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ABSTRACT
Due to the severity of vibrations transmitted to a worker’s

hand through hand-help impact machines (HHIM), workers often
suffer from hand-arm vibration syndrome (HAVS). Symptoms of
HAVS include vibration white fingers, finger numbness, impaired
tactile function, and muscle fatigue. To attenuate the level of
transmitted vibrations and, hence, reduce the severity of HAVS,
a method of using a nonlinear vibration absorber inerter (NVAI)
has been proposed recently. It was observed that the use of NVAI
can significantly reduce the transmitted vibration. However, a
detailed nonlinear analysis of the HHIM with NVAI has not been
performed, which can further help in the optimum design of the
NVAI. This is the focus of the current work. The hand-arm sys-
tem (HAS) coupled to an HHIM with an NVAI is modeled using
a lumped parameter model. A detailed nonlinear analysis is per-
formed numerically. A parametric study is performed to explore
the effects of different system parameters on the system dynamic
and identify key design parameters of the NVAI. We observe that
the system exhibits quasi-periodic and periodic motion, which is
further confirmed by Poincare maps and Phase portraits. It is
further revealed that a careful selection of the absorber proper-
ties can significantly reduce harmful vibrations.

INTRODUCTION
The use of a hand-held impact machine (HHIM) is

widespread in the construction industry. These HHIMs use a vi-
brating tool that impacts the surface in a continuous manner and
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simultaneously transmits reactive vibrating forces to the opera-
tors’ hand. Excessive exposure of the operators’ hands to severe
levels of vibrations can lead to hand-arm vibration syndrome
(HAVS) [1]. HAVS is a series of disorders which can be char-
acterized as vascular, neurological and musculoskeletal [2–6].
The debilitating effects of HAVS may include numbness and
pain at hand, decreased tactile perception at the fingers, and in
extreme cases, the development of gangrene and eventually am-
putation [7]. Therefore, to attenuate these transmitted vibrations
and prevent the development of HAVS, it is essential to develop
methods to reduce vibrations transmitted to the hand-arm system.

One of the methods to reduce the level of transmitted vibra-
tion to the human hand is anti-vibration gloves. However, de-
signing an optimum anti-vibration glove for better performance
is user-specific and hence, imposes a design limitation for global
use [8,9]. Another common practice in the mechanical system to
attenuate the transmitted vibration is using a tuned vibration ab-
sorber (TVA). A TVA consists of a spring-mass-damper system
tuned to the primary system. Hence, it effectively suppresses the
vibrations by operating at a resonant frequency of the primary
system [10]. Although the use of TVA has been shown to be ef-
fective for various applications [11–16], a slight deviation from
the tuned frequency of the TVA can lead to the amplification of
vibrations. To address this issue, a TVA can be modified by in-
cluding a nonlinear stiffness element in the system. This varia-
tion of a TVA has often been termed a nonlinear tuned vibration
absorber (NLTVA) and has been shown to have a wider vibration
suppression bandwidth than the TVA [17–20].

Furthermore, it has been observed that an increase in the
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mass of an absorber increases its vibration suppression band-
width [21–23]. However, an excessive increase in the absorber
mass is often undesirable due to the design constraints in the pri-
mary system. Therefore, devices known as Inerters can be added
to the absorber system to circumvent this issue as they can pro-
vide an effective mass more than double its original mass. This
further implies that with the addition of an Inerter, the effective
mass of an absorber system can be increased without any sig-
nificant increase in the absorber mass. The effectiveness of an
Inerter can be illustrated through the use of 2kg inerter to pro-
vide an effective mass of 300kg [24]. In the current work, an
absorber system with an inerter will be termed as nonlinear vi-
bration absorber inerter (NVAI).

The preliminary analysis of the hand-arm system with a
HHIM along with NVAI showed the effectiveness of NVAI in
comparison to the linear TVA [23]. However, a detailed nonlin-
ear analysis of the system, which can further guide the optimum
design of NVAI, has not been performed. Therefore, this work,
for the first time, presents a detailed nonlinear analysis of the sys-
tem. To achieve this, we model the combined HAS-HHIM-NVAI
as a lumped parameter model. The HAS will be modeled as a
2DOF proposed by Dong et al. [25]. Due to nonlinearities ex-
hibited in an impact tools operation, via friction between contact
surfaces or loss of contact between tool and material, the nonlin-
earities in the HHIM are modeled as cubic. Given the nonlinear-
ities introduced to the system, nonlinear analysis techniques will
be employed to study the system.

