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ABSTRACT
The wrist is critical to people’s activities of daily living,

which consists of two major degrees of freedom (DOF) - flexion-
extension (FE) and radial-ulnar-deviation (RUD). This paper
proposes a novel 2-DOF biomimetic robotic wrist design for a
forearm mannequin, which is developed as a safe test bench that
emulates human forearm movements for exoskeleton experimen-
tation. Due to the complexity of the coupled motions of FE and
RUD, existing robotic wrists mainly focus on the FE motion, and
sometimes incorporate the forearm pronation/supination instead
of the RUD motion. To solve this issue, the robotic wrist features
a simple but effective hybrid mechanism for FE and RUD mo-
tions, which avoids the axes offset between FE and RUD from
producing unnatural wrist movements and allows ranges of mo-
tions comparable to those in a human wrist. We analyze the kine-
matics of the hybrid wrist mechanism, which leads to the estab-
lishment of the dynamical model through a generic constrained
multibody formulation. A robust controller is then adopted for
reference trajectory tracking control. We then perform numeri-
cal simulations, which validate the control performance and ac-
tuator choice, and evaluate the workspace, rotation axes offset,
and inertial characteristics. The results preliminarily verify the
biomimetic robotic wrist as a feasible solution for the forearm
mannequin to realize natural wrist movement emulation.

∗Corresponding Author (Email: obarry@vt.edu)

NOMENCLATURE
The mathematical notations used are listed as follows:
∥Z∥n n-norm of a matrix Z (n = 2 if not specified)
cm m×1 vector whose elements equal to c ∈ R
cm×n m×n matrix whose elements equal to c ∈R (m, n fit with

neighboring blocks if not specified)
In Identity matrix of dimension n (n fits with neighboring

blocks if not specified)
Z−T Transposed inverse of Z (since (Z−1)T = (ZT)−1)
Z > 0 A square matrix Z is positive definite
Z+ The Moore-Penrose pseudoinverse of Z
diag(z) Convert a vector z into a diagonal matrix, whose diag-

onal elements are the elements of z

1 INTRODUCTION
The wrist is a crucial biomechanical joint for humans to perform
manipulations. As illustrated in Fig. 1, the wrist possesses a
complicated skeletal structure and two major degrees of free-
dom (DOF) - flexion/extension (FE) and radial/ulnar deviation
(RUD) [1]. Previous studies show that the ranges of motion of
FE and RUD are respectively [−75◦,75◦] (from flexion to ex-
tension) and [−45◦,29◦] (from ulnar to radial deviation) [1–3].
Also, FE and RUD are coupled motions, and the approximate
rotation axes of FE and RUD can shift translationally and rota-
tionally during wrist movements [4, 5].

Inspired by nature, many humanoid and prosthetic designs
feature multi-DOF joints that resemble the wrist for end effector
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FIGURE 1: THE WRIST SKELETAL MODEL ON A LEFT
HUMAN FOREARM AND APPROXIMATE LOCATIONS OF
THE FE AND RUD AXES.

rotations. Existing works adopt serial [6–9], parallel [10–13],
and hybrid [14, 15] mechanisms. Most of these mechanisms
are driven by rotary electric motors [6, 7, 10–15], while oth-
ers also employ hydraulics/pneumatic tendon actuators [16–19].
In general, serial mechanisms provide better ranges of motion
than parallel ones. However, serial mechanisms may also suffer
from larger axes offsets, reducing their resemblance to the human
wrist.

Our team is developing a robotic forearm mannequin as a
safe test bench for upper-limb exoskeleton experimentation [20].
The mannequin is required to be biomimetic in geometry and
kinematics so that it can emulate the movements of a human fore-
arm. In addition to kinematic likeness , existing robotic wrists of-
ten lack compactness and range of motion. Many 2-DOF robotic
wrist designs also neglect the RUD motion by focusing on FE
and forearm pronation/supination (PS) instead, since it is easier
to set up FE and PS joints in series with no axis offset. As a re-
sult, very few robotic wrists feature FE and RUD with adequate
ranges of motion and small axes offsets.

This paper proposes a novel 2-DOF robotic wrist. The de-
sign features a simple but effective hybrid mechanism for FE and
RUD motions, which avoids the axes offset between FE and RUD
from producing unnatural wrist movements, and allows ranges of
motions comparable to those in a human wrist. The rest of the
paper is arranged as follows. The design, mechanism, and kine-
matics of the wrist are introduced in Section 2. We then discuss
the dynamical modeling and controller design for the exoskele-
ton in Section 3 and present the dynamical properties through
numerical simulations in Section 4. Finally, the findings in this
work are summarized in Section 5.

