by spectro-spatial analyses to demonstrate the frequency shift in the

nonlinear proposed structure. This frequency shift is then used to design an electromechani-

cal diode. The designed electromechanical diode is evaluated based on its transmission ratio

and the asymmetric ratio for a transient input signal. The rest of the paper is as follows. In
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Section 2, we present a mathematical model for the proposed weakly nonlinear metamaterial

and the linear and nonlinear dispersion relations. In Section 3, we present the analytical

and numerical band structures for different types of nonlinearities. Then, the significant

frequency shift observed by analyzing the spectro-spatial features are presented in Section 4.

This significant frequency shift is employed to design an electromechanical diode in Section

5. In Section 6, design guidelines for best electromechanical diode performance are provided.

Finally, we summarize the main findings in the conclusion section.

7.2 SYSTEM DESCRIPTION AND MATHEMATICAL

MODELING

A schematic diagram for the metamaterial chain with electromechanical resonators is shown

in Fig. 7.1. The chain is constructed of s periodic cells with a mass, M , lattice constant, a,

and connected by a linear or weakly nonlinear spring. The springs have linear coefficient,

K, and nonlinear coefficient ᾱ. Attached to each cell, there is a local linear or nonlinear

electromechanical resonator shunted to an external resistor R. The electromechanical res-

onator has effective mass, mp, effective linear stiffness, k1, effective nonlinear stiffness ᾱr,

electromechanical coupling coefficient, θ, and capacitance of the piezoelectric element, Cp.

It is noteworthy here that the system is reduced to a linear system when ᾱ = 0 and ᾱr = 0.

Moreover, we set ᾱr = 0 for the case of nonlinear chain only, while we set ᾱ = 0 for the case

of nonlinear resonator.

The equation of motions for the nth cell and its electromechanical resonator can be

expressed as follows
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M ¨̄un + 2Kūn −Kūn+1 −Kūn−1 + ᾱ(ūn − ūn+1)
3+

ᾱ(ūn − ūn−1)
3 +mp(¨̄yn + ¨̄un) = 0

(7.1)

mp ¨̄yn + k1ȳn + ᾱrȳ
3
n − θv̄n = −mp ¨̄un (7.2)

RCp ˙̄vn + v̄n +Rθ ˙̄yn = 0 (7.3)

where ūn is the displacement of the nth cell, ȳn = Yn − ūn is the net displacement of the

nth electromechanical resonator, Yn is the absolute displacement of the electromechanical

resonator, v̄n is the harvested voltage in the nth electromechanical resonator, and the dots

are the derivative with respect to time.

We introduce the following dimensionless parameters in order to normalize Eqns. 7.1-

7.3:

ω2
n = K/M,ω2

d = k1/mp, k̄ = k1/K, un = ūn/U0,

yn = ȳn/y0, vn = v̄n/V0, ϵα = ᾱU2
0/K, ϵαr = ᾱrU

2
0/k1

Ω0 = ωn/ωd, α1 = θV0/k1, α2 = RCpωn,

α3 = Rθωny0/V0, τ = ωnt

(7.4)

where U0, V0, y0 are the zeroth cell displacement, harvested voltage, and resonator displace-

ment, respectively.
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Substituting Eqn. 7.4 into Eqns. 7.1-7.3 yields the following normalized equations

ün + 2un − un+1 − un−1 + ϵα(un − un+1)
3+

α(un − un−1)
3 + k̄Ω2

0(ÿn + ün) = 0

(7.5)

Ω2
0ÿn + yn + ϵαry

3
n − α1vn = −Ω2

0ün (7.6)

α2v̇n + vn + α3ẏn = 0 (7.7)

(a) (b)

Figure 7.2: Band structure for linear and nonlinear metamaterials with electromechanical
resonators obtained analytically and numerically: (a) Nonlinear chain case ϵA2α = 0.06,
ϵA2αr = 0; (b) Nonlinear resonator case ϵA2α = 0, ϵA2αr = 0.06.

In order to obtain an approximate analytical solution, we need to expand the solution

using the power series and separate the linear and nonlinear problems (see Appendix ??).

Considering the linear problem (i.e., at order epsilon 0 in Appendix ??) and following

[26], we obtain the dispersion relation as

− ω2 + (2− 2 cos k)− k̄Ω2
0ω

2(1 +Kω) = 0 (7.8)
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where Kω =
Ω2

0ω
2

1−α1Γ−Ω2
0ω

2 , and Γ = iα3ω
1−iα2ω

.

For the nonlinear problem (i.e., at order ϵ in Appendix ??), one can write the nonlinear

frequency equation, following [26], as

ωnl = ω − ϵb′ (7.9)

where b′ is the phase resulting from expressing A in the polar form (i.e., A = aeib) and is

defined as

b′ = c1a
2
0 (7.10)

The constant c1 is defined as

c1 = −gl + fh

h2 + g2
(7.11)

where g, l, h, m, and f are defined in Appendix ?? for different sources of nonlinearity.

7.3 ANALYTICAL AND NUMERICAL BANDGAPS

To check our analytical dispersion relations, we plot the analytical and numerical band struc-

ture of the system with electromechanical resonator in Fig. 7.2. The numerical simulations

are carried out by simulating a chain with 500 cells. The parameters of the metamaterial

with electromechanical resonator are chosen to be: k̄ = 1, ωn = ωd = 1000, k1 = 106 N/M,

Cp = 13.3×10−9 F, R = 107Ω, and θ = 10−8 N/V. The system is excited by a transient wave

packet and integrated numerically in MATLAB. To limit the propagation in one direction,

we define the initial conditions as

um(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))(1−

cos(mk/Ncy)) sin(mk)

(7.12)
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(a) (b)

(c) (d)

Figure 7.3: Spatial profile of the input/output voltage in the optical mode: (a) k = π/9,
|ϵA2α|= 0.03, |ϵA2αr|= 0; (b) k = π/2, |ϵA2α|= 0.03, |ϵA2αr|= 0;(a) k = π/9, |ϵA2α|= 0,
|ϵA2αr|= 0.03; (b) k = π/2, |ϵA2α|= 0, |ϵA2αr|= 0.03.
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u̇m(0) =
1

2
(H(m− 1)−H(m− 1−Ncy2π/k))

(−ωnω/Ncy sin(mk/Ncy) sin(mk)− ωnω(1−

cos(mk/Ncy)) cos(mk))

(7.13)

ym(0) = Kωum(0) (7.14)

ẏm(0) = Kωu̇m(0) (7.15)

v = ΓKωum(0) (7.16)

where H(x) is the Heaviside function, and Ncy is the number of cycles and is chosen to be

Ncy = 7 in this section.

Upon analyzing the simulation results by 2D Fast Fourier Transform (FFT), each point

in the dispersion curves (frequency/wavenumber) belongs to the peak of 2D FFT. Then,

the complete band structure can be obtained from sweeping the wavenumber over the first

Brillouin zone at the acoustic and optical modes.

Figure. 7.2 (a) depicts the linear and nonlinear analytical band structures and the

nonlinear numerical band structure for the nonlinear chain case. The results demonstrate

that hardening nonlinearity shifts the dispersion curves up as compared to the linear curves.

Moreover, the numerical integration results also demonstrate that the analytical solution

can predict the boundary of the band structure, but fail to capture the significant frequency

shift that is observed numerically at the medium wavelength limit in the optical mode. In
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particular, input waves with frequencies within the medium wavelength limits appear inside

the red circles on long and short wavelength limits, coinciding with the linear dispersion

curves. This frequency shift will be used to design our electromechanical resonator and will

be discussed further using the spectro-spatial analyses in the next section. Fig. 7.2 (b)

shows the band structure for the nonlinear electromechanical resonator. The results demon-

strate that hardening nonlinearity also shifts the dispersion curves up. This shift is more

significant at frequencies near the fundamental frequency of the electromechanical resonator.

Therefore, significant frequency shift near the long-wavelength limit in the acoustics mode

can be realized, unlike the case of nonlinear chain where the frequency shift is limited to the

medium-wavelength limit. For the case of resonator nonlinearity, input waves with frequen-

cies within the medium and long-wavelength limits in the optical mode appear at different

regions. These regions are highlighted inside the red circles and coincides with the linear dis-

persion curves. Therefore, the analytical solution fails to predict the band structure in these

regions due to the significant frequency shift. Similar frequency shift appears at the short-

wavelength limit in the acoustics mode, where the effect of the electromechanical resonator

nonlinearity is maximum in this mode due to close tuning between the electromechanical

resonator and frequencies in this region.

The results of band structures in Fig. 7.2 indicate the possibility of significant frequency

shift; however, they do not reveal any further details on the the nature of the wave distortion,

the output frequency content, and the spatial properties. Therefore, in the next section we

employ different signal processing techniques to investigate the spectro-spatial features and

obtain further detailed information.
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7.4 SPECTRO-SPATIAL ANALYSES

To further demonstrate the significant frequency shift at the medium/long-wavelength limits

in the optical mode for both types of nonlinearities, we analyze the numerical results further

by utilizing different signal processing techniques.

We plot the spatial profile of the input and output voltage signals harvested by the

electromechanical resonator at the end of the simulation in Fig. 7.3. At long-wavelength

limit with chain nonlinearity (Fig. 7.3 (a), the results indicate that the chain nonlinearity

has no effect on the output wave. In particular, the output wave is not distorted at all

at this wavelength limit for chain nonlinearity. On the other hand, results at medium-

wavelength limit demonstrate that the input signal is severely distorted and broken into

several components, as shown in Fig. 7.3 (b). These components are: (1) one localized high-

amplitude wave (solitary wave), and (2) two stretched and low-amplitude waves (dispersive

waves). This indicates that the output wave appears at different frequencies other than the

input frequency.

For nonlinear electromechanical resonator case, the results demonstrate that severe

output wave distortion can be observed at long-wavelength limit (Fig. 7.3 (c)) and medium-

wavelength limit (Fig. 7.3 (d)). Unlike the case of chain nonlinearity, severe wave distortion

at long-wavelength limit due to resonator nonlinearity can be observed. Therefore, the input

signal at this wavelength limit can appear at frequencies other than the input frequency.

In addition, the wave distortion at medium wavelength limit due to resonator nonlinearity

is similar to the distortion observed in the nonlinear chain case at the same wavelength

limit. Although, the wave distortion in the case of nonlinear resonator is less severe than the

distortion in the case of nonlinear chain, the case of nonlinear resonator can offer a significant

frequency shift at the long-wavelength limit unlike the case of nonlinear chain.
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The energy content of the frequency/wavenumber components are shown in Fig. 7.4.

The figure presents the Short Term Fourier Transform (STFT) of the input/output signals’

spatial components over the spatial domain. We use a Hann window with the size of the

input signal to contain the propagating wave. For nonlinear chain case, the results indicate

that the output voltage signal is broken into three components for hardening nonlinearity

(Fig. 7.4 (a)) and into two components for softening nonlinearity (Fig. 7.4 (b)). For

hardening nonlinearity, the first component appears at wavenumber/frequency above the

input wavenumber/frequency window and it has the highest energy content. This is not

surprising since the band structure figures showed that hardening nonlinearity shifts the

dispersion curves up; therefore, the highest energy content component appears above the

input frequency/wavenumber window. The second component appears inside the initial

window and it has the lowest energy content. Finally, the third component is shifted below

the initial window and its energy content is between the first and second components. Thus,

most of the energy content of the input signal (i.e., inside the red ellipses on the figure)

appears at output signal frequencies different than the input signal frequencies. This shows

a good potential for using the proposed system to design an electromechanical diode. For

softening nonlinearity, the first component appears outside the input frequency/wavenumber

window and it has low energy content. The second component appears below the input

window range and has the highest energy content. Although the case of softening nonlinearity

shows also a significant frequency shift (i.e., inside the red ellipses on the figure), a significant

portion of the energy content appears inside the input frequency/wavenumber window unlike

the case of hardening nonlinearity. Therefore, we anticipate that hardening chain has better

performance than softening chain in terms of non-reciprocal energy transmission.

For the case of nonlinear resonator, the results demonstrate a significant frequency

shift at the long wavelength limit unlike the case of nonlinear chain. For softening nonlin-
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(a) (b)

(c) (d)

(e) (f)

Figure 7.4: Spectrograms of the input/output voltage in the optical mode: (a)k = π/2,
ϵ2Aα = 0.03, ϵ2Aαr = 0; (b)k = π/2, ϵ2Aα = −0.03, ϵ2Aαr = 0; (c)k = π/9, ϵ2Aα = 0,
ϵ2Aαr = −0.03; (d)k = π/9, ϵ2Aα = 0, ϵ2Aαr = 0.03;(e)k = π/2, ϵ2Aα = 0, ϵ2Aαr = −0.03;
(f)k = π/2, ϵ2Aα = 0, ϵ2Aαr = 0.03.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.5: Images of the 2D FFT of the output voltage in the optical mode: (a)k = π/2,
ϵ2Aα = 0.03, ϵ2Aαr = 0; (b)k = π/2, ϵ2Aα = −0.03, ϵ2Aαr = 0; (c)k = π/9, ϵ2Aα = 0,
ϵ2Aαr = 0.03; (d)k = π/9, ϵ2Aα = 0, ϵ2Aαr = −0.03;(e)k = π/2, ϵ2Aα = 0, ϵ2Aαr = 0.03;
(f)k = π/2, ϵ2Aα = 0, ϵ2Aαr = −0.03.
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Figure 7.6: A schematic diagram for the electromechanical diode.

earity (Fig. 7.4 (c)), the STFT of the output voltage wave show the presence of multiple

frequency/wavenumber components. These components stretch over a wide range of frequen-

cy/wavenumber. Most of those components appear outside the input frequency/wavenumber

window (i.e., components confined inside the red ellipses). For hardening nonlinearity (Fig.

