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Analysis of a Nonlinear vibration absorber for vibration control in a
hand-held impact machine

Oreoluwa Alabi

(ABSTRACT)

Hand-held impact machines (HIMs), such as jackhammers and chipping hammers, operate

through the repetitive impacts of a percussive mechanism. Due to their widespread use, it

is essential that these tools are designed for safe daily operation. This need is underscored

by the fact that approximately 20% of operators risk developing vibration-related hand

injuries, which can be career-ending. As a step toward improving the safety of these tools,

this dissertation focuses on modeling their dynamic behavior to evaluate the effectiveness

of vibration control strategies. The novelty of this work lies in the use of nonlinear mass–

spring–damper models to describe tool dynamics, coupled with lumped-mass models of the

hand–arm system. Traditionally, linear models have been employed for such evaluations; by

contrast, this study introduces nonlinear modeling to capture the more realistic dynamics

of HIMs. Furthermore, the role of a cubic nonlinear absorber in attenuating vibrations

transmitted to the hand is systematically investigated through this framework. Key findings

include the observation of nonlinear phenomena such as unstable periodic solutions, quasi-

periodicity, chaos, and grazing. Frequency response analyses demonstrate the superiority of

the cubic absorber over its linear counterpart, with notable improvements in performance

when combined with an inerter. Parametric studies further reveal how the absorber can be

tuned to enhance vibration attenuation across different nonlinear HIM models.



Analysis of a Nonlinear vibration absorber for vibration control in a
hand-held impact machine

Oreoluwa Alabi

(GENERAL AUDIENCE ABSTRACT)

Hand-held impact machines like jackhammers and chipping hammers are widely used in

construction, mining and manufacturing but can expose workers to harmful vibrations. Long-

term use can cause hand–arm vibration syndrome (HAVS), a condition affecting nearly 20%

of operators and leading to pain, loss of grip, and even permanent disability. This dissertation

develops mathematical models to better understand how these vibrations occur and how

they can be reduced. Unlike traditional studies that rely on simplified linear models, this

work uses nonlinear models that more accurately capture the complex dynamics of impact

tools and their interaction with the hand–arm system. A special focus is placed on testing

cubic nonlinear absorbers — devices designed to counteract vibrations. Results show that

these absorbers can outperform standard designs, especially when combined with an inerter

element, and offer pathways for safer tool design. Ultimately, this work aims to guide

engineering solutions that reduce injuries and extend worker careers.
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Chapter 1

Introduction

This chapter was collaboratively developed by the following authors: Ore Alabi, Dr. Sunit

Kumar Gupta, and Dr. Oumar Barry.

• Conceptualization: Ore Alabi, Dr. Oumar Barry

• Writing – Original Draft: Ore Alabi

• Writing – Review & Editing: Dr. Oumar Barry, Dr. Sunit Kumar Gupta

• Supervision: Dr. Oumar Barry

1.1 Overview

The mitigation of hand-arm vibrations (HAV) transmitted from power tools to the hand

is crucial to prevent the onset of a disease termed hand-arm vibration syndrome (HAVS).

This dissertation explores a passive vibration control method aimed at reducing dangerous

vibration levels transmitted to the hand from power tools.

The need to reduce harmful vibrations becomes more pressing when considering the widespread

use of power tools in industries such as mining, airplane manufacturing, and construc-

tion [1–4]. Approximately 20% of workers exposed to hand-transmitted vibration (HTV)

1



2 Chapter 1. Introduction

from tools like impact screwdrivers and chipping hammers are at risk of developing finger

blanching, a symptom of HAVS [5], making vibration reduction a critical objective.

To mitigate harmful vibrations transmitted to the hand, this dissertation focuses on curb-

ing vibrations produced by the chipping hammer. Predicting vibrations from such tools is

essential in understanding the underlying methods by which vibrations from the tool can be

curbed. A conventional method often used to study the human-tool interaction is a linear

vibration lumped parameter model [6–9]. As a departure from this conventional method,

these dissertation will focus on creating more realistic chipping hammer model by including

cubic and vibroimpact nonlinearities in the lumped parameter model to predict the behavior

of the chipping hammer has as been widely used in literature to replicate the dynamics of

percussive tools. [10–18].