2 The Wrist Design and Its Kinematics
The robotic wrist proposed in this paper adopts a simple but ef-
fective 2-DOF hybrid mechanism for RUD and FE motions. The
forearm mannequin featuring the robotic wrist is overviewed in
Fig. 2, where the design aims to closely resemble a human fore-
arm. The details of the robotic wrist are shown in Fig. 3. The
2-DOF hybrid mechanism is actuated by two servo motors (Dy-
namixel XM430-W210). The first DOF on the RUD direction is

FIGURE 2: OVERVIEW OF THE FOREARM MANNEQUIN
FEATURING THE PROPOSED ROBOTIC WRIST.

realized by the motor installed at the distal forearm base. The
second DOF in the FE direction is driven by the motor installed
at the hand base. While the RUD rotation is straightforwardly
along the axis of the RUD servomotor, the FE rotation is com-
posed of two separate but constrained rotations. The first pas-
sive rotation takes place along the joint connecting the side links
(which moves together) and the motor frame and the second ac-
tive rotation occurs along the motor axis. The coupling of the
two rotations is realized with the paralleling pair of straight teeth
gears integrated into the motor frames. The gear ratio determines
the relationship of the rotations. In the current design, the gear
ratio is 1:1, which equalizes the two coupled rotations. Note that
the separation of FE rotation is also inspired by the radiocarpal
and midcarpal joints in the human wrist [21,22], which both con-
tribute to the wrist rotations.

FIGURE 3: THE DESIGN OF THE ROBOTIC WRIST ON THE
RIGHT FOREARM. 1: HAND BASE; 2: MOTOR FRAMES
WITH STRAIGHT TEETH GEARS; 3: SIDE LINKS; 4: DIS-
TAL FOREARM BASE; 5: SERVO MOTORS; 6: RUD MO-
TOR AXIS; 7: FE BEARING AXIS; 8: FE MOTOR AXIS
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FIGURE 4: WRIST MANNEQUIN AT ROTATION LIMITS

The hybrid mechanism design allows the robotic wrist to be
compact and reach the ranges of motion in FE and RUD close
to that in a human wrist. With the structural components made
from plastics, the weight of the assembly shown in Fig. 3 is ap-
proximately 348 grams and can be further adjusted to match the
human anatomy. The robotic wrist can reach [−90◦,90◦] from
flexion to extension, and [−25◦,25◦] from ulnar to radial devia-
tion, which is demonstrated in Fig. 4.

In robotic wrist designs that adopt the universal joint mecha-
nism, the offset between the FE and RUD rotations can be deter-
mined by the size of in-line motors. The offset can increase along
with the size of the motor. When the offset is large, extreme FE
rotations can result in the proximal end of the hand “sinking” into
the distal end of the forearm, which does not resemble the behav-
ior of a human wrist [23]. The proposed mechanism prevents this

FIGURE 5: COORDINATE FRAMES OF THE MANNEQUIN
WRIST SYSTEM (RED ARROW: X-AXIS; GREEN ARROW:
Y-AXIS; BLUE ARROW: Z-AXIS).

TABLE 1: PROPERTIES OF HOMOGENEOUS TRANSFOR-
MATIONS BETWEEN COORDINATE FRAMES, WHERE
THE NUMERICAL VALUES ARE THE DEFAULT DESIGN
PARAMETERS OF THE ROBOTIC WRIST

From To Translation (d) Rotation (R)
G #1 dy,1 = 4.94 cm Rz,1(q1)
#1 #2 dy,2 = 0.70 cm Rx,2(q2)
#2 #3 dy,3 = 4.49 cm Rx,3(q3)

problem. As the FE motion is separated into two parts, the hand
will translate while rotating with respect to the distal end of the
forearm. As shown in Fig. 4, the hand moves downward/upward
with respect to the forearm during flexion/extension. Hence, the
FE rotation does not have a fixed axis. In the current design, the
offset between the approximate FE and RUD axes shifts between
1.7-2.9 cm during FE and RUD movements.