7.4 (d)), the energy content also extends outside the input frequency/wavenumber window.

In particular, one of the output component stretches inside and outside the input window,

while the other component is completely outside the input window. Therefore, hardening

nonlinearity can also result in significant frequency shift at long-wavelength limit due to res-

onator nonlinearity. However, the frequency/wavenumber range at which the output signal

stretches is narrower than that for the softening nonlinearity case. At medium-wavelength

limit, the output signal is also broken into multiple components due to resonator nonlinear-

ity similar to the case of nonlinear chain. For instance, softening nonlinearity breaks the

output signal into three components, as shown in (Fig. 7.4 (e)). The highest energy content

component appears below the input frequency/wavenumber window, while the lowest energy

content component appears inside the input window. The third component has a moderate

energy content and lies outside the input window. Since most of the output energy content
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appears outside the input window (i.e., components confined inside the red ellipses), the

resonator nonlinearity can also significantly shift the frequency content of the input signal

at medium wavelength limit. Therefore, this type of nonlinearity is suitable to design an

electromechanical diode at medium and long-wavelength limits. For hardening nonlinearity

case (Fig. 7.4 (f)), resonator nonlinearity splits the output signal into two components. The

first one has high energy content and is shifted up due to hardening nonlinearity, while the

second has low energy content and appears below the input window. Since some of the

energy content also appears outside the input window (highlighted by red ellipses in the

figure), hardening nonlinearity can also show a significant frequency shift. However, this

shift is not as significant as the shift in the case of softening nonlinearity for the resonator

nonlinearity case.

Further demonstration of the significant frequency shift in the system can be obtained

by plotting the contour of 2D FFT for the output signal as shown in Fig. 7.5. The results

also indicate that the output signal frequency components are distributed over a wide range

of frequencies, indicating the presence of significant frequency conversion. For instance,

chains with hardening nonlinearity (Fig. 7.5 (a)) distribute the energy content over a wider

range of frequencies as compared to the case of softening nonlinearity (Fig. 7.5 (b)). More-

over, the high energy components are distributed over wavenumbers above and below the

medium wavelength limit (i.e., wavelength of the input signal). In particular, most of the

energy content is concentrated above the input signal frequency for hardening chains, while

it is concentrated below the input signal frequency for softening chain. On the other hand,

the results for resonator nonlinearity (Fig. 7.5 (c)-(f)) indicate similar significant frequency

conversion at both long and medium-wavelength limits unlike the case of chain nonlinear-

ity, which limits the frequency conversion to the medium-wavelength limit. For instance,

hardening nonlinearity stretches the frequency content over a wide range of frequencies, as
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shown in Fig. 7.5 (c). This stretch is even wider for the case of softening resonator fre-

quency, as depicted in Fig. 7.5 (d). Beyond the significant frequency conversion obtained

at long-wavelength limit, resonator nonlinearity can also show a significant frequency shift

at medium wavelength limit. This shift is demonstrated by the clear stretch of the signal

over wider range of frequencies for the hardening nonlinearity in Fig. 7.5 (e) and softening

nonlinearity in Fig. 7.5 (f).

The discussion in this section emphasizes the presence of significant frequency shift

(conversion) due to the nonlinearity in the proposed structure. This frequency conversion

can be observed at medium-wavelength limit for both types of nonlinearity and at long-

wavelength limit in the case of nonlinear resonator only. In the following section, we will

then investigate how to design an electromechanical diode based on the observed direction.

Moreover, we will also investigate the anticipated increase in the frequency band of the diode

by the resonator nonlinearity since it shows a significant frequency shift at both long and

medium-wavelength limits.

7.5 ELECTROMECHANICAL DIODE

Based on the significant frequency shift observed in the previous sections, we design an

electromechanical diode for direction-biased waveguide applications. This diode allows waves

to propagate in one direction; therefore, harvesting energy and sensing waves propagating

in only one direction. A schematic diagram for the proposed electromechanical diode is

shown in Fig. 7.6. The electromechanical diode is constructed from linear and nonlinear

metamaterials. The nonlinear metamaterial with parameters defined above has a significant

frequency region at medium wavelength limit in the optical mode for the case of nonlinear

chain, and long/medium-wavelength limit for the case of the nonlinear resonator in the
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Figure 7.7: A schematic diagram for the forward and backward configurations.

optical mode. The linear metamaterial is designed to have a bandgap tuned to the medium

or long-wavelength limit in the optical mode. Any wave with frequency in these regions and

propagating in the nonlinear metamaterial has some energy content with frequencies different

than the excitation frequency and outside these regions due to the significant frequency

conversion. The output signal can propagate into another linear metamaterial since its

bandgap is tuned to the input frequency. Therefore, voltage can be harvested in the forward

configuration. On the other hand, a wave with the same frequency band does not propagate

when it excites the linear metamaterial in the backward configuration. Therefore, voltage

cannot be harvested in this configuration.

The combination of the linear and nonlinear chains constructing the electromechanical

diode for forward and backward configurations is shown in Fig. 7.7. The nonlinear metama-

terial consists of 350 cells with the same parameters defined in the previous sections and the

nonlinearity stems from the chain or electromechanical resonator. The linear metamaterial
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consists of 150 cells. The parameters of the linear metamaterial are chosen to tune the chain

bandgap to the significant frequency shift region in the nonlinear metamaterial. It is note-

worthy here that we chose the mass of the linear chain to be equal to the nonlinear chain

mass to reduce the impedance mismatch. The linear chain has a stiffness, Kl, mass, Ml,

local resonator stiffness, k1l, and local resonator mass, mpl. We assume that the linear chain

has electromechanical coupling terms similar to those in the nonlinear chain. We define the

following set of dimensionless parameters for the linear chain

k̄l = Kl/K; M̄l = Ml/M ; k̄p = k1l/k1; m̄p = mpl/mp (7.17)

where m̄p is set to 1 for all cases to reduce the impedance mismatch, and Ncy = 60 for all

input signals.

We excite both configurations by a signal defined as

Fex =
1

2
A[H(t)−H(t− 2πωnNcy

ωωd

][1−

cos(
ωdω

ωnNcy

t)]sin(
ωdω

ωn

t)

(7.18)

where Ncy = 60.

To evaluate the performance of the electromechanical diode, we need to calculate the

input and output energy harvested in the 1st and 500th cells. The power can be determined

as

Pn =
V 2
n

R
(7.19)

In each configuration the transmission ratio can be determined as

Trf =

∫ τ

0
P500∫ τ

0
P1

(7.20)
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(a) (b)

(c) (d)

(e) (f)

Figure 7.8: Time response of electromechanical diode in forward and backward configurations
for the case of nonlinear chain: (a) Forward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16,
m̄p = 0.04, ϵ2Aα = 0.03, ϵ2Aαr = 0; (b) backward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16,
m̄p = 0.04, ϵ2Aα = 0.03, ϵ2Aαr = 0; (c) forward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16,
m̄p = 0.04, ϵ2Aα = −0.03, ϵ2Aαr = 0; (d) backward configuration, ω = 2, k̄l = 1.3,
k̄p = 0.16, m̄p = 0.04, ϵ2Aα = −0.03, ϵ2Aαr = 0; (e) forward configuration, ω = 2, k̄l = 1.3,
k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0.06, ϵ2Aαr = 0; (f) forward configuration, ω = 1.5, k̄l = 0.78,
k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0.03, ϵ2Aαr = 0.
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Trb =

∫ τ

0
P1∫ τ

0
P500

(7.21)

where Trf and Trb are the transmission ratios for the forward and backward configurations,

respectively. Upon calculating the transmission ratios for each configuration, the asymmetric

ratio can be calculated as

σ =
Trf
Trb

(7.22)

For the case of nonlinear chain, the response of the forward and backward configurations

for different types of nonlinearity is shown in Fig. 7.8. At medium wavelength limit, we excite

the system by a signal with ω = 2 with tuning the bandgap of the linear chain to the medium

wavelength limit in the optical mode in the nonlinear chain. For hardening chain, the results

indicate that the wave can propagate in the forward configuration (Fig. 7.8 (a)); therefore,

voltage can be sensed on the other end. However, the input wave cannot propagate in the

backward configuration, thus no voltage can be harvested and the system acts as direction-

biased waveguide, as shown in Fig. 7.8 (b). For forward configuration, the transmission

ratio is Trf = 0.99. The achieved transmission ratio in the forward configuration is high as

compared to Ref. [16, 107]. The transmission ratio for the backward configuration is Trb ≈

10−7. Moreover, the asymmetric ratio for the electromechanical diode is σ ≈ 6.4×106. These

results show that the proposed electromechanical diode has a higher asymmetric ratio with

higher transmission ratios than mechanical diodes reported in the literature. For instance,

the asymmetric ratio in Refs. [16, 107] is σ ≈ 104 and both reported low transmission

ratios. For softening chain, the wave can also propagate in the forward configuration and

voltage can be harvested on the other end, as shown in Fig. 7.8 (c). Moreover, waves cannot

propagate in the backward configuration for softening nonlinearity as shown in Fig. 7.8 (d).

This indicates that softening nonlinearity can also be used in designing electromechanical
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diodes. However, the harvested voltage on the other end is lower in this case as compared

to the hardening chain case in Fig. 7.8 (a). In particular, the transmission ratio for the

forward configuration is Trf = 0.2457, while the asymmetric ratio for the electromechanical

diode is σ ≈ 1.9 × 106. Increasing the strength of nonlinearity in the chain can increase

the transmission ratio for the forward configuration. For instance, increasing hardening

nonlinearity in the chain can significantly increase the output voltage with transmission ratio

Trf ≈ 1.3582 and asymmetric ratio σ ≈ 8.8× 106, as shown in Fig. 7.8 (e). It is noteworthy

that the transmission ratio for the voltage can exceed 1 as the voltage wave can be amplified

at some particular frequencies [26]. Finally, we excite our system with nonlinear chain at

frequency within the long-wavelength limit (i.e., ω = 1.5) with linear chain’s bandgap tuned

to this limit. The response of the forward configuration is shown in Fig. 7.8 (f). The result

indicates that the wave does not propagate within the long-wavelength limit; therefore,

voltage cannot be harvested at the other end. This is not surprising since we showed earlier

that the nonlinearity has no effect on the wave propagation at the long-wavelength limit in

the case of nonlinear chain.

For the case of nonlinear resonator, the response of the forward and backward configu-

rations for different types of nonlinearity is shown in Fig. 7.9. At medium wavelength limit,

we excite the system by a signal within the medium-wavelength limit in the optical mode

(i.e., ω = 2) by tuning the bandgap of the linear chain to this region. For hardening nonlin-

earity, the results indicate that the nonlinear resonator case can also show non-reciprocity

in wave propagation. For instance, the wave can propagate in the forward propagation (Fig.

7.9 (a)) and get blocked in the backward configuration (Fig. 7.9 (b)). However, output

voltage in this case is lower as compared to the case of nonlinear chain. For this particular

case, the transmission ratio for the forward configuration is Trf ≈ 0.3467 and asymmet-

ric ratio σ ≈ 1.9 × 106. At long wavelength limit (i.e., ω = 1.5 and the linear bandgap
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(a) (b)

(c) (d)

(e) (f)

Figure 7.9: Time response of electromechanical diode in forward and backward configurations
for the case of nonlinear resonator: (a) Forward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16,
m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = 0.03; (b) backward configuration, ω = 2, k̄l = 1.3, k̄p = 0.16,
m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = 0.03; (c) forward configuration, ω = 1.5, k̄l = 0.78, k̄p = 0.21,
m̄p = 0.09, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) backward configuration, ω = 1.5, k̄l = 0.78,
k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0, ϵ2Aαr = 0.03; (e) forward configuration, ω = 2, k̄l = 1.3,
k̄p = 0.16, m̄p = 0.04, ϵ2Aα = 0, ϵ2Aαr = −0.03; (f) forward configuration, ω = 1.5,
k̄l = 0.78, k̄p = 0.21, m̄p = 0.09, ϵ2Aα = 0, ϵ2Aαr = −0.03.