The rest of the paper is organized as follows. In section 1,
the Mathematical model of the HAS-HHIM-NVAI system is pre-
sented. In section 2 a bifurcation analysis of the system is pre-
sented. Also, Poincare maps and phase portraits are used to an-
alyze the dynamics of the system. Finally, some conclusions are
drawn on the study in section 4.

1 MATHEMATICAL MODELLING
In this section, we present a lumped parameter model to

study the dynamics of the combined system of HAS-HHIM-
NVAI. The schematic of the model is shown in Fig. 1. We em-
phasize here that the nonlinearity in the HHIM can exhibit a com-
plex functional form. However, these nonlinearities can be rep-
resented in terms of polynomials for a certain range of motion as
considered in machining processes [26]. Therefore, for the sake
of simplicity in the current analysis we are considering smooth
cubic nonlinearity in the HHIM. This assumption further implies
that the nonlinearity of the NVAI should also be cubic for bet-
ter vibration suppression [27]. In Fig. 1, mH , ms, ma, and mn
represent the masses of the HHIM, human-hand skin in contact
with the handle of HHIM, HAS, and the absorber, respectively.
kH , and kHL represent the nonlinear and linear ground connection
stiffness of HHIM, respectively, whereas kN , and kNL represent
the nonlinear and linear stiffness component of the NVAI, respec-

tively. cH and cN represent the linear viscous damping coefficient
of the HHIM and NVAI, respectively. Further, ks and cs are the
linear spring and viscous elements connecting the masses ma and
ms, respectively, while ka and ca are the linear spring and vis-
cous elements connecting the mass ma to the human body/trunk
(modelled as a fixed surface), respectively. The inertance, which
is grounded on one side and coupled to the mass of the absorber
on the other side, is represented by b.

FIGURE 1: Schematic of the combined system of HIM-HAS sys-
tem with a NVAI

If xH , xa, and xN represent the motion of HHIM, HAS, and
NVAI, respectively, then the governing equations of motion are
given by

(mH +ms) ẍH − ẋacs − xaks + ẋH (cH + cN + cs)− cN ẋN+

xH (kHL + kNL + ks)+ kN (xH − xN)
3 + kHx3

H − kNLxN = Fw ,

(1a)

maẍa + ẋa (ca + cs)+ xa (ka + ks)+ cs (−ẋH)− xHks = 0 , (1b)

(mN +b) ẍN − cN ẋH + cN ẋN + kN (xN − xH)
3 + kNL (xN − xH) = 0 .

(1c)

In the above governing equations of motion, Fw represents the
excitation force acting on the HHIM due to the reciprocating mo-
tion of the piston inside the HIM. The analytical form of Fw is
adapted from the experiments reported in [28] and is given by

Fw = Fre f

(
ω

ωre f

)2

sin(ωt) . (2)

Copyright © 2022 by ASMEV009T09A022-2

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/ID

ETC
-C

IE/proceedings-pdf/ID
ETC

-C
IE2022/86304/V009T09A022/6943807/v009t09a022-detc2022-91041.pdf by Virginia Polytechnic Institute and State U

niversity user on 15 N
ovem

ber 2022



Next, to reduce the effective number of parameters, and
hence, simplify the analysis, we nondimensionalize the govern-
ing equations of motion and, accordingly, introduce the follow-
ing scales and non-dimensional parameters

m1 = mH + ms, m2 = mN + b, m3 = ma, ω1 = kHL
m1

, τ = tω1,
x0 = g

w2
1
, y = x

x0
, Ω = ω

ω1
, ζ1 = cH

2
√

m1kHL
, ζ2 = cs

2
√

m1kHL
,

ζ3 = cN
2
√

m1kHL
, kr1 = ks

kHL
, kr2 = kNL

kHL
, krnl1 =

kH x2
0

kHL
, krnl2 =

kN x2
0

kHL
,

F =
Fre f

m1 x0 ω2
re f

, α = m1
m2

, kr3 = ka
kHL

, α2 = m1
m3

, ζ4 = ca
2
√

m1kHL
.