The kinematic frames of the robotic wrist are presented in
Fig. 5, where the forearm base is fixed to the global frame, Frame
1 is placed at the forearm servomotor frame after the RUD rota-
tion, Frame 2 is fixed to the side links after the half FE rotation,
and Frame 3 is located at the hand after full FE rotation. Here,
with respect to the global frame, the RUD rotation axis approx-
imately aligns with the z-axis, and the FE rotation axis approx-
imately aligns with the x-axis. With the homogeneous transfor-
mation matrix Ti, j (from frame #i to frame # j) as

Ti, j =

[
Ri, j di, j
01x3 1

]
= T−1

j,i ; T j,i =

[
RT

i, j −RT
i, jdi, j

01×3 1

]
(1)
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where R ∈ R3x3 and d ∈ R3 are respectively the rotation ma-
trix and transnational displacement, the transformation from the
global frame to Frame 3, can be calculated as

TG,3 = TG,1T1,2T2,3 (2)

For this design, the kinematic parameters between transfor-
mations are listed in Tab. 1. The generalized coordinate q0 of the
system is defined as q0 = [q1, q2, q3]

T, where the q1 is the fore-
arm servomotor angle, q2 is the passive joint angle, and q3 is the
hand servomotor angle. Hence, with the kinematic properties of
the robotic wrist calculated, we can perform the dynamical mod-
eling and controller design of the forearm mannequin, which are
discussed in the next section.

3 Dynamical Model and Control
With the design and kinematics of the robotic wrist explained in
the previous section, the next step is to design a proper motion
controller to perform trajectory tracking of the wrist. This re-
quires the establishment of a multibody dynamical model for the
forearm mannequin. A general multibody model can be written
in the form of

M(q)q̈+C(q, q̇)q̇+h(t,q, q̇) = Ju(q)Tu (3)

where q is the generalized coordinate, M is the inertia matrix, C
is the Coriolis and centripetal (CC) matrix, h is the generalized
system force, u is the control input, and Ju is the input Jacobian.

Here, it should be pointed out that q is assumed to contain
only independent coordinates. In this work, with the linkage-gear
coupling, we can obtain q2 = q3, so that q = [q1, q2]

T. However,
it should be noted that the adopted mechanism is not unique to
realize the designed wrist kinematics. Hence, we derive the dy-
namical model via a more general approach.

3.1 Multibody Dynamics and Constraints
The multibody model is developed based on Kane’s method [24].
For each coordinate frame, we can derive the frame Jacobian ma-
trix Ji ∈ R6×2 as

Ji =
[
JT

i,ω JT
i,d
]T

(4)

where Ji,d ∈R3×2 and Ji,ω ∈R3×2 corresponds to the translation
and rotation Jacobians, respectively, so that

ḋ = Ji,d q̇; ω = Ji,ω q̇ (5)

where d is the global translational displacement, and ω is the
angular velocity in the global frame. By defining RG,i as the ro-
tation matrix from the global frame to Frame i, with mi and Φi
respectively as the mass and inertia moment of a body defined at
Frame i, the inertia matrix Mi in the global frame can be calcu-
lated as

Mi = JT
i

[
RG,iΦiRT

G,i 03×3

03×3 miI3

]
Ji (6)

and the CC matrix can be written as

Ci = JT
i

[
RG,iΦiRT

G,i 03×3

03×3 miI3

]
Ji +JT

i,ω RG,iΦiṘT
G,iJi,ω (7)

The sum of individual inertial properties leads to the total inertial
matrix M0 and CC matrix C0 as

M0 =
n

∑
i=1

Mi; C0 =
n

∑
i=1

Ci (8)

The generalized force h0 in the system consists of gravita-
tional loads, potential energy forces, and damping. As an exam-
ple, by assuming that the z-axis of the global frame is the vertical
axis, the gravitational load of the body on frame i can be written
as

hg,i =−JT
i,zmig (9)

where Ji,z is the third row of Ji. Hence, the multibody system
can be written as

M0q̈0 +C0q̇0 +h0 = JT
u,0u+JT

λ ,0λ (10)

where λ is the Lagrange multiplier serving as the constraint
force, and Jλ ,0 is the constraint Jacobian calculated from the
kinematic constraints

ṙλ = Jλ (q)q̇ = 0 (11)

By defining that

q0 =
[
qT qT

c
]T (12)

where qc is the dependent generalized coordinates, we can obtain

Jλ =
[
Jλ ,i Jλ ,c

]
(13)

with Jλ ,i corresponding to q, and Jλ ,c corresponding to qc. If Jλ ,c
is invertible, we can reduce the order of the model by obtaining

q̇c =−J−1
λ ,cJλ ,iq̇ (14)

so that

B =

[
Ii

−J−1
λ ,cJλ ,i

]
; q̇0 = Bq (15)

Hence, we can obtain the final model written in Eq. (3) with the
dynamical properties calculated as