208
CHAPTER 7. BROADBAND ELECTROMECHANICAL DIODE: ACOUSTIC NON-RECIPROCITY IN WEAKLY

NONLINEAR METAMATERIALS WITH ELECTROMECHANICAL RESONATORS

is tuned to this limit), unlike the case of nonlinear chain, the wave can propagate in the

forward configuration (Fig. 7.9 (c)), but it cannot propagate in the backward configuration

(Fig. 7.9 (d)). The transmission ratio for this case is Trf ≈ 4 × 10−3, and the asymmetric

ratio is σ ≈ 2.2 × 105. Although the performance of the electromechanical diode in the

case of nonlinear resonator at medium-wavelength limit is weaker than the case of nonlinear

chain due to lower transmission and asymmetric ratios, the electromechanical diode can be

operated at the long-wavelength limit in the case of nonlinear resonator unlike the case of

nonlinear chain where no voltage can be sensed at the other end. This is not surprising

since the spectro-spatial analysis showed the presence of significant frequency shift at the

long-wavelength limit for the nonlinear resonator case. It is noteworthy that the input wave

is also severely distorted at the long-wavelength limit since the effect of nonlinearity can

appear in this region. For softening nonlinearity, an electromechanical diode can also be

operated at medium/long-wavelength limits in the case of nonlinear resonator. For instance,

Fig. 7.9 (e) shows that voltage can be sensed at the other end at medium-wavelength limit

with transmission ratio Trf ≈ 0.059 and asymmetric ratio is σ ≈ 3.85 × 105. On the other

hand, Fig. 7.9 (f) shows that voltage can be sensed at the other end at long-wavelength limit

with transmission ratio Trf ≈ 4.3 × 10−3 and asymmetric ratio σ ≈ 2.4 × 105. The results

of softening nonlinearity indicate that an electromechanical diode with softening nonlinear-

ity outperforms diodes with hardening nonlinearity at long-wavelength limit. However, the

presence of hardening nonlinearity in the resonator shows better performance at medium-

wavelength limit.

In order to obtain a linear chain’s bandgap tuned to the long-wavelength limit (e.g., the

frequencies of the bandgap for linear chain ranges between 1.41-1.6), many options can be

explored within a small margin of frequency change (±0.01). We search for linear chain’s

bandgap limits within k̄l = 0.5− 1.5, k̄p = 0.01− 1, and m̄p = 0.01− 1. Within these values
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(a) (b)

(c) (d)

Figure 7.10: Time response of electromechanical diode in forward and backward configu-
rations for the case of nonlinear resonator: (a) Forward configuration, ω = 1.5, k̄l = 1.5,
k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = 0.03; (b) backward configuration, ω = 1.5,
k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = 0.03; (c) forward configuration, ω = 1.5,
k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = −0.03; (d) backward configuration,
ω = 1.5, k̄l = 1.5, k̄p = 0.37, m̄p = 0.17, ϵ2Aα = 0, ϵ2Aαr = −0.03.
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Figure 7.11: Asymmetric ratio for different linear chain designs with bandgap tuned within
the whole optical mode of nonlinear chain. Upper boundary of the bandgap is fixed to
the maximum frequency of optical mode of nonlinear chain and lower limit is swept over
the optical mode: (a) Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening
nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlinear resonator, ϵ2Aα = 0,
ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = −0.03.
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(a) (b)

(c) (d)

Figure 7.12: Asymmetric ratio for different linear chain designs with bandgap tuned within
the whole optical mode of nonlinear chain. Lower boundary of the bandgap is fixed to
the maximum frequency of optical mode of nonlinear chain and upper limit is swept over
the optical mode: (a) Hardening nonlinear chain, ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening
nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening nonlinear resonator, ϵ2Aα = 0,
ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = −0.03.
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of parameters, we can obtain several options. We used the option with the lowest value of

parameters to investigate the performance of the electromechanical diode in Figs. 7.8-7.9.

The results in these figures demonstrate that the values of the transmission and asymmetric

ratios are low at this wavelength as compared to results at medium-wavelength limit. This

is because the lowest values that were chosen to plot the figures resulted in an optical mode

stretching over a narrow range of frequencies. Therefore, only a few frequency components

with low energy content from the output wave (i.e., its frequency content is converted into

frequencies other than the input frequency) can propagate through the narrow optical mode.

To increase the frequency components that can propagate through the optical mode, the

range of optical mode frequencies needs to be increased by choosing parameters with highest

values among all available options. This can result in the widest possible optical mode

within the above assumed system’s parameters ranges. For this case, we plot the responses

of the forward and backward configurations in Fig. 7.10. For hardening nonlinearity in the

resonator at long-wavelength limit (Fig. 7.10 (a)), the results indicate that the harvested

voltage sensed at the other end is significantly higher than the case in Fig. 7.9 (c). Yet, the

wave cannot propagate in the backward configuration as depicted in Fig. 7.10 (b). This can

also be demonstrated from the values of transmission ratio Trf ≈ 0.1251 and asymmetric

ratio σ ≈ 1.5 × 106, which are also significantly higher. Therefore, the performance of the

nonlinear resonator electromechanical diode at the long-wavelength limit is comparable to

the performance of the nonlinear chain diode when the parameters of the linear chain are

chosen carefully. Softening nonlinearity in the resonator with these linear chain’s parameters

can even provide better performance, and thus higher voltage can be sensed at the other end

(Fig. 7.10 (c)), thus preventing any waves coming from the backward configuration from

propagating through the structure (Fig. 7.10 (d)). This observation is also confirmed by the

values of transmission ratio Trf ≈ 0.49 and asymmetric ratio σ ≈ 6.2× 106, which are also

significantly higher than the case of hardening nonlinearity.
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7.6 The effect of linear chain bandgap size on the per-

formance of the electromechanical diode

In the previous section, we demonstrated that the proposed electromechanical diode can be

used as a direction-biased waveguide. This direction-biased waveguide can be operated in the

medium-wavelength limit for both nonlinear chain and nonlinear resonator cases. But the

operation of this diode in the long-wavelength domain is limited to the nonlinear resonator

case only. It should be noted that the parameters of the linear chain were chosen such that

the bandgap of the linear chain is tuned to the operation frequency region to demonstrate

the non-reciprocity. However, the effect of linear chain bandgap on the asymmetric ratio

was not discussed in the previous section. Therefore, we present the asymmetric ratio for

different linear chain’s bandgap sizes and at different excitation frequencies.

In this section, we conduct our analyses by sweeping the bandgap size of the linear chain

over either the whole frequency range of the nonlinear chain’s optical mode frequencies or

over a specific frequency range within the long/medium-wavelength limits of the nonlinear

chain’s optical mode. In order to define the linear chain parameters that satisfy the tested

bandgap size, we sweep the chain’s parameters over the ranges defined in the previous section

and pick the largest parameters of the list that matches the bandgap requirement.

7.6.1 Sweeping the bandgap over the whole optical mode frequen-

cies

For sweep over the whole optical mode, we set the upper boundary of the bandgap to the

maximum frequency in this mode and sweep the lower boundary over other frequencies in the

optical mode in one case, and fix the lower boundary to the minimum frequency in this mode
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and sweep the upper in another case. For these two cases, we record the asymmetric ratio

at different excitation frequency and bandgap boundaries and plot them in Figs. 7.11-7.12,

respectively.

For the case of lower boundary being swept over the whole range of the optical mode

(Fig. 7.11), the electromechanical diode has the highest asymmetry ratio when the lower

bandgap boundary is close to frequencies near the medium-wavelength limit in the case of

hardening chain nonlinearity as shown in Fig. 7.11 (a). In particular, the medium-wavelength

limit is confined within the bandgap, and energy component associated with the shifted fre-

quency can propagate through the passband below this bandgap. In addition, excitation

frequencies near the medium-wavelength show higher symmetry ratio where significant fre-

quency shift can be observed as shown in the previous sections for this type of nonlinearity.

When the lower bandgap boundary is below the medium-wavelength limit (i.e., in the long-

wavelength limit), the asymmetry ratio is very small and the electromechanical diode cannot

be operated at all excitation frequencies within the optical mode. This is because all shifted

frequencies lie within the bandgap (i.e., the band covers most of the optical mode); there-

fore, no waves will propagate in either the forward or backward directions. By moving the

lower bandgap boundary above the medium-wavelength limit, the asymmetry ratio becomes

lower since the frequency shift becomes also less significant in the short-wavelength limit. In

general, only excitation frequencies within the bandgap shows directional-biased wave prop-

agation for medium/short-wavelength limits, while no frequencies show directional-biased

wave propagation in the long wavelength limit. For softening chain nonlinearity, similar

observations can be deduced from Fig. 7.11 (b). However, both excitation frequencies and

lower bandgap boundary have high symmetric ratio at frequencies lower than the hardening

case. This is not surprising, since results in Fig. 7.4 (b) showed that the higher energy

component is shifted below the medium-wavelength limit in the case of softening chain non-
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linearity, unlike the case of hardening nonlinearity. For hardening resonator nonlinearity

(Fig. 7.11 (c)), the regions of high symmetry ratios are similar to those of hardening chain;

however, these regions are slightly extended to cover the long-wavelength region. This indi-

cates that the operation range of electromechanical diode can be broaden by using resonator

nonlinearity. The operation range of the electromechanical diode can further be increased

if softening nonlinearity is used as shown in Fig. 7.11 (d), thus showing a good agreement

with the observations in the previous section. Yet the significance of directional-biased wave

propagation is not pronounced at this limit since the bandgap is tuned above this region

due to fixing the higher bandgap boundary. Moreover, when the bandgap is tuned to this

region, the bandgap covers most of the optical mode; therefore, the shifted frequency energy

component cannot propagate in the forward configuration.

To obtain a bandgap that always covers the long-wavelength limit, we fix the lower

bandgap boundary and sweep the upper boundary over the optical mode’s frequencies. The

asymmetry ratio for this case is shown in Fig. 7.12. For hardening chain (Fig. 7.12 (a)), the

results indicate that with increasing the excitation frequency to get closer to the medium-

wavelength limit, energy contents with shifted frequency components start to appear and

directional-biased wave transmission can be observed. Yet the asymmetry ratio is not sig-

nificant in the long-wavelength limit and start to increase rapidly as excitation frequencies

approach the medium wavelength limit and the the bandgap covers this wavelength limit.

It is noteworthy that the transmission ratios are higher in this case, which indicates that

the frequency conversion shifts the signal frequency to a frequency above the bandgap and

a significant energy content is associated with these shifted high frequencies. Consequently,

upper bandgap boundary should be restricted to below short-wavelength region (just above

frequencies within medium-wavelength limit, since a significant portion of the energy is

shifted to the long-wavelength limit) for higher asymmetry ratio in designing linear chains.
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These observations also hold for the softening chain case, as shown in Fig. 7.12 (b). However,

the asymmetry ratio is lower at high frequencies since frequency conversion tends to shift

the excitation frequencies to lower frequencies which lie within the bandgap, thus the trans-

mitted energy is lower. For hardening resonator, Fig. 7.12 (c) shows a significant increase

in the asymmetry ratio near the long wavelength limit as compared with cases in Figs. 7.12

(a)-(b). Yet high asymmetry ratios can still be observed in the medium-wavelength limit. In

addition, the values of asymmetry ratios are significantly higher than the case of sweeping

lower bandgap limit since the bandgap can cover the medium/long-wavelength limits with

passband for frequencies at short-wavelength limit. This increase in asymmetry ratio become

more pronounced with softening resonators, as shown in Fig. 7.12 (d). For the nonlinear

resonator case, the directional-biased wave propagation can even be observed at high exci-

tation frequencies where frequency components can also be shifted, as seen in Figs. 7.12

(c)-(d). However, the asymmetry ratio here is lower than other frequencies within medium/-

long wavelengths limits. Finally, it is noteworthy that the asymmetry ratios are higher with

sweeping the upper bandgap boundary, as compared to sweeping the lower boundary, since

the short-wavelength limit is a passband in most cases where shifted excitation frequencies

can propagate.

Based on the above discussions, the bandgap of the linear chain should not intersect

with the long/medium-wavelength frequencies if the operation frequencies are confined within

the short-wavelength limit. Moreover, the bandgap of the linear chain should not intersect

with the short-wavelength frequencies if the operation frequencies are confined within the

long/medium-wavelength limits. These considerations should be considered when design-

ing an electromechanical diode. Furthermore, it is more beneficial to design the diode for

operation range within the long/medium-wavelength limits since the asymmetry ratios are

much higher in these regions as compared to the short-wavelength limit. After reaching
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a conclusion about avoiding tuning the bandgap to the short-wavelength limit due to low

asymmetry ratio, we should conduct a deeper investigation about tuning the bandgap to the

long/medium wavelength limits.