After modeling the dynamic interaction within the tool, a lumped parameter model of the

hand-arm system is also employed to monitor the effects of vibrations transmitted from

the chipping hammer. The lumped mass model of the hand-arm is anatomically similar to

the hand’s clamp-like structure [19, 20] and is used in this study to assess the impact of

vibrations.

With the tool and hand-arm models defined, the next focus is on evaluating the efficacy of

passive vibration control methods. One common method is the tuned vibration absorber,

which can suppress vibration amplitude at the frequency to which it is tuned [21–26]. How-

ever, due to its limitation in suppressing vibrations outside the tuned frequency range, this

dissertation will explore a variation—the cubic nonlinear tuned vibration absorber—which

offers a wider frequency band suppression range.

Given the background presented above, this dissertation presents novel work in the emphases

of the use of nonlinear dynamical tools such as bifurcation diagrams and phase portraits to
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evaluate the efficacy of the cubic absorber in reducing vibrations transmitted to the hand

from a chipping hammer.

The following sections detail the key elements of this dissertation: Section 1.2 highlighting

the symptoms of HAVS, resulting from exposure to dangerous vibration levels; Section 1.3

reviews models for the hand-arm system; Section 1.4 overviews the models for the chip-

ping hammer and discusses the model proposed for this study; Section 1.5 explores tuned

vibration absorbers and the cubic absorber employed in this study. Section 1.6 gives a

brief summary of the nonlinear dynamical tools used to assess the effectiveness of the cubic

absorber, while Section 1.7 summarizes the research objectives and contributions. Finally,

Section 1.8 outlines the remainder of the dissertation.

1.2 Hand–Arm Vibration Syndrome and Vibration Ex-

posure

To motivate the need for studying methods to reduce vibrations, we begin by describing

the detrimental effects of hand-arm vibration syndrome (HAVS) and highlight instances

where the use of tools, such as chipping hammers, leads to excessive exposure to hand-arm

vibrations (HAV), reinforcing the importance of our work.

HAVS often results from prolonged exposure to HAV, which refers to vibrations transmitted

from hand-held power tools to the hands [27]. This disorder is characterized by vascular,

musculoskeletal, and neurological issues [28–31]. One of the major symptoms of HAVS is

vibration white finger (VWF), which can progress to disability in extreme cases [32–35].

Damage to the muscles and nerves of the hand can also lead to a loss of grip strength [36],

and structural changes to the nerves around the wrist have been observed as a result of long-
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term vibration exposure [37]. Neurological symptoms such as tingling, paraesthesia, sensory

loss, and decreased dexterity are also prevalent, affecting the quality of life and livelihood of

those suffering from HAVS. Initially, these symptoms are intermittent, but if left unchecked,

they can become persistent [38].

As noted by De Silva et al [39], HAVS remains a significant concern in various industries due

to the inadequacies in regulating the duration and intensity of exposure, as recommended

by international standards[30]. Two key metrics used to assess exposure are the 8-hour

exposure value (A(8)) and the exposure limiting value (ELV). The A(8) value accounts for

both the intensity and the duration of exposure, while the ELV defines the maximum daily

limit beyond which workers should not be exposed.

In field measurements taken by De Silva et al for a chipping hammer, approximately 33%

of operators exceeded the ELV, placing them at significant risk for developing HAVS. It

was observed that reducing the time spent using the tool would not sufficiently lower the

A(8) value, making it essential to introduce vibration control methods to mitigate vibrations

reaching the hand. Similar findings were reported by López-Alonso et al [40], reinforcing

that operators of chipping hammers are regularly exposed to vibrations exceeding the ELV.

As such, reducing the magnitude of vibrations to lower the A(8) value becomes critical in

preventing HAVS.

To address this issue, the next chapter will present background information on modeling the

tool and hand-arm system to predict how vibrations are transferred to the hand-arm system.