M = BTM0B; C = BTM0ḂT +BTC0B (16a)

h = BTh0; JT
u = BTJT

0,u (16b)

In this study, recall that q0 = [q1, q2, q3]
T is the original

generalized coordinate. Based on the constraint rλ = q2−q3 = 0,
we obtain q = [q1, q2]

T, where +q1 as radial deviation direction,
−q1 as ulnar deviation direction, +q2 as the extension direction,
and −q2 as the flexion direction. The control input u = [u1,u2]

T

are the actuation torques provided by the forearm servomotor
(RUD) and hand servomotor (FE), respectively.
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3.2 Motion Control

This subsection discusses the motion controller used to drive the
robotic wrist. First, the tracking error ε ∈ Rnq defined by the
time-dependent tracking reference r ∈ Rn2 , and the control sys-
tem state x ∈ Rn4 are respectively defined as

ε = q− r; x =
[
εT ε̇

T]T (17)

Here, we assume that the tracking reference r is smooth,
bounded, and directly available. The control system can then
be written as

ẋ = f(x)+g(t,q, q̇)+U(q)u (18)

where

f =
[
ε̇ 0

]T ; g =
[
0 −r̈−M−1(Cq̇+h)

]T ; U =
[
0 M−1JT

u
]T

(19)
which is a time-dependent nonlinear control system affine in uc.

The chosen controller is an inverse optimal robust controller
based on the work in [25]. The controller can be written as

u = J−T
u

(
u f (t,q, q̇)+ub(t,x)

)
(20)

with the feed-forward term u f ∈Rnq , feedback term ub ∈Rnq , ξ ,
ζ ∈ Rnq and Ω(t,x) ∈ Rnq×nq respectively defined as

u f = Mζ̇ +Cζ +h; ub =−c1Ω
−1

ξ (21a)
ξ = ε̇ +K1ε; ζ = ṙ−K1ε (21b)

Ω = (JT
ω Jω +K2)

−1 (21c)

where we set Jω = M1/2 to scale the control gains linearly with
respect to the inertia. K1, K2 ∈ R2×2 are symmetric positive
definite gain matrices and c1 > 2. The adopted robust controller
in Eq. 20 asymptotically stabilizes the Lyapunov function

FIGURE 6: THE 3D MODEL OF THE ROBOTIC WRIST
MODEL IN THE MATLAB SIMULATION.

FIGURE 7: THE CONTROL SIMULATION OF THE
ROBOTIC WRIST MODEL WHERE (a) AND (b) SHOW
THE TRACKING PERFORMANCE OF q1 AND q2, RESPEC-
TIVELY.

V (x) =
1
2

xT
[

K3 +K1MK1 K1M
MK1 M

]
x (22)

where K3 ∈ R2×2 is symmetric positive definite. The stability
proof is elaborated in [25], and the controller will be used for
simulations in the next section.

4 Numerical Analysis

This section presents the numerical analysis of the biomimetic
robotic wrist carried out in MATLAB [26], where the 3D visual-
ization of the design is shown in Fig. 6. The first simulation tests
the validity of the motion controller in Eq. (20). A set of track-
ing trajectories is generated based on the combination of random
harmonic components ranging from 1 to 2 Hz. The tracking tra-
jectory performance is shown in Fig. 7, where it is observed that
the tracking errors quickly converge to the references. The con-
trol input required to perform the trajectory tracking is shown in
Fig. 8. After the input peaks due to large initial tracking error, the

0 1 2 3 4 5

-0.1

0

0.1

0.2

0.3

FIGURE 8: THE CONTROL SIMULATION OF THE
ROBOTIC WRIST MODEL SHOWING THE TORQUE IN-
PUTS u1 AND u2 REQUIRED FOR THE REFERENCE
TRACKING.
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FIGURE 9: WORKSPACE AND FE ROTATION AXIS SUR-
FACE FOR q1 ∈

[
−25◦,25◦

]
AND q2 ∈

[
−45◦,45◦

]
, WHERE

THE BLUE AND THE BLACK SURFACES REPRESENT
THE WORKSPACE AND THE FE ROTATION AXIS SUR-
FACE, RESPECTIVELY.

maximum steady-state control inputs are approximately within
0.2 Nm, which is within the capability of the adopted servomo-
tors. Also, notice that the average of the FE servomotor input u2
is offset above zero since this input is needed to compensate for
the gravitational load. This offset will further increase with the
extra payload applied to the mannequin.