(a) (b)

(c) (d)

Figure 7.13: Asymmetric ratio for different linear chain designs with bandgap tuned within
the long wavelength limit in the optical mode of nonlinear chain. Upper boundary of the
bandgap is fixed to ω = 1.9 optical mode of nonlinear chain and lower limit is swept over
the long wavelength limit in the optical mode: (a) Hardening nonlinear chain, ϵ2Aαr =
0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening
nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0,
ϵ2Aαr = −0.03.
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(a) (b)

(c) (d)

Figure 7.14: Asymmetric ratio for different linear chain designs with bandgap tuned within
the long wavelength limit in the optical mode of nonlinear chain. Lower boundary of the
bandgap is fixed to ω = 1.4 optical mode of nonlinear chain and upper limit is swept over
the long wavelength limit in the optical mode: (a) Hardening nonlinear chain, ϵ2Aαr =
0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c) hardening
nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator, ϵ2Aα = 0,
ϵ2Aαr = −0.03.
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7.6.2 Sweeping the bandgap over the long-wavelength limit optical

mode frequencies

In this section, we conduct further analyses to sweep the boundaries of the linear chain’s

bandgap over the long-wavelength and medium-wavelength limits separately. This can be

done by conducting analyses similar to those conducted in Figs. 7.11-7.12. In particular, we

fix the upper boundary and sweep the lower boundary in one case, while we fix the lower

boundary and sweep the upper boundary in another. However, we sweep the bandgap only

over the long-wavelength frequencies in one case (Fig. 7.13) and the medium-wavelength

frequencies in another (Fig. 7.14). For analyses over the long-wavelength frequencies and

fixing the bandgap’s upper boundary, we plot the results in Fig. 7.13. For hardening and

softening chains (Figs. 7.13 (a)-(b)), the results indicate that the asymmetry ratio is almost

zero for all lower bandgap boundaries. However, the asymmetry ratio can be non zero when

the lower bandgap boundary is near the medium-wavelength limit where the nonlinear chain

show direction-biased wave propagation. In addition, the asymmetry ratio is higher for the

case of hardening chain. On the other hand, the nonlinearity in the resonator shows a high

asymmetry ratio for all lower bandgap boundaries at all excitation frequencies within this

limit, as shown in Figs. 7.13 (c)-(d). Nevertheless, the lower bandgap boundary does not

need to cover frequencies (ω ≤ 1.48 since the asymmetry ratio is very low in this region in

the case of hardening resonator, as shown in Fig. 7.13 (c). However, the lower boundary

can be extended to cover this region of frequencies in the case of softening resonator, as

shown in Fig. 7.13 (d). For the case of the lower bandgap boundary being fixed Fig. 7.14,

the results also show near zero asymmetry ratio in the cases of hardening and softening

chain, as shown in Fig. 7.14 (a)-(b). In addition, sweeping the upper limit in this case is

associated with lower asymmetry ratios for frequencies near the medium-wavelength limit

as compared to the previous case shown in Figs. 7.13 (a)-(b). For hardening and softening
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resonators (Figs. 7.13 (c)-(d)), high asymmetry ratios exist in the region on and above the

diagonal (i.e., excitation frequency/upper bandgap boundary) line unlike the case of fixing

the upper bandgap boundary where higher asymmetry ratios can be observed at wider range

of excitation frequencies. This indicates that fixing the upper bandgap boundary is more

beneficial than fixing the lower boundary. Therefore, when designing an electromechanical

diode that shows high asymmetry ratio in the long-wavelength limit, the upper bandgap’s

boundary should be be tuned to a frequency near the lower frequencies within the medium-

wavelength limit. On the other hand, the lower bandgap’s boundary should be tuned to

a frequency just above the lower frequencies within the optical mode in the presence of

resonator nonlinearity.

7.6.3 Sweeping the bandgap over the medium-wavelength optical

mode frequencies

Similarly, we focus on the sweep of linear chain bandgap’s boundaries inside the medium-

wavelength limit and plot the results in Figs. 7.15-7.16. For fixed upper bandgap boundary,

the results indicate that the asymmetry ratio is almost zero for hardening chain (Fig. 7.15

(a)) and softening resonator (Fig. 7.15 (d)). However, the asymmetry ratio has significant

values for softening chain (Fig. 7.15 (c)) and hardening resonator (Fig. 7.15 (d)). On

the other hand, fixing the lower bandgap’s boundary reveals significantly higher asymmetry

ratio, as shown in Fig. 7.16. In particular, in the case of hardening chain Fig. 7.16 (a),

the asymmetry ratio is significantly higher as compared to the case of sweeping the lower

bandgap’s boundary for this type of nonlinearity. Similarly, the asymmetry ratio is higher

for the case of softening chain, as shown in Fig. 7.16 (b). However, the results indicate that

sweeping the upper boundary shows higher asymmetry ratio at high frequencies as compared

to the case of sweeping the lower boundary where high asymmetry is associated with low
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(a) (b)

(c) (d)

Figure 7.15: Asymmetric ratio for different linear chain designs with bandgap tuned within
the medium wavelength limit in the optical mode of nonlinear chain. Upper boundary of
the bandgap is fixed to ω = 2.2 optical mode of nonlinear chain and lower limit is swept
over the medium wavelength limit in the optical mode: (a) Hardening nonlinear chain,
ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c)
hardening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator,
ϵ2Aα = 0, ϵ2Aαr = −0.03.
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(a) (b)

(c) (d)

Figure 7.16: Asymmetric ratio for different linear chain designs with bandgap tuned within
the medium wavelength limit in the optical mode of nonlinear chain. Lower boundary of
the bandgap is fixed to ω = 1.9 optical mode of nonlinear chain and upper limit is swept
over the medium wavelength limit in the optical mode: (a) Hardening nonlinear chain,
ϵ2Aαr = 0.03, ϵ2Aαr = 0; (b) softening nonlinear chain, ϵ2Aαr = −0.03, ϵ2Aαr = 0; (c)
hardening nonlinear resonator, ϵ2Aα = 0, ϵ2Aαr = 0.03; (d) softening nonlinear resonator,
ϵ2Aα = 0, ϵ2Aαr = −0.03.
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frequencies. For the case of resonator nonlinearity Figs. 7.16 (c)-(d), we observe that fixing

the lower limit results in high asymmetry ratio at higher excitation frequencies within the

medium-wavelength limit as compared to fixing the upper boundary. It is noteworthy that

hardening nonlinearity provides high asymmetry ratio when the upper bandgap’s boundary

is close to the upper end of the medium-wavelength limit’s frequencies since signals tend

to be shifted to higher frequencies with hardening nonlinearity. The opposite is observed

when we set the upper bandgap’s boundary to frequency below the higher frequencies of the

medium-wavelength limit. This is because signals tend to be shifted to lower frequencies

with softening nonlinearity.

The above analyses provide some guidelines in designing the linear chain in the elec-

tromechanical diode. The design guidelines depend on the operation frequency of the elec-

tromechanical diode and the type of nonlinearity. General guidelines include avoiding tuning

the bandgap to short-wavelength limit to allow shifted frequency components to propagate in

the forward direction. In addition, the lower boundary should be fixed just above the lowest

frequency in the optical mode for best performance at frequencies within the long-wavelength

limit and resonator nonlinearity should be used. For this operation range, the upper limit

should be set near the lower end of the medium-wavelength limit. Moreover, the lower

boundary should be tuned just below the medium-wavelength limit for best performance at

frequencies within the medium-wavelength limit and either resonator or chain nonlinearity

can be used. The upper boundary should be placed at the end of medium-wavelength in the

case of hardening nonlinearity and slightly below the short-wavelength limit in the case of

softening nonlinearity.
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7.7 CONCLUSION

In this paper, a nonlinear metamaterial with electromechanical local resonators was inves-

tigated. The nonlinearity stemmed from the chain in one case and from the resonator in

another. The method of multiple scales was applied to the governing equations of motions to

obtain the dispersion relations. The analytical band structure was validated via comparison

with results obtained by direct numerical integration. The results show good agreement ex-

cept that the analytical results fail to predict some frequency regions within the optical mode

due to significant frequency shift, in particular, the medium-wavelength limit for the case of

nonlinear chain and the long/medium-wavelength limit for the nonlinear resonator. To fur-

ther demonstrate the frequency shift in these regions, we analyzed the numerical results by

spectro-spatial analysis. The spatial profiles indicated that the wave is severely distorted in

these regions and may split into localized and dispersive waves. Moreover, the spectrograms

and contour plots of 2D FFT demonstrated that most of the energy content of the output

voltage appears at frequencies outside the initial frequency band of the input signal. The ob-

served significant frequency shift was utilized to design an electromechanical direction-biased

waveguide (i.e., electromechanical diode). The proposed electromechanical diode was con-

structed by combining linear and nonlinear chains with electromechanical local resonators.

This diode showed the ability to harvest energy and sense the wave propagating in the for-

ward direction only and blocked any wave propagating in the backward configuration. This

direction-biased wave propagation can be observed only at the medium-wavelength limit in

the case of nonlinear chain. However, it can be observed at the medium/long-wavelength

limits in the case of nonlinear resonator. Therefore, the electromechanical diode can be

operated over a wider range of frequencies in the case of nonlinear resonator. Unlike me-

chanical diodes in the literature, the proposed diode does not only have a high asymmetric

ratio, it also has a high transmission ratio for the forward configuration. Yet the proposed
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electromechanical diode can harvest energy and sense better than symmetric systems due

to the birth of localized (solitary) waves. To draw guidelines on designing the linear chain’s

bandgap, we conducted analyses by sweeping the bandgap’s boundaries over different fre-

quency ranges and reported the asymmetry ratio of these simulations. The results indicated

that it is more beneficial to tune the lower bandgap’s boundary just above the minimum

frequency of the optical mode of the nonlinear chain and fix the upper bandgap’s boundary

near the medium-wavelength limit for best performance in the long-wavelength limit for the

case of nonlinear resonator. In addition, softening resonator should be used to realize high

asymmetry ratio at low frequencies in the optical mode. Moreover, the results demonstrated

that the lower bandgap’s boundary should be tuned just above the long-wavelength limit

to obtain high asymmetry ratio for excitation frequencies within the medium-wavelength

limit for both types of nonlinearity. On the other hand, the results indicated that the upper

bandgap’s boundary should not go into the short-wavelength limit’s frequencies, and should

be fixed slightly lower in the case of softening nonlinearity. Finally, the bandgap’s bound-

aries should be tuned around the operation frequency, in general, with avoiding extending

its size to the short-wavelength region to allow shifted frequency component to propagate in

the forward configuration.



Chapter 8

Towards a self-tuning sliding-mass

metastructure

This chapter is submitted for publication: Bukhari, M., and O. Barry. ”Towards a self-

Tuning Sliding-Mass metastructure”.

Passive vibration control systems are characterized by their simple practical design and

independence of external power supplies. However, they are usually hindered by their narrow

frequency band that cannot handle variable frequency disturbances. Recent research has

demonstrated the capability of passive self-tuning resonators through the use of a sliding mass

without the need for any external power sources. This work analytically and experimentally

investigates the passive self-tuning of a vibration absorber consisting of a clamped-clamped

beam with a sliding mass. The governing equations of motion show that the slider can be

driven by Coriolis and centrifugal forces upon applying the excitation force on the structure.

To improve the accuracy of our analytical simulations, we derive the exact instantaneous

mode shapes and frequencies of the structure and feed them into an adaptive algorithm,

which updates the spatial state of the system. Numerical simulations demonstrate that

the proposed resonator can tune itself to the excitation frequency as the slider reaches the

equilibrium position. This observation suggests that a significant vibration reduction can be

obtained using the proposed resonator over a wide frequency band. Experiments are carried

226
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out to validate the analytical findings. The proposed structure can be used in different

vibration control applications (i.e., aerospace, automotive, and machining), and its model

can further be extended to self-adaptive periodic structures (metamaterials).
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8.1 Introduction

Many engineering structures are susceptible to unwanted vibrations from different environ-

mental sources and disturbances. These vibrations can lead to different types of failures

if left uncontrolled. These failures may result in structural damage, system malfunction,

discomfort, and noise problems. Controlling these vibrations aims to mitigate or eliminate

the system response to disturbances using several passive and active techniques. Linear

passive vibration resonators have been extensively investigated and are widely employed in

many engineering applications due to their low cost and simple design [52, 60]. Passive

vibration resonators are tuned spring-mass systems that are installed on a structure to ab-

sorb undesired vibrations. To do so, the vibration resonator parameters are chosen so that

the resonator will tune itself to a specific frequency, leading to vibration mitigation of the

primary structure.

Since linear vibration resonators can be effective only near their design frequency, they

fail to control vibrations that are not constant over time. Therefore, introducing mechanisms

which can resonate at a wider range of frequencies has been the focus of researchers for many

years. It has been observed that mechanisms with nonlinear resonators are more suitable for

such purposes due to their wide bandwidth compared to linear resonators and the presence

of secondary resonances [6, 67, 89, 112, 135, 140]. However, improvement resulted from

nonlinear passive mechanisms are limited to a certain frequency regions, and it is often

dependent on the initial disturbance to track the required energy orbit [179].

To overcome the narrow frequency band of passive resonators, researchers suggested

the use of active frequency tuning techniques capable of adapting to the applied excitation

frequency. However, due to the required external energy source, active tuning techniques

are not practical and reliable in most applications [7]. On the other hand, passive self-
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tuning mechanisms showed the ability to tune themselves to the applied excitation frequency.

This self-tuning can be achieved through a sliding mass which moves freely along a beam.

Particularly, Coriolis and centrifugal forces, resulting from the nonlinear interactions between

the slider and the vibrating beam, move the mass till it reaches an equilibrium position. At

this position, the resonator will be tuned to the excitation frequency and hence, achieving

passive self-adaptive tuning. The study of these systems revealed substantial improvement

in increasing the resonator’s operating bandwidth in several applications including energy

harvesting [3, 10, 18, 31, 37, 91, 94, 96, 123, 125, 130, 145, 165, 166, 167, 172, 182, 190, 191].