Takeaway 1: Due to the detrimental effects of HAVS, it is vital that the appropriate vibration

control methods are introduced to reduce an operators vibration exposure
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1.3 Hand-arm Model

In assessing the vibration exposure risk posed to operators using a tool, it is crucial to

consider the dynamics of the hand alongside those of the tool. Studies have shown that

vibration characteristics—including magnitude and dominant frequencies—differ based on

whether the hand-arm system is engaged with the tool [41]. This difference is attributed to

the biodynamic response of the hand-arm, which influences the vibration characteristics of

tools.

The biodynamic response of the hand-arm describes how vibrations are transmitted to the

hand. Key biodynamic responses include apparent mass (AM), mechanical impedance (MI),

apparent stiffness (AS), and vibration power. Each of these responses depends on dynamic

factors such as force, acceleration, velocity, and displacement at the hand-tool interface.

Physically, these biodynamic responses represent different characteristics of the system, with

AM denoting the dynamic mass, MI representing system damping, and AS representing

system stiffness [42].

To evaluate the effectiveness of a cubic absorber in reducing vibrations from a chipping

hammer, it is essential to use a hand-arm model that captures the biodynamic response

characteristics of the hand-arm. We considered several models proposed by Dong et al. [41],

which are based on lumped mass parameters designed to represent the anatomical features of

the hand. These models, both 2-DOF and 4-DOF, were characterized using the mechanical

impedance and apparent mass of the hand-arm. While the 4-DOF model accurately predicted

hand-arm responses across all frequencies, the 2-DOF model had limitations above 100 Hz.

However, by focusing on parameters that matched the experimental apparent mass, the 2-

DOF model could be tuned to simulate hand-arm responses at lower frequencies, making it

more suitable for applications with resonance frequencies below 100 Hz.
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For this study, we chose the 2-DOF model to evaluate hand-arm dynamics, as the chipping

hammer operates at frequencies causing resonance below 100 Hz. This selection allows the

2-DOF model to effectively capture the response of the hand-arm at the tool’s operating

frequency.

Next, we discuss models considered when trying to analyze the dynamics of the chipping

hammer

Take away 2: A 2-DOF model that captures the biodynamic response of the hand-arm can

be used to evaluate vibration control methods for a chipping hammer.

1.4 Chipping Hammer Model

One of the most widely used models in the literature to describe the dynamics of percussive

tools is a lumped parameter model. Lumped parameter models are often preferred due to

their ability to capture the major dynamics of a system with relatively low computational

cost. Examples of such models range from representations with simple visco-elastic con-

nections to models incorporating cubic and nonsmooth nonlinearities, which describe the

vibro-impact nature of percussive tool operation [10–18]. For example, Alabi et al. [13, 14]

examined the qualitative dynamics of a hand-held impact tool, where the dominant form

of nonlinearity was cubic, and demonstrated the effectiveness of a nonlinear absorber in

reducing vibrations transmitted to the hand.

In applications such as drill-string drilling, Pavlovskaia et al. proposed vibro-impact models

to predict optimal static and dynamic forces for achieving maximum drilling efficiency [11,

12]. Additionally, Aguiar et al. showed that a 7DOF vibro-impact system could reproduce

experimental relationships between axial vibration peaks and mud flow rate in drilling sys-
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tems [10]. In a similar vein, Franca and Weber developed a mathematical model considering

only the percussive action of a resonance hammer, which successfully replicated both qual-

itative and quantitative experimental results [43]. Despite the widespread effectiveness of

vibro-impact models in capturing the dynamics of percussive tools, existing studies have not

addressed how to mitigate vibrations transmitted to the hand when modeling tool dynamics

as a vibro-impact system.

We base part of our modeling philosophy on the work by Pavlovskaia et al. (2003), who

successfully used an idealized vibro-impact oscillator to model ground moling dynamics and

demonstrated how periodic and chaotic behaviors relate to experimentally observed perfor-

mance metrics, such as penetration progression. Because that modeling approach (effec-

tively a one-degree-of-freedom impact oscillator) can capture core nonlinear features and

performance trends, we extend the concept by adopting a two-degree-of-freedom (2-DOF)

model—leveraging an additional degree of freedom to represent the coupling between the

tool and hand–arm system while preserving conceptual simplicity.