The workspace and the axis offset of the robotic wrist were
observed over the range of q1 and q2. Figure 9 shows the reach-
able surface (in blue color) of an endpoint on the hand with a 6
cm displacement along the y axis from the FE servomotor axis.
The surface appears to be a stretched ellipsoid, which is created
from a large concatenated arc from the FE rotation being swept
by the RUD rotation. As a result of the 2-DOF hybrid mecha-
nism, the total FE rotation does not have a fixed axis. Hence, we
evaluate the reachable surface (in black color) of an arbitrarily
point displaced along the y axis by -3 cm from the FE servomo-
tor axis, which is close to the approximate location of the total
FE rotation axis. The zoomed-in view in Fig. 10 shows that the
surface holds the shape of a loop. This supports the estimation
that the RUD-FE axes offset ranges within 1.7-2.9 cm.

We further compared the reachable surfaces of an endpoint

FIGURE 10: CLOSE UP VIEW ON THE FE ROTATION AXIS
SURFACE FOR q1 ∈

[
−25◦,25◦

]
AND q2 ∈

[
−45◦,45◦

]
.

FIGURE 11: WORKSPACE COMPARISON BETWEEN THE
PRESENTED NOVEL ROBOTIC WRIST AND AN ALTER-
NATIVE FOREARM MODEL WITH ZERO AXIS OFFSET

on the hand from the current design, and that from an alterna-
tive forearm model where the wrist axis offset is zero, which is
shown in Fig. 11. For the alternative forearm model, the dis-
placement of the endpoint is 8 cm along the y axis from the FE
servomotor axis. Here, we noticed that without the offset, the
magenta surface from the alternative model comes from a stan-
dard sphere with a radius of 8 cm. It can also be observed that
the blue shape is stretched in the y-direction, as a result of the
FE rotation axis moving on the y-direction as q1 changes within
the range

[
−25◦,25◦

]
, and the z-direction, as a result of the FE

rotation axis moving on the z-direction as q2 changes within the
range

[
−45◦,45◦

]
.

Finally, we analyzed the eigenvalues of the inertia matrix
M within the workspace. The ratio between the eigenvalue’s real
parts determines whether the system will be more or less affected

FIGURE 12: INERTIA MATRIX M EIGENVALUE RATIO
COMPARISON FOR q1 ∈

[
−25◦,25◦

]
AND q2 ∈

[
−45◦,45◦

]
.
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by disturbances in one DOF than another. Since M is a 2× 2
matrix, here we define the a as the eigenvalue vector, and

a1 = min(|real(a)|); a2 = max(|real(a)|); (23)

Hence, the ratio |a1/a2| = 0 indicates that the inertial matrix is
singular, and |a1/a2|= 1 indicates that the eigenvalues are com-
plex conjugates. The eigenvalue ratio within the workspace is
shown in Fig. 12, which is primarily affected by the FE rota-
tion. Notice that the ratio ranges from 0.25 to 0.6 throughout the
workspace, and reaches minimums at extreme flexion and exten-
sions. This is expected since the moment of inertia along the
RUD servomotor axis will be minimized when FE is at full ro-
tation 2q2 = ±90◦, at which points the RUD movements can be
affected by less torque.

5 Conclusion and Future Work
This paper introduced a novel 2-DOF robotic wrist for
biomimetic forearm mannequins used as safe test benches for
upper-limb exoskeleton experimentation. The proposed design
features a simple but effective hybrid mechanism for FE and
RUD motions, which, unlike the previous robotic wrist designs,
avoids the axes offset between FE and RUD from producing un-
natural wrist movements, and allows ranges of motions compa-
rable to those in a human wrist. The mechanism design was ex-
tensively explained along with the modeling of the robotic wrist
kinematics. We then established the dynamical model following
a general constrained multibody formulation and designed the
robust motion controller for trajectory tracking. Through sim-
ulations, we demonstrated the validity of the motion controller,
as it can rapidly converge the tracking error, and track the refer-
ence with the permissible servomotor torque inputs. The multi-
body model also provided means to evaluate the behavior of the
robotic wrist in terms of workspace, axis offset, and inertial prop-
erties. The results preliminarily verified the robotic wrist as a fea-
sible solution for the forearm mannequin to realize natural wrist
movement emulation.

The proposed robotic wrist has already been prototyped as
shown in Fig. 13, which is expected to be used for the early
testing of a wearable wrist exoskeleton [20]. For future works,
we will investigate other mechanisms that can better emulate the
wrist movement, and further develop the mannequin by including
the remaining DOFs in the forearm.
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