Using the above mentioned scales and nondimensional pa-
rameters, Eq. (1) can be nondimensionalized as

y′′H −2ζ1y′H + yH +2ζ2
(
y′H − y′a

)
+ kr1 (yH − ya)+ kr2 (yH − yN)

+2ζ3
(
y′H − y′N

)
+ krnl1y3

H + krnl2 (yH − yN)
3 = F Ω

2 sin(Ωτ) ,

(3a)

y′′N +2ζ3α
(
y′N − y′H

)
+ kr2α (yN − yH)+ krnl2α (yN − yH)

3 = 0 ,
(3b)

y′′a + kr3α2ya +2ζ4α2y′a + kr1α2 (ya − yH)+2ζ2α2
(
y′a − y′H

)
= 0 ,
(3c)

where prime (′) denotes the derivative with respect to the nondi-
mensional time τ . Having established the nondimensional equa-
tions of motions, the dynamics of the system is explored using
Poincare maps, phase portraits and bifurcation diagrams.

2 RESULTS
To explore the dynamics of the system under different work-

ing conditions, we analyze the system through the bifurcation
diagrams, phase portraits, and Poincare maps. In particular, we
perform the parametric analysis of the system for different val-
ues of krnl2 and ζ3. Since nondimensional parameters krnl2 and
ζ3 are associated with the dimensional parameters of NVAI, this
step also helps us in the designing of optimum NVAI. The pa-
rameters used in the analysis of the system are listed in Table1.

Note that the mass of the HHIM is chosen to represent the
mass of a typical pneumatic chipping hammer, while the other
properties of the HHIM are chosen arbitrarily. Furthermore, the
linear and nonlinear parameters of the NVAI are determined by
the H∞ optimization method [29] and the principle of similar-
ity [23, 30], respectively. Furthermore the HAS system parame-
ters were selected based on the work by Dong et al. [25]. In a
first step, we perform the parametric variation of krnl2

2.1 Parametric study krnl2
To explore the effect of krnl2 on the system dynamics, we

generate bifurcation diagrams for different values of krnl2. We

selected F as the bifurcation parameter with Ω kept fixed in these
bifurcation diagrams. These bifurcation diagrams are shown in
Fig. 2. From Fig. 2, we can observe the presence of complex mo-
tions such as quasi-periodic and reverse period-doubling along
with the periodic motion. To further explore the system’s dy-
namics, we analyze the system’s motion at a fixed bifurcation
parameter, i.e., for a fixed value of F .

From the bifurcation diagram at krnl2 = 1.7×10−8 (Fig. 2a),
we observe that at F = 5775, the system exhibits a period-22 so-
lution. The existence of the period-22 solution in the system
is also evident through the phase portrait and Poincare map as
shown in Fig. 3a and Figure 4a. With an increase in the value of
krnl2 to 1.9×10−8, the period-22 solution loses its stability, and
period-6 solutions start appearing in the system as evident from
the bifurcation diagram (Fig. 2b) and through Poincare maps and
phase portraits shown in Fig. 4b and 3b. Finally, when the pa-
rameter krnl2 is increased to 2×10−8, the period-6 solution loses
stability, and the system begins to exhibit quasi-periodic motions,
which is apparent through the appearance of a quasi-periodic at-
tractor in the Poincare space of Fig. 4c.

Based on these observations, we can conclude that the stabil-
ity of solutions such as period-22, period-6 or periodic solution
are sensitive towards the value of krnl2. This observation can fur-
ther help us in selecting the nonlinear stiffness of the absorber for
the better performance of the NVAI. Next, we evaluate the effect
of changing ζ3, i.e., damping of the absorber on the response of
the system.