Investigations of energy harvesters with passive self-tuning mechanisms have recently

drawn researchers’ attention. Analytical investigations of self-tuning resonators’ models

can be found in the literature for stings [18], beams [123, 125, 172], and two-dimensional

plates [182]. These analytical findings were further verified experimentally in several studies

[37, 123, 125, 130, 145, 190, 191]. Interestingly, investigations of beam structures have shown

the capability to obtain self-tuning by a slider regardless of the boundary conditions. For

instance, a clamped-clamped system was investigated by Miller et al. and others [94, 123, 145,

190, 191], while a free-end system was studied by Mori et al. and others[37, 91, 125, 130]. The

nonlinear dynamics of the system have also been investigated in-depth to reveal a further

understanding of the system by Krack et al. [96]. These interesting findings motivated

other researchers to extend the system in an array of several cantilever beams with sliders

[165, 166, 167]. We emphasized that previous studies have reported the dynamic of self-

tuning mechanisms with sliding mass for the resonator itself [125, 172], electromechanical

energy harvesters [123], and electromagnetic energy harvesters [22]. However, to the best of

our knowledge, there is no work in the literature which investigates the interaction between

a passive self-tuning resonator and primary structure and studies how this resonator acts

as a broadband vibration absorber. This tunable absorber can further be used in other
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engineering applications like tunable metastructures and metamaterials. This is the focus

of the current study. Given that the dynamic parameters of the system change as the

slider moves along the resonator, the system dynamics evolve both in the spatial and the

time domains. To handle these changes in both time and spatial domains, for first time,

our current work also presents an adaptive algorithm to simulate the system dynamics by

updating the spatial state as the system is being integrated over time.

In this paper, we investigate the performance of a self-tuning absorber installed on a

structure. The self-tunability is targeted to be achieved through a sliding mass which moves

along the resonator. We present the nonlinear governing equations of motion for the slider,

resonator, and main structure, then obtain the exact linear frequency equation and the mode

shapes of the continuous system. These mode shapes and linear frequencies are further used

to discretize the partial differential equation using Galerkin’s projection. Unlike conventional

methods, we present an algorithm to feed the instantaneous system frequency in the spatial

parameters to obtain more accurate results and guarantee the convergence of the slider to

an equilibrium point. This algorithm is used to integrate the system numerically to solve

for the system response and the slider position, thus, investigating the effect of self-tuning

absorber on the system response. Parametric studies are also conducted to investigate the

role of different parameters on the system response. Furthermore, the proposed system is

examined experimentally to demonstrate the ability of the system to passively tune itself to

the excitation frequency.

The rest of this paper is organized as follows: In Section 2, we present a description of the

proposed system, its governing equations of motion, and discretize the partial differential

equation. An adaptive algorithm to handle the dynamics evolve in the spatial domain is

presented in Section 3. In Section 4, the simulation results with discussions about the ability

of the resonator to tune itself are presented. This ability is further demonstrated through
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experimental analyses in Section 5. Finally, we summarize our findings in the conclusion.

8.2 System description and mathematical modeling

A schematic of the primary structure along with the self-tuning resonator is depicted in

Fig. 8.1. The primary structure is chosen to be a cantilever beam which is excited at its

fixed end by a base excitation acceleration ¨̄w0. The cantilever beam has a length of a,

thickness tm, width Wm, density ρm, and modulus of elasticity Em. Embedding within the

primary structure, there is a self-tuning resonator to mitigate the system resonance peaks.

This resonator consists of a clamped-clamped beam with the length of ar, thickness tr, width

Wr, density ρr and modulus of elasticity Er. The self-tuning in the resonator is achieved by

a sliding mass, attached to the fixed-fixed beam (as shown in Fig. 8.1), with a total mass of

M .. This mass is free to slide along the resonator beam due to Coriolis and centrifugal forces

to tune the resonator. The governing equations of motion of the structure, the self-tuning

resonator, and the slider can be expressed as:

Figure 8.1: Key components of the self-tuning vibration absorber installed on a structure.
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mm ¨̄wm + EImw̄
′′′′
m = −mm ¨̄w0 (8.1)

m ¨̄wr + EIrw̄
′′′′
r +M [ ¨̄wr + 2 ˙̄s ˙̄w′

r + ¨̄sw̄′
r + ˙̄s2w̄′′

r ]x=s̄ = −mr ¨̄w0

−M ¨̄w0δ(x− s̄) (8.2)

M ¨̄s+Mw̄′
r[ ¨̄wr + 2 ˙̄s ˙̄w′

r + ¨̄sw̄′
r + ˙̄s2w̄′′

r ]x=s̄ = −Mw̄′
r
¨̄w0δ(x− s̄) (8.3)

where w̄m is the displacement of the primary structure, w̄r is the displacement of the res-

onator, s̄ is the displacement of the slider, δ is the Dirac delta function, (̇) is the derivative

with respect to time, and (′) is the derivative with respect to space. Note that the flexural

rigidity EIm, EIr and the mass per unit length mm, mr vary along the structure. Further

discussion on the flexural rigidity and the mass per unit length will be presented in Section

3. To normalize the system, the following dimensionless parameters are introduced

ω2
nm =

EIm
mma4

, ω2
nr =

EIr
mra4

,Mr =
M

mr

, wm = w̄m/a, wr = w̄r/a, s = s̄/a, ζ = x̄/a, τ =
t

a2

√
Em

mm

, .

(8.4)

substituting Eq. 8.4 into Eqs. 8.1-8.3 yields the following normalized equations

ẅm + w′′′′
m = −ẅ0 (8.5)

ẅr +
ω2
nr

ω2
nm

w′′′′
r +Mr[ẅr + 2ṡẇ′

r + s̈w′
r + ṡ2w′′

r ]ζ=s = −ẅ0 −Mrẅ0δ(ζ − s) (8.6)

s̈+ w′
r[ẅr + 2ṡẇ′

r + s̈w′
r + ṡ2w′′

r ]ζ=s = −w′
rẅ0δ(ζ − s) (8.7)
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8.2.1 Galerkin’s projection

In order to simulate our system numerically, we need to dicretize the partial differential

equation given in Eqs. 8.5-8.6 into a system of ordinary differential equations. This can be

done by Galerkin’s projection, which further requires writing the solution of wm, wr as

wm =
∞∑
n=1

ϕnm(ζ)An(τ) (8.8)

wr =
∞∑
n=1

ϕnr(ζ)An(τ) (8.9)

where An(τ) is an unknown function of time for the nth mode, ϕnm(ζ) is the nth mode shape

of the primary structure, and ϕnm(ζ) is the nth mode shape of the resonator. Substituting

Eqs. 8.8-8.9 in Eqs. 8.5-8.6 yields

∞∑
n=1

ϕnm(ζ)Än(τ) +
∞∑
n=1

ϕiv
nm(ζ)An(τ) = −ẅ0 (8.10)

∞∑
n=1

ϕnr(ζ)Än(τ) +
ω2
nr

ω2
nm

∞∑
n=1

ϕiv
nr(ζ)An(τ) +Mr[

∞∑
n=1

ϕnr(ζ)Än(τ) + 2ṡ
∞∑
n=1

ϕ′
nr(ζ)Ȧn(τ)+

s̈
∞∑
n=1

ϕ′
nr(ζ)An(τ) + ṡ2

∞∑
n=1

ϕ′′
nr(ζ)An(τ)]ζ=s = −ẅ0 −mrẅ0δ(ζ − s)

(8.11)

s̈+
∞∑
n=1

ϕ′
nr(ζ)An(τ)[

∞∑
n=1

ϕnr(ζ)Än(τ) + 2ṡ
∞∑
n=1

ϕ′
nr(ζ)Ȧn(τ) + s̈

∞∑
n=1

ϕ′
nr(ζ)An(τ)+

ṡ2
∞∑
n=1

ϕ′′
nr(ζ)An(τ)]ζ=s = −

∞∑
n=1

ϕ′
nr(ζ)An(τ)ẅ0δ(ζ − s)

(8.12)

The reduced order equations can be obtained by multiplying Eq. 8.10 by ϕpm(ζ) and

Eq. 8.11 by ϕpr(ζ), adding them together, integrating over the normalized length, and re-
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calling the orthogonality conditions as

Äp + ω2
pAp +Mrϕp(s)[

∞∑
n=1

ϕn(s)Än(t) + 2ṡ
∞∑
n=1

ϕ′
n(s)Ȧn(t) + s̈

∞∑
n=1

ϕ′
n(s)An(t)+

ṡ2
∞∑
n=1

ϕ′′
n(s)An(t)] = −

∫ 1

0

ϕp(ζ)ẅ0dζ +m1ϕp(s)ẅ0

(8.13)

where ẅ0 = w0 sin(2πft), and ϕr, ϕp are the rth and the pth mode shape of the combined

structure (i.e., the primary structure and the resonator), respectively.

After discretizing the system, the state space form of Eqs. 8.12-8.13 can be solved

numerically in MATLAB. The resulting state-space model has a dimension (2r+2), where r

is the number of modes considered in the simulation. It is noteworthy here that the system

is in the algebraic loop since each derivative is a function of the other derivatives. In order

to solve this system, we need to break the loop by building a matrix for the coefficients of

derivatives on the left hand of the state-space model, then multiplying the state-space model

by the inverse of this matrix. Further, linear viscous damping is added to Eqs. 8.12-8.13 in

the numerical simulation to achieve better convergence.

8.3 Adaptive linear mode shapes algorithm to simulate

the system

In order to simulate the state-space model discussed in the above section, we need to obtain

the space component (i.e., mode shapes) to integrate over the time only. The conventional

approach to solve the current problem is to employ the mode shapes of the bare beam. This

method is known as the assumed mode method and the associated error can be small if the
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mass of attachment is small as compared to the primary beam. However, the error becomes

significant for larger masses and hence, exact mode shapes and orthogonality conditions

need to considered [9, 25, 70]. In the current study, the slider moves along the resonator

till it reaches an equilibrium position. Therefore, the mode shapes and the resonance fre-

quency of the system continuously change as the slider moves. Assuming a fixed mode shape

throughout the numerical simulation may lead to erroneous results and the slider may not

settle down at the correct equilibrium position that tunes the resonator to the excitation

frequency.

Figure 8.2: System portions used in determining the system instantaneous mode shapes.

To obtain the instantaneous exact linear mode shapes (i.e., at the instantaneous slider

position) of the combined structure, the linear equation of motion corresponding to the free

vibration for each portion of the system can be written as

ẅi + ω2
iw

′′′′
i = 0, i = 1, 2, 3...6. (8.14)

with

ω2
i =

EiIi
miL4

i

(8.15)



236 CHAPTER 8. TOWARDS A SELF-TUNING SLIDING-MASS METASTRUCTURE

where Ei is the modulus of elasticity, Ii is the second moment of area, mi is the mass per

unit length, and Li is the length of the ith portion of the structure. To determine the system

natural frequency, we divide the structure into 6 portions as shown in Fig. 8.2. The first

portion stretches from the fixed end of the main structure to the first fixed point of the

resonator. Therefore, it has a length of L1 = x1, modulus of elasticity E1 = Em, mass per

unit length m1 = ρmtmwm, and I1 = 1/12t3mwm. The second and the third portions of the

system stretch parallel to the resonator along both sides on the main structure. These two

portions will be identical and will have L2 = L3 = ar, E2 = E3 = Em, m2 = m3 = ρmtmwm2,

and I2 = I3 = 1/12t3mwm2, where wm2 is the width of each portion. The fourth and the

fifth portions represent the resonator beam and they are divided by the instantaneous slider

position s. Therefore, they both have E4 = E5 = Er, m4 = m5 = ρrtrwr, and I4 = I5 =

1/12t3rwr. However, their length depends on the instantaneous slider position, such that

L4 = s and L5 = ar − s. In order to simplify the model of the resonator, we neglect the slot

in which the slider moves. Finally, the last portion of the system stretches from the end of

the resonator till the end of the structure beam with E6 = Em, L6 = x2, m6 = ρmtmwm, and

I6 = 1/12t3mwm.

8.3.1 Instantaneous linear mode shapes and frequencies

At each instantaneous slider position, we calculate the linear mode shapes and resonance

frequencies by solving for the boundary and continuity conditions (i.e., in this case, we have

4×6=24 conditions). At the fixed end, the two boundary conditions can be defined as

w1(0, τ) = w′
1(0, τ) = 0, (8.16)
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while at the free end, the other two boundary conditions can be expressed as

w′′
6(1, τ) = w′′′

6 (1, τ) = 0. (8.17)

The first set of the continuity conditions are defined at x1 from the fixed end. In

particular, these continuity conditions are defined between the end of the first portion (i.e.,

at x1) and the beginning of the second, third, and fourth portion. These continuity conditions

are

w1(x1, τ) = w2(x1, τ) = w3(x1, τ) = w4(x1, τ), (8.18)

w′
1(x1, τ) = w′

2(x1, τ) = w′
3(x1, τ) = w′

4(x1, τ), (8.19)

E1I1w
′′
1(x1, τ) = E2I2w

′′
2(x1, τ) + E3I3w

′′
3(x1, τ) + E4I4w

′′
4(x1, τ), (8.20)

E1I1w
′′′
1 (x1, τ) = E2I2w

′′′
2 (x1, τ) + E3I3w

′′′
3 (x1, τ) + E4I4w

′′′
4 (x1, τ). (8.21)

The second set of continuity conditions are defined between the fourth and the fifth

portion at the slider position (i.e., x1 + s). These conditions are

w4(x1 + s, τ) = w5(x1 + s, τ), (8.22)

w′
4(x1 + s, τ) = w′

5(x1 + s, τ), (8.23)

w′′
4(x1 + s, τ) = w′′

5(x1 + s, τ), (8.24)

E4I4w
′′′
4 (x1 + s, τ) = E5I5w

′′′
5 (x1 + s, τ) +mrẅ4(x1 + s, τ). (8.25)

Finally, the last set of continuity conditions are defined at the end of the resonator

beam (i.e., x1 + ar). Particularly, between the beginning of the sixth portion and the end of
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second, third, and fifth portion. The conditions are

w6(x1 + ar, τ) = w2(x1 + ar, τ) = w3(x1 + ar, τ) = w5(x1 + ar, τ), (8.26)

w′
6(x1 + ar, τ) = w′

2(x1 + ar, τ) = w′
3(x1 + ar, τ) = w′

5(x1 + ar, τ), (8.27)

E6I6w
′′
6(x1 + ar, τ) = E2I2w

′′
2(x1 + ar, τ) + E3I3w

′′
3(x1 + ar, τ) + E5I5w

′′
5(x1 + ar, τ), (8.28)

E6I6w
′′′
6 (x1+ ar, τ) = E2I2w

′′′
2 (x1+ ar, τ)+E3I3w

′′′
3 (x1+ ar, τ)+E5I5w

′′′
5 (x1+ ar, τ). (8.29)

Since the aim is to determine the instantaneous linear mode shapes, the solution of each

portion can be written as

wi = Xi(ζ) exp
jωτ (8.30)

where Xi(ζ) is the linear mode shape and can be written as

Xi(ζ) = Ai sin(βiζ) +Bi cos(βiζ) + Ci sinh(βiζ) +Di cosh(βiζ) (8.31)

where βi =
√
ωiω.