2.2 Parametric study ζ3
Similar to the analysis for Knrl2, bifurcation diagrams, phase

portraits, and Poincare maps are used to study the effects of dif-
ferent values of ζ3 on the dynamics of the system. For ζ3 =
0.0083, we observe the appearance of the quasi-periodic attractor
at F = 5858 (Fig. 7a). When ζ3 is further increased to 0.0085, the
motion of the system becomes periodic, as can be seen through
the periodic branches in the bifurcation diagram of Fig. 5b at
F=5858. This observation can be further verified via the phase
portrait and Poincare map generated in Fig 7b and Fig. 6b. Fi-
nally, a change in ζ3 to 0.009 causes the system’s motion to
change back to quasi-periodic motion, as can be seen through
the corresponding Poincare map Fig. 7c. The corresponding bi-
furcation plot and phase portrait are shown in Fig. 6a and Fig. 7b
respectively.

3 DISCUSSION
Based on the parametric study results, we can observe that

adjusting the absorber’s parameters can change the motion of the
HAS from periodic to quasi-periodic or more complex solutions.

These results are important as it might be desirable to avoid
some frequencies of vibration associated with the quasi-periodic
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TABLE 1: Parameter values of the HIM-HAS-NVAI system used for simulations.

Parameter Value Unit Parameter Value Unit Parameter Value Unit

mH 1.7 kg kHL 3.0×105 N/m cH 50 Ns/m

ma 1.55 kg ka 4279 N/m ca 76 Ns/m

ms 0.049 kg ks 62804 N/m cs 192.90 Ns/m

mN 0.02mH kg kNL 13280 N/m cN 9.3 Ns/m

Fre f 300 N ωre f 26.1 Hz b 0.04mH kg

kH 3.0×108 Ns/m3 kN 2.5×106 Ns/m3 x0 5.72×10−5 −

w1 414.12 − α2 1.12 − ζ4 0.052 −

α 17.15 − ζ1 0.034 − ζ2 0.13 −

kr1 0.21 − kr2 0.052 − ζ3 0.0083 −

krnl1 3.27×10−6 − krnl2 1.90×10−8 − kr3 0.014 −

(a) (b) (c)

FIGURE 2: Comparison of bifurcation diagram for different values of krnl2. Bifurcation diagrams for Ω = 1.6939 and
krnl2= a)1.7×10−8, b)1.9×10−8 and c)2×10−8.

regime of motion in a real-life system. This is because, at specific
frequencies, the HAS is more likely to experience damage [31].
With quasi-periodic motion, the system moves at multiple in-
commensurate frequencies, one of which could be harmful to the
HAS. However, when the motion of the system is periodic, it is
easier to prevent exposure to undesirable frequencies of vibra-
tions.

4 CONCLUSION

To prevent the exposure of the HAS to harmful vibrations
from a HHIM, the dynamics of the HAS coupled to an NVAI and
HHIM were explored in the current work. A lumped parameter
model of the HHIM-HAS-NVAI was studied to explore how the
parameters of the NVAI can reduce harmful transmitted vibra-
tions. Hence, to achieve this task, bifurcation diagrams, Poincare
maps, and phase portraits were used to explore the dynamics of
the HIM-HAS-NVAI system. By observing the bifurcation dia-
gram of the system, we were able to observe interesting nonlinear
phenomena such as reverse period-doubling bifurcation. The bi-
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(a) (b) (c)

FIGURE 3: Comparison of phase portrait for different values of krnl2. Phase portrait for Ω = 1.6939, F=5775 and krnl2=
a)1.7×10−8, b)1.9×10−8 and c)2×10−8.
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FIGURE 4: Comparison of poincare map for different values of krnl2. Poincare map for Ω = 1.6939, F=5775 and krnl2=
a)1.7e−8, b)1.9e−8 and c)2e−8.

furcation diagrams also reveal the existence of periodic as well as
quasi-periodic solutions. Through the appearance of attractors in
the Poincare space, we confirmed the presence of quasi-periodic
motion. From a parametric study conducted, we observed that a
careful selection of absorber parameters could lead to a change in
the motion of the system from quasi-periodic to periodic motion
and vice versa. Towards reducing harmful vibrations, we con-
clude that the set of absorber parameters which land the regime of
motion as periodic rather than quasi-periodic is desirable. This is
because when the system operates in the quasi-periodic regime,
one of the incommensurate frequencies of vibrations might in-
crease the risk of injury to the HAS. A more detailed linear and
nonlinear stability analysis of the system, which will further help
us select the safe region of operation, is left for future work.
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