Upon imposing Eqs. 8.30-8.31 into Eqs. 8.16-8.29, the instantaneous mode shapes and

frequencies of the system can be determined by solving the resulting system.

8.3.2 Adaptive algorithm to update the system spatial status

As mentioned in Sec. 2, the spatial parameters (i.e., the mode shapes and frequencies) need

to be imposed in the system before integrating the system numerically over time. However,

as the slider moves along the beam, the spatial parameters will change and hence, assuming

a fixed value may result in erroneous results. Therefore, we need to update the value of
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the spatial parameters to adapt the instantaneous slider position as the integration time

evolves. To overcome this problem, one can determine the spatial parameters at each time

step based on the instantaneous slider position inside an anonymous function that is called

by MATLAB solver. Then, the calculated parameters will be fed into the state-space model

and integrated numerically. However, this algorithm is computationally expensive since it

needs to determine the system’s natural frequency at each step. For a simple system with

only one resonator, one can evaluate all possible frequencies and mode shapes by sweeping

the slider position over the resonator with a small step and save the obtained data set prior

to simulation. In addition, obtaining the data set can be done by parallel computation using

multiple nodes. Since the slider may pass the same position at different time steps, deter-

mining the spatial parameter at each frequency step is computationally expensive. Instead,

the data set can simply be called once for all time steps and the spatial parameters can be

picked based on the instantaneous slider position from the previously obtained data set. The

latter approach can reduce the computation time significantly for this simple case; however,

it may not be practical to obtain the data set when we have multiple self-tuning resonator

on the structure. Indeed, the size of the data set will be increased dramatically for the case

of multiple resonators.

Another algorithm that can further reduce the computational effort is updating the

spatial parameters at a time step larger than the simulation time step. For instance, if we

run a simulation for 100 second with a time step 0.001 second (please note that the time

step in MATLAB built-in integrator is adaptive, and it can be much smaller than this to

get the simulation converging), we update the spatial parameters every 0.1 seconds. This

assumption can be valid since the dynamic of the slider is usually slower than the dynamic of

the system. Therefore, the simulation cost can be further reduced regardless of the algorithm

used in the previous paragraph. Although this algorithm affects the accuracy of the transient
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Table 8.1: System key parameters.

Parameter Value Unit Parameter Value Unit
a 0.1397 m ρr 7860 kg/m3

tm 0.0032 m ρm 2700 kg/m3

wm 0.0318 m Em 68.9 GPa
ar 0.0746 m Er 207 GPa
tr 0.3048 mm x1 0.0494 m
wr 9.5 mm x2 0.0156 m
M 7.4 g wm2 0.0103 m

response, it neither affects the equilibrium slider position nor the steady-state response.

8.4 Numerical demonstration

In this section, the results are presented for the combined structure shown in Figs. 8.1-8.2

to study the effect of self-tuning resonator on the structural vibration response. We also

try to explore if the current model can represent an effective passive alternate system. The

parameters of the simulated structure are shown in Table 8.1, where the primary structure

is made from aluminum alloy while the resonator is made from spring steel.

8.4.1 Resonator and system linear frequencies

Based on the parameters listed in Table 8.1, we determine the resonance frequencies of the

resonator beam with clamped-clamped ends and show the results in Fig. 8.3 for different

slider positions. From Fig. 8.3, we can observe that the resonator beam can exhibit a

wide range of frequencies at different vibration modes for different slider positions. For

instance, it ranges from 82.2 Hz to 288.8 Hz at the first vibration mode for different slider

positions (as shown in Fig. 8.3(a)). This observation further implies that the resonator

can handle a wide range of frequency bands unlike conventional tuned spring-mass systems.
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Moreover, the current model of the resonator also covers a wide frequency range at higher

modes (as shown in Figs 8.3(b), (c), and (d)), while the frequency range where the resonator

does not have any resonance frequency, in between the modes resonance frequency range, is

narrow. This also indicates that the proposed resonator can be operated at a wider ranges of

frequencies to cancel higher resonance peaks. It is noteworthy that the resonator has multiple

potential equilibrium points at each point excluding frequencies at the local minima and

maxima of the curve. These equilibrium positions depend on the initial conditions and the

boundary condition of the resonator and resonator. The number of equilibrium positions for

the clamped-clamped resonator could be up to twice the nth resonance mode. For instance,

for the third vibration mode, there are six equilibrium positions, as shown in Fig. 8.3(c).

Again, we neglected the slot inside the resonator beam in our simulations to simplify our

model as our goal is to prove the self-tunability concept of our structure and record the

achieved broadband vibration attenuation.

Next, we investigate the resonance frequencies for the whole structure (i.e., the cantilever

beam with the self-tuning resonator). The frequencies corresponding to the first four modes

of the combined structure are shown in Fig. 8.4 for all possible slider positions. These results

demonstrate the significant dependency of the structure’s resonance frequencies on the slider

position. For instance, the first vibration mode of the structure ranges from 77.5 Hz to 136.4

Hz, as depicted in Fig. 8.4(a). This variance in the structure’s resonance frequency may

stretch over several hundred Hz at some vibration modes, as shown in Figs. 8.4-(b)-(c).

These results also show the presence of multiple equilibrium positions at some frequency

values. However, the slider will track the equilibrium positions of the single resonator to

tune it as discussed below. Note that the frequency curve is not symmetric about the middle

point of the resonator beam as the primary structure has different boundary conditions at

each end, and the resonator’s center point does not coincide with the center point of the
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(a) (b)

(c) (d)

Figure 8.3: Resonance frequencies for resonator beam only at different slider positions: (a)
First mode; (b) Second mode; (c) Third mode; (d) Fourth mode.
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structure. Therefore, the system may exhibit more equilibrium points at lower vibration

modes than higher modes at specific frequencies, as shown in Fig. 8.4(a). An example of the

mode shape is shown in Fig. 8.5 for the first vibration mode corresponding to a specific slider

position, s = 0.5ar. At this position, the system has the minimum resonance frequency in

the first vibration mode, as shown in Fig. 8.4-(a). Although the combined structure mode

shape appears to have the first mode shape of a cantilever beam, the resonator mode shape

seems to be different from the primary structure mode shape and has a vibration amplitude

higher than any part of the primary structure.

(a) (b)

(c) (d)

Figure 8.4: Resonance frequencies for the combined structure at different slider positions:
(a) First mode; (b) Second mode; (c) Third mode; (d) Fourth mode.

Finally, we plot the resonance frequencies of the first and the second vibration modes

of the combined structure and compare it with the first vibration mode of the resonator for
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Figure 8.5: The first mode of the combined structure at slider position s = 0.5ar; different
system’s portions highlighted in Fig. 8.2 (i.e., wi are demonstrated in the legend in the
addition to the slider; however, the y-axis represents the structure displacement (i.e., w).

different positions of the slider, as shown in Fig. 8.6. The result shows that the resonator

resonance frequencies lie between the first and second vibration modes’ of the structure.

Indeed, the presence of the resonator can lead to a split in the first resonance peak of the

bare structure (i.e, without the resonator) into the two modes as shown in Fig. 8.6. In

addition, it can be observed that the resonance frequency curve of the resonator does not

intersect with the resonance frequency curves of the structure. Therefore, if the resonator

is tuned to the excitation frequency and the slider reaches the equilibrium position, the

structure will not go under resonance as both resonance modes are away from the excitation

frequency at this equilibrium position.
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Figure 8.6: Comparison between the combined structure mode shapes and the resonator at
different slider positions.

8.4.2 Simulation results

Based on the system parameters given in Table 8.1, we numericaly integrate the discretized

system using the different algorithms discussed in Section 3.2. In this analysis, we focus on

the first resonance mode of the resonator, which ranges from 82.2 Hz to 288.8 Hz.

Firstly, we determine the mode shapes and resonance frequency of the combined struc-

ture at the anticipated steady-state position (i.e., the equilibrium position) for a specific

excitation frequency. Then, we numerically integrate the system by assuming a fixed mode

shape. Secondly, we obtain the instantaneous linear frequencies and mode shapes and save

them in a data set. Then, this data set is called in the numerical integration simulations at

different excitation frequencies. Finally, we assume that the change in the slider position is

slower than the system dynamics. Therefore, we update the mode shapes every 0.1 seconds

and use the final state of this slow time step as initial conditions for the next simulation/time-

step. The results of these three different methods for the slider position are shown in Fig. 8.7.
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The results indicate that the assumed mode method may fail in determining the steady-state

position of the slider accurately. Indeed, the assumed mode method shows that the slider

can move to either ends of the slot i.e., either s = 0.05ar or s = 0.95ar (more details on

the tracking of equilibrium position is discussed in the experimental section). On the other

hand, the other algorithms show that the slider settles down almost at the same steady-state

position with some discrepancies limited to the transient response. However, the simulation

time for the semi-variable modes algorithm is significantly lower as compared to the variable

mode method, which updates the instantaneous mode shapes at every time step. Therefore,

we will use the semi-variable algorithm in all subsequent simulations in the current study.

Figure 8.7: Comparison of equilibrium position of slider using different algorithms; Vari-
able modes: updating the mode shapes at every time step, semi-variable modes: updating
the modes at a larger time step, fixed modes: using assumed fixed mode shapes. Other
parameters for simulation are s0 = 0.5/ar, f = 90Hz, w0 = 0.1g, n = 3.

In order to determine the sufficient number of mode shapes that yield accurate results,

we simulate the system with different numbers of mode shapes and plot the results in Fig. 8.8.

The results demonstrate that including only one mode shape in the analyses yields inaccurate
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Figure 8.8: The effect of the considered mode shapes in the simulation on the results. Other
parameters for simulation are s0 = 0.5/ar, f = 90Hz, w0 = 0.1g.

results as compared to including three modes. However, increasing the number of considered

modes beyond three does not significantly affect the simulation results except increasing the

computation cost significantly. Thus, we will consider only the nearest three mode shapes

from the excitation frequency in further analyses.

Having established the number of mode shapes required for simulations, next we inves-

tigate the slider response by dividing the frequency range of the resonator and the combined

structure into three regions. For the low-frequency region, the variations in slider positions

for different excitation frequencies are shown in Fig. 8.9. First, we excite the system at a

frequency below the frequency ranges of both the resonator and the combined structure, as

shown in Fig. 8.6. In this case, the slider does not track any equilibrium position within

these frequency ranges; instead, it settles down near the free end of the structure, which

represents a vibration anti-node of the structure, as shown in Fig. 8.9(a). Increasing the

excitation frequency slightly to a frequency within the range of the combined structure and
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outside the range of the resonator shows that the slider will track an equilibrium position

near the middle of the resonator, as depicted in Fig. 8.9(b)-(c). It is noteworthy that the fre-

quency does not hit the exact equilibrium position here due to numerical error in frequency

calculations, where the frequency-position in this region has a small slope that differs the

slider position significantly with small change in frequency calculations. This position tunes

the structure to resonance instead of the resonator and results in a significant increase in the

structure’s tip displacement, as shown in Fig. 8.10(a). Increasing the excitation frequency

to 85 Hz, which lies within the resonance frequency range of the resonator, shows that the

slider starts to tune itself to the applied excitation frequency, as shown in Fig. 8.9(d). Al-

though the steady-state position of the slider does not precisely coincide with the resonator

frequency curve, it neither coincides with the resonance frequency curve of the structure.

Thus, the tip displacement will be reduced significantly as the slider reaches its equilibrium

position, as shown in Fig. 8.10(b).

Next, we focus on the frequency region close to the region where the structure does

not have any resonance frequency and plot the slider positions and the tip displacements

for different excitation frequency, and are shown in Figs. 8.11 and 8.12, respectively. As the

frequency increases toward the region where the slider and the structure frequency-position

curves start departing from each other, the slider tracks an equilibrium position which tunes

itself to the resonance, as shown in Figs. 8.11(a)-(b). Note that this position is away from

the equilibrium position that tunes the whole structure to resonance. This phenomenon will

also lead to a gradual reduction in the tip displacement as the slider reaches its equilibrium

position, as depicted in Fig. 8.12(a). The reduction observed in this figure is more significant

as compared to the low-frequency region, as shown in Fig. 8.10(b). In Fig. 8.11, as we

move our excitation frequency inside the region where only the resonator has resonance

frequencies, we observe that the slider tracks the equilibrium positions which tunes it to
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Y: 77.51

(a)

X: 0.478

Y: 77.99

(b)

X: 0.434

Y: 80.05

(c)

X: 0.4244

Y: 84.99

X: 0.378

Y: 84.99

(d)

Figure 8.9: Slider position at different excitation frequencies: (a) f=77 Hz; (b) f=78 Hz; (c)
f=80 Hz; (d) f=85 Hz, with w0 = 0.1g.

(a) (b)

Figure 8.10: Tip displacement of the primary structure at different excitation frequencies:
(a) f=78 Hz; (b) f=85 Hz, w0 = 0.1g.
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the applied excitation frequency. This observation is also supported by the absence of any

resonance frequency for the combined structure for all possible slider positions in this region.

Inside this region, the tip displacement becomes significantly low when the slider reaches the

equilibrium position as compared to the response at other slider location, as can be seen in

Fig. 8.12 b). As the excitation frequency increases above this range (see Figs. 8.11(e)-(f)),

where the structure’s second vibration mode does have resonance frequency along with the

resonator, the slider still tracks an equilibrium position that tunes itself to the excitation

frequency rather than the combined structure resonance frequency. However, the steady-

state displacement of the system gradually increases at the equilibrium position as compared

to other slider positions and the results in the low-frequency region (see Figs. 8.12 (c)-(d)).

Finally, we excite the structure at frequencies within the region where the slider and com-

bined structure frequency-position curves are closer and the results are shown in Figs. 8.13-

8.14. In this region, the slider still tracks equilibrium positions that tune it to the excitation

frequency, as shown in Fig. 8.13(a)-(b). However, Fig. 8.13(c) demonstrates that the frequen-

cies of the resonator and the combined structure become closer by increasing the excitation

frequency to around 230 Hz. Yet the slider equilibrium position is closer to tune the resonator

rather than the combined structure. This further leads to reducing the vibration attenuation

recorded at the tip as the slider moves along the slot, as depicted in Fig. 8.14(a). Indeed,

this increase in the steady-state response increases with the increase in the excitation fre-

quency in this region. With further increase in the excitation (i.e., above 230 Hz), the slider

does not track an equilibrium position anymore. Indeed, Figs. 8.13(e)-(f) indicates that the

slider equilibrium position does not match the anticipated position highlighted in the small

windows. Moreover, the slider’s equilibrium position approaches the mid slot point, which

might be close to an anti-node of higher vibration modes. This miss tuning yields a signifi-

cant increase in the steady-state response as compared with the slider at other locations, as
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Figure 8.11: Slider position at different excitation frequencies: (a) f=110 Hz; (b) f=130 Hz;
(c) f=140 Hz; (d) f=145 Hz; (e) f=150 Hz; (f) f=155 Hz, w0 = 0.1g.
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(a) (b)

(c) (d)

Figure 8.12: Tip displacement of the primary structure at different excitation frequencies:
(a) f=130 Hz; (b) f=140 Hz; (c) f=150 Hz; (d) f=155 Hz, w0 = 0.1g.
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shown in Fig. 8.14(b).

8.5 Experimental demonstration of self-tunability

In order to verify the analytical observations, we conduct an experiment on a prototype

representing the proposed structure. This prototype is shown in Fig. 8.1, and its dimensions

are given in Table 8.1. It is noteworthy that we changed the total length of the primary

structure to a = 0.131 m instead of the values given in Table 8.1. This change in length

should shift the structure’s frequencies up. As we recall from our analytical analyses, we

neglected several parameters in our calculations. These parameters include the slot where

the slider moves and the slider dimensions. However, we emphasize that these parameters

should not significantly affect our qualitative study.

To study the effect of these parameters, we conduct frequency analyses using SolidWorks

and report the resonance frequencies of the structure and the resonator only at different

slider positions. The obtained resonance frequencies from both analytical simulations and

Solidworks are tabulated in Table 8.2. Although neglecting the resonator parameters can

cause some errors in both the structure and the resonator frequencies, the results show similar

behavior in the frequency trend for both the structure and the resonator. In particular, the

first resonance frequency increases with moving the slider toward the fixed end inside the

slot, where it ranges from 70.65 Hz to 145.11 Hz. In addition, the second mode frequency also

follows the same trend, where it ranges from 150.64 Hz to 377.84 Hz. It can be observed that

the values of the second resonance frequency for the slider position between 0.25-0.5 ar/a are

close to each other. This observation can be explained by the plateau curve in this region,

as it was observed in Fig. 8.6, in addition to numerical errors in simulations. In general, the

upper limit of the frequencies for different modes went up due to a reduction in the length
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Figure 8.13: Slider position at different excitation frequencies: (a) f=160 Hz, w0 = 0.2g; (b)
f=180 Hz, w0 = 0.3g; (c) f=200 Hz, w0 = 0.5g; (d) f=230 Hz, w0 = 0.8g; (e) f=250 Hz,
w0 = 0.8g; (f) f=280 Hz, w0 = 0.8g.
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(a) (b)

Figure 8.14: Tip displacement of the primary structure at different excitation frequencies:
(a) f=200 Hz, w0 = 0.5g; (b) f=250 Hz, w0 = 0.8g.

of the primary structure, while the lower limit went down due to an increase in the mass

ratio of the slider to the resonator as we remove the slotted mass and include the dimension

of the slider in the simulation. On the other hand, the frequency region where the structure

does not have any resonance frequencies (i.e., between the first and the second modes) was

also reduced due to the reduction in the effective mass of the resonator by eliminating the

slotted mass. However, the qualitative trends stayed similar to the analytical model.

The experimental setup of the proposed structure is shown in Fig. 8.15. The structure

is excited by an electromagnetic shaker (LDS V408). This excitation is represented by a

base excitation. The structure is fixed to the shaker from its fixed end using a fixture with

a resonance frequency much higher than the investigated frequency range. The applied base

excitation is measured by an accelerometer (PCB 356A16) fixed at the fixture. To avoid any

mass addition on the free end of the structure, which may change the system frequency, we

use a Polytec Laser Doppler Vibrometer (Polytec PSV-500) to record the structure response.

The laser beam is pointed at the tip of the structure’s free end. The velocity of the slider

is also measured using Polytec Laser Doppler Vibrometer (Polytec PSV-500). This signal is

further integrated to obtain the displacement of the slider by applying a low pass filter that
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Table 8.2: Resonance frequencies for the primary structure and the resonator obtained by
SolidWorks.

2*Position
s/ar

Structure
1st mode (Hz)

Structure
2nd mode (Hz)

Resonator
1st mode (Hz)

SolidWorks Analytical SolidWorks Analytical SolidWorks Analytical
0.5 70.65 78.15 150.64 177 72.68 82.2
0.33 74.07 92.97 150.49 176 75.75 97.11
0.25 84.20 113.2 150.04 180.8 86.07 123.1
0.19 114.6 135.1 151.28 195.6 118.65 158.8
0 145.11 157 377.84 298.3 377.04 288.7

avoids error build-up in the integration due to noise. The signal generated by these sensors

is recorded and analyzed using (Polytec DAQ). The DAQ is also used to generate the input

profile which is amplified using an amplifier (LPA100) that drives the shaker.

Figure 8.15: Key components of the experimental setup.

First, we record the slider displacement, which is free to move along the slot, by applying

a sinusoidal signal with different frequencies and placing the slider at different initial posi-

tions. Note that we focus on demonstrating the qualitative analytical observations without

paying attention to the exact quantitative part. This is because our analytical investigation

neglected some design parameters and the effect of friction, which is beyond the scope of
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the current analysis. The slider position is measured from its starting position till it reaches

the equilibrium position. These measurements are shown in Fig. 8.16 for different excitation

frequencies. For the low-frequency region, we conducted a test at 90 Hz. The results show

that the slider settles down at the equilibrium position and stays there as time evolves, as can

be seen in Fig. 8.16. Indeed, this new equilibrium position tunes the resonator to the applied

excitation frequency and should result in significant decrease in the tip displacement (this

observation is supported by experimental results for the tip displacement shown in Fig. 8.17).

These results show a qualitative analogy with the analytical results shown in Figs. 8.9(d) and

8.10(b). Next, we examine the middle-frequency region by exciting the system at 110 Hz,

120Hz, and 130 Hz. With increase in the frequency, the slider tends to track an equilibrium

position closer to the fixed end. This observation also shows a good agreement with the

analytical results. Finally, we study the high-frequency region by exciting the system at 230

Hz. At this frequency, the slider tends to move to an equilibrium position near the other

end of the beam. Yet it still tunes the system to the excitation frequency.

Figure 8.16: Measured slider position at different excitation frequencies.
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Next, we report the the experimental time response of the tip displacement for various

parameters in Fig. 8.17, where sstart is the initial position of the slider and send is the equilib-

rium position of the slider. For high-frequency region (Fig. 8.17(a)), the results indicate that

the tip displacement increases as the slider reaches its equilibrium position. This observation

can be justified as frequencies of both the resonators and the structure are close to each other

in this region (see Fig. 8.6). Therefore, the slider keeps hitting the resonance frequency of

the structure as it oscillates around its equilibrium position ( send = 0.9ar in the case at 230

Hz), leading to high amplitude oscillations of the tip. This observation shows a good agree-

ment with the analytical observation reported in Fig. 8.14(b). However, for regions where

the frequencies of the slider and the structure are away from each other, one can observe a

reduction in the response as the slider settles down at its equilibrium position, as shown in

Fig. 8.17(b) for excitation frequency equal to 145 Hz. We emphasize here that the recorded

reduction is not significant since the slider in this case approaches its equilibrium position

from the left (its initial position is to the left from the equilibrium position as depicted in

Fig. 8.6). Therefore, it does not hit any resonance frequency for the structure on its way.

Moreover, the response for this initial position is lower. On the other hand, a significant

reduction can be observed in the tip displacement as the slider approaches its equilibrium

position from the right side, as shown in Figs. 8.17(c)-(d). By lowering the excitation fre-

quency to 60 Hz (Fig. 8.17(e)), the slider tracks the middle point as an equilibrium position,

indicating that the minimum frequency of the resonator obtained experimentally is around

60 Hz. At this frequency, a significant reduction can also be observed in the tip displace-

ment as the slider settles down at its equilibrium position. Further, it can be observed from

Figs. 8.17(a)-(e) that the final equilibrium position of the slider tends to move from 0.9ar to

0.5ar as we reduce the excitation frequency from 230 Hz to 60 Hz. This observation is similar

to the experimental observations shown in Fig. 8.16 and the analytical observations shown in

Figs. 8.9,8.11, and 8.13. In addition, the observed reduction in the structure displacement,
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as the slider tunes the resonator, corroborates our analytical observations about the self-

tuning capability of the proposed resonator, which was demonstrated in Figs. 8.10,8.12, and

8.14. Finally, we show the tip displacement of the system at frequency below the resonator

frequency range (i.e., 55 Hz) in Fig. 8.17(f). The results show that the system response is not

attenuated at all times and slider positions. In addition, the slider tracks an unanticipated

equilibrium point. These two observations also show a good agreement with the analytical

results in Fig. 8.9(a) and Fig. 8.10(a).

8.6 Discussion

Analytical and experimental investigations demonstrate the ability of the proposed self-

tuning resonator to tune itself to the excitation frequency over a wide range of frequencies.

This range can be controlled by optimizing the resonator and structure design. For instance,

increasing the effective mass of the resonator can further split the resonance frequency modes

of the structure. However, our analyses showed the presence of some frequencies, in par-

ticular very low and high-frequency regions (defined in the previous section), where the

resonator may not be able to tune itself. Therefore, integrating the current passive system

with an external actuator, which forces the resonator to perfectly tune itself and reduces

its oscillation at the equilibrium position, may significantly widen the frequency band that

can be controlled by this resonator. Assuming that the resonator can always tune itself to

its equilibrium position (i.e., in perfect operation conditions), we determine the steady-state

response of the proposed structure and compare it to the fixed frequency resonator. These

FRFs are shown in Fig. 8.18. The results demonstrate the superiority of the self-tuning

resonator as compared to the fixed frequency resonator in terms of structure response at a

wide range of frequencies. Moreover, no sharp high amplitude peak can be observed within
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(a) (b)

(c) (d)

(e) (f)

Figure 8.17: Test measurement of the tip displacement: (a) f=230 Hz, sstart = 0.8ar, send =
0.9ar, w0 = 6g; (b) f=145 Hz, sstart = 0.74ar, send = 0.86ar, w0 = 0.6g; (c) f=100 Hz,
sstart = ar, send = 0.8ar, w0 = 1.37g; (d) f=70 Hz, sstart = 82ar, send = 0.66ar, w0 = 1.44g;
(e) f=60 Hz, sstart = 0.77ar, send = 0.52ar, w0 = 1g; (f) f=55 Hz, sstart = 0.77ar, send = 0.6ar,
w0 = 1g.
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the target frequency. Finally, the present study is focused on the first mode resonance

frequency range of the resonator; however, higher frequency modes are also worthy of in-

vestigation given that some of them can stretch over several hundred of hertz. Again, this

range may be controlled by changing the design parameters.

Figure 8.18: FRF comparison between the self-tuning resonator and the fixed resonatorat
0.5s/ar.

8.7 Conclusion

This paper detailed the analysis and modeling of a self-tuning resonator for vibration atten-

uation applications. This resonator takes the form of a fixed-fixed beam, which is integrated

within a holding structure. The holding structure needs to be controlled in order to alleviate

its dynamical response, with self-tuning facilitated by a sliding mass. This mass was free to

move along a slot in the resonator’s beam, changing the resonator’s natural frequency. There-

fore, it can tune the resonator to the applied excitation frequency once it settles down at an
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equilibrium position. This can lead to broadband vibration attenuation in the holding struc-

ture. We presented the governing equation of motion for the primary structure, resonator,

and sliding mass. The system dynamics show the presence of coupling between the slider

and the resonator. The coupling terms that move the slider were defined as the Coriolis and

centrifugal forces. The system was then discretized in a system of ODEs using Galerkin’s

projection. Unlike previous studies, we used exact linear instantaneous mode shapes and

frequencies in solving the problem to increase the accuracy. We also presented an adaptive-

mode shapes algorithm to tackle the problem. The algorithm was optimized to reduce the

simulation time and guarantee converging to an equilibrium position. Then, the system was

numerically simulated based on the proposed design parameters. The instantaneous system

frequencies showed that the resonator resonance frequencies can stretch over a wide range

of frequencies depending on the slider position. This demonstrated a good potential for the

proposed passive resonator to be used as a vibration absorber with a wide frequency band

as compared to other conventional passive mechanisms, which has narrow frequency band.

Over this wide frequency range, the slider showed the ability to settle down at equilibrium

position that tunes the resonator to the excitation frequency. The results also demonstrated

a significant reduction in the structure response as the slider reaches the equilibrium position.

Only very low and high frequency regions were excluded from this observation, where the

slider track equilibrium positions different from the anticipated equilibrium points. These

positions may be examined by including the investigation of higher modes unlike the current

study where it focused on the lower vibration mode only. The analytical observations of the

self-tunability was also supported by experimental results, particularly, in determining the

effective regions of the proposed absorber. Overall, the proposed passive absorber can work

over a wide frequency range as compared to conventional tuned spring-mass dampers with

completely eliminating the sharp peaks in frequency response.
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Conclusions and future work

9.1 Conclusion

This dissertation investigated the nonlinear wave propagation phenomena in nonlinear meta-

materials by considering chain’s and local resonator’s nonlinearities. The research work dealt

with three main topics. In the first part, nonlinear metamaterials with multiple local res-

onators were investigated. The second part of this dissertation discussed the electromechan-

ical coupling in locally resonant nonlinear metamaterials and proposed a high symmetric

electromechanical diode. The last part of this dissertation proposed a passive self-tuning

metastructure using sliding mass mechanism. The major findings of these research topics,

presented in this dissertation, are summarised as follows

• Nonlinear metamaterial consisting of a nonlinear chain with multiple nonlinear local

resonators were studied. Analytical dispersion relations was derived using the method

of multiple scales and validated numerically. These dispersion relations can provide an

insight into the wavelength limits affected by the source and type of nonlinearity. The

Spectro-Spatial wave features were also investigated by further processing the signals

obtained numerically. The results demonstrated that the chain’s nonlinearity could

lead to the development of solitary waves and significant frequency shift limited to the

medium-wavelength limit. On the other hand, the local resonator’s nonlinearity can

263
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also show the birth of solitary waves and significant frequency shift; however, this shift

can be extended to the long-wavelength limit. Furthermore, the results demonstrated

that the wave distortion associated with resonator nonlinearity can be controlled by

tuning the nonlinear resonator frequency. These observations were further demon-

strated by a computational study using ANSYS APDL.

• The effect of electromechanical coupling in the local resonator in nonlinear metamate-

rials was investigated. The study for both sources of nonlinearity (i.e., chain and local

resonator) was presented.

• Analytical dispersion relation was obtained using perturbation techniques to study

the effect of electromechanical coupling on the dispersion curves. Analytical results

showed that the band structure can be altered only for a strong electromechanical

coupling case. Therefore, a weak electromechanical coupling can allow the use of this

metamaterials for simultaneous energy harvesting and vibration attenuation with no

effect on the bangap size.

• Spectro-Spatial features investigations showed the birth of high amplitude localized

solitary waves that can enhance energy harvesting and sensing for both sources of

nonlinearity. However, these solitary waves were more pronounced in the case of chain

nonlinearity. Spectro-Spatial analyses also demonstrated a substantial frequency shift

in the output voltage signal for both sources of nonlinearity. In particular, the chain’s

nonlinearity can show a significant frequency shift limited to the medium-wavelength

limit. However, the resonator’s nonlinearity can demonstrate a similar shift at the

long-wavelength limit and the medium-wavelength limit.

• The observations of significant frequency shift in nonlinear electromechanical metama-

terials were employed for the design of electromechanical diode. This diode can allow
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voltage harvesting from external disturbances in only one direction and block it in the

other direction.

• The proposed electromechanical diode was constructed by combining the linear and

nonlinear chains with electromechanical local resonators. The proposed diode does

not only have a high asymmetric ratio, but also has a high transmission ratio for the

forward configuration. Yet the proposed electromechanical diode can harvest energy

and sense better than symmetric systems due to the birth of localized (solitary) waves.

• Different key parameters of the diode design were investigated. The results demon-

strated that the operation range can be controlled through changing design parameters

and selecting the source of nonlinearity. Particularly, the resonator’s nonlinearity can

exhibit a wider operation range within the long and medium-wavelength limits un-

like the chain’s nonlinearity, which limits the operation range to regions around the

medium-wavelength limit.

• Design guidelines also showed that the bandgap’s boundaries should be tuned around

the operation frequency, in general, to avoid extending its size to the short-wavelength

region and allow shifted frequency components to propagate in the forward configura-

tion.

• A passive self-tuning resonator was investigated. The self-tunability was obtained by

a sliding mass that moves along the resonator as the resonator vibrates. This slider

moves itself to an equilibrium position to tune the resonator to the applied excita-

tion frequency. Inspired by the capability of the self-tuning resonator, we integrated

this resonator with a holding structure in order to investigate its vibration mitigation

performance.

• The governing equations of motions of the holding structure, resonator, and the sliding
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mass were presented and discretized into a system of ODE’s using Galerkin’s projection.

• Since the system spatial parameters (i.e., mode shapes and frequencies) vary over

time as the slider moves toward its equilibrium position, an adaptive algorithm, to

update the spatial parameters in numerical integration, was introduced to increase the

simulation accuracy and minimize the simulation cost.

• Investigations of instantaneous exact mode shapes and frequencies revealed that the

resonator’s frequencies stretch over a wide range of frequencies as the slider moves

along the resonator’s beam.

• Analytical results indicate that the slider tracks an equilibrium position to tune the

resonator to the applied excitation frequency. This can lead to significant vibration

reduction in the system response for a wide range of frequencies. This reduction was

also demonstrated experimentally to support the analytical findings.

9.2 Future work

Based on the research work and findings presented in this dissertation, the following insights

are proposed for future work

• Analytical analyses have shown the possibility to widen the operation of electrome-

chanical diode by considering resonator nonlinearity. I am planning on conducting

experimental to demonstrate the performance of the electromechanical diode and the

possibility of operating the system at the long-wavelength limit.

• Extending our investigations on nonlinear metamaterials to quasiperiodic metamateri-

als. This includes deriving the analytical expressions for nonlinear dispersion relations



9.2. FUTURE WORK 267

and employing spectro-spatial analyses to reveal other interesting nonlinear wave prop-

agation phenomena.

• Studying the feasibility of energy harvesting in linear and nonlinear quasiperiodic struc-

tures. This is motivate by the presence of localized mode shapes in quasiperiodic

structures. Therefore, we anticipate harvesting most of the power by installing the

harvester at the cells with high amplitude in the localized modes.

• Including the effect of slider friction in our model to enhance the accuracy of our model

of self-tuning resonator.

• Integrating the passive self-tuning system with control system to enhance the stability

and robustness of the slider while it tracks the best equilibrium position.

• Extending the single cell model of self-tuning resonator to periodic and quasiperiodic

configurations in order to study the wave propagation in this structure and the possi-

bility of developing self-tuning metamaterials.

• Integrating the self-tuning resonator in simultaneous vibration attenuation and en-

ergy harvesting applications. This can also generate the required power to operate

controllers for more robust tracking for the equilibrium position.
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Appendix A

A.1

In order to handle the problem using the method of multiple scales, we assume the system is

weakly nonlinear (i.e., assuming α = ϵα, and αr = ϵαr). Therefore, the first order expansion

can be written as

un(t, ϵ) = un0(T0, T1) + ϵun1(T0, T1) + o(ϵ2) (A.1)

yn(t, ϵ) = yn0(T0, T1) + ϵyn1(T0, T1) + o(ϵ2) (A.2)

vn(t, ϵ) = vn0(T0, T1) + ϵvn1(T0, T1) + o(ϵ2) (A.3)

where T0 = τ and T1 = ϵτ are the fast and slow time scales, respectively, while ϵ is a small

dimensionless parameter.

In addition, the partial derivative with respect to the defined time scales can be ex-

pressed using the chain rule as

( ˙ ) = D0 + ϵD1 + ... (A.4)

(¨) = D2
0 + 2ϵD0D1 + ... (A.5)

Substituting Eqns. (A.1)-(A.5) into Eqns. (7.5)-(7.7) and separating the terms of similar
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coefficient at orders ϵ0 and ϵ leads to

order ϵ0

D2
0un0 + 2un0 − u(n−1)0 − u(n+1)0 + k̄Ω2

0D
2
0(yn0 + un0) = 0 (A.6)

Ω2
0D

2
0yn0 + yn0 − α1vn0 = −Ω2

0D
2
0un0 (A.7)

α2D0vn0 + vn0 + α3D0yn0 = 0 (A.8)

order ϵ1

D2
0un1 + 2un1 − u(n−1)1 − u(n+1)1+

k̄Ω2
0D

2
0(yn1 + un1) = −2k̄Ω2

0D0D1(yn0 + un0)−

2D0D1un0 − α(un0 − u(n−1)0)
3 − α(un0 − u(n+1)0)

3

(A.9)

Ω2
0D

2
0yn1 + yn1 − α1vn1 = −Ω2

0D
2
0un1 − 2Ω2

0D0D1un0−

αry
3
n0 − 2Ω2

0D0D1yn0

(A.10)

α2D0vn1 + vn1 + α3D0yn1 = −α2D1vn0 − α3D1yn0 (A.11)
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A.2

In order to determine the nonlinear frequency correction coefficient b′, the solvability condi-

tion needs to be solved to eliminate secular unbounded terms. After some algebric manipu-

lations, the values of g, h, l, f for the case of nonlinear chain can be expressed as

g = −1

2
ω
(
α2ω

(
Ω2

0

(
k̄ (α1(−Im[Γ]Im[Kω] + (α1Re[Γ]− 2)Re[Kω]− 2) + 2ω2

)
− 2

)
+ 2Ω2

0k̄Im[Kω]− α1α3ω
(
Ω2

0k̄ (Re[Kω] + 2) + 2
))

h=
1

2
ω
(
Ω2

0

(
k̄ (Re[Kω] (α1α2Im[Γ]ω−2)+ωIm[Kω] (α2 (α1Re[Γ]−2)−α1α3)−2)+2ω2

)
−2

)
f =

3

2
αccc

(
ω2Ω2

0 − 1
)

(A.12)

l =
1

2
(−3)αcccω

(
α2

(
ω2Ω2

0 − 1
)
− α1α3

)
(A.13)

while for the case of nonlinear resonator these values can be expressed as

(A.14)g = −1

2
ω
(
α2ω

(
Ω2

0

(
k̄ (α1(−Im[Γ])Im[Kω] + (α1Re[Γ]− 2)Re[Kω]− 2) + 2ω2

)
− 2

)
+ 2Ω2

0k̄Im[Kω]− α1α3ω
(
Ω2

0k̄ (Re[Kω] + 2) + 2
))

,

(A.15)h =
1

2
ω
(
Ω2

0

(
k̄ (Re[Kω] (α1α2Im[Kω]ω− 2)+ωIm[Kω] (α2 (α1Re[Γ]− 2)−α1α3)− 2)

+ 2ω2
)
− 2

)
,

f =
3

8
a3αω2Ω2

0k̄
(
α2ωIm[Kω]

3 − 3α2ωIm[Kω]Re[Kω]
2 + 3Im[Kω]

2Re[Kω]− Re[Kω]
3
)
,

(A.16)
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l =
1

8
(−3)a3αω2Ω2

0k̄
(
3α2ωIm[Kω]

2Re[Kω] + 3Im[Kω]Re[Kω]
2 − Im[Kω]

3 − α2ωRe[Kω]
3
)
.

(A.17)

It is noteworthy that in the presence of both nonlinearities (i.e., chain and resonator nonlin-

earities), the nonlinear frequency correction coefficient can be written as

b′ = b′ch + b′res (A.18)

where b′ch is the correction coefficient for the case of nonlinear chain case and b′res is the

correction coefficient for the nonlinear resonator case.
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