This study seeks to address how to mitigate vibrations transmitted to the hand when model-

ing tool dynamics as a vibro-impact system by studying a low-order vibro-impact model of a

chipping hammer coupled to the hand, thereby demonstrating that lower-degree-of-freedom

models can capture essential experimental trends while enabling the analysis of vibration

transmission and control strategies.

Takeaway 3: A vibroimpact model which captures the dynamics of percussive tools can be

used to understand the dynamics of a chipping hammer tool
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1.5 Vibration Control Methods and the Tuned Vibra-

tion Absorber

One of the methods to reduce the level of transmitted vibration to the human hand is

through anti-vibration gloves. However, designing an optimal anti-vibration glove that per-

forms well across various users is challenging due to user-specific requirements, imposing a

design limitation for broader, global applicability [44, 45]. Another common approach in me-

chanical systems to attenuate transmitted vibration is the use of a tuned vibration absorber

(TVA). A TVA, typically consisting of a spring-mass-damper system tuned to the primary

system’s frequency, effectively suppresses vibrations by operating at the primary system’s

resonant frequency [46]. While the use of TVAs has shown effectiveness across various ap-

plications [21–26], a deviation from the tuned frequency of the TVA can result in amplified

vibrations rather than suppression.

To address this limitation, a TVA can be modified by introducing a nonlinear stiffness

element, producing a nonlinear tuned vibration absorber (NLTVA) that demonstrates a

wider vibration suppression bandwidth than a standard TVA [47–50]. Using a nonlinear

stiffness element increases the device’s effective bandwidth, making it more applicable than

a linear TVA [47–51]. Given that the operating frequency of the chipping hammer may vary

during its operation, an NLTVA is proposed as a more effective solution to control vibrations

from a vibro-impact chipping hammer model. Thus, a nonlinear absorber incorporating

cubic nonlinearity is explored in this work, as this choice aligns with the hardening-type

nonlinearity commonly observed in vibro-impact systems [52, 53].

The following section will describe the methods used to study the proposed nonlinear models.

Takeaway 4: A cubic absorber is employed in this study due to it’s wider bandwith attenuation
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ability as noted in literature.

1.6 Nonlinear Dynamical Tools

In order to evaluate the efficacy of a cubic absorber, we have decided to study a nonlinear

lumped parameter model with nonlinearities introduced via a cubic absorber and a nonlinear

chipping hammer model, both coupled to a linear model of the hand. This setup aims to

investigate 1) how the vibro-impact and cubic nonlinearity manifest in the behavior of the

chipping hammer and 2) how the cubic nonlinearity of the absorber can be leveraged to

reduce vibrations transmitted to the hand. To achieve these goals, we employ nonlinear

dynamical tools such as bifurcation diagrams, phase portraits, and Poincaré maps.

Bifurcation diagrams are used to track changes in the qualitative structure of a dynamical

system’s flow while varying one or more system parameters [54]. For systems with vibro-

impact nonlinearity, bifurcation diagrams are particularly useful for providing an overview

of system dynamics. Martinelli et al. found that bifurcation diagrams were instrumental in

understanding chaos and identifying stable period-doubling orbits in piecewise systems [55].

This insight is echoed in similar studies that highlight the effectiveness of bifurcation di-

agrams in capturing dynamic phenomena in piecewise systems [56, 57]. For vibro-impact

systems, these diagrams are crucial for identifying abrupt changes in solutions, stability

shifts, and the emergence of quasi-periodic and chaotic responses [58–60].

To gain a more detailed understanding of the bifurcations indicated in bifurcation diagrams,

phase portraits are used. These portraits capture system trajectories by mapping the dis-

placement and velocity of a system’s degree of freedom in steady state [61]. In systems

featuring both cubic and vibro-impact nonlinearities, phase portraits help visualize peri-

odicity and chaotic regimes [62]. They can also highlight grazing events, a hallmark of
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vibro-impact systems [63].

To distinguish between quasi-periodic and chaotic motion shown in phase portraits and to

visualize periodic and quasi-periodic behavior in a simpler way, Poincaré maps are utilized.

These maps are generated by sampling a phase portrait at discrete times, typically at in-

tervals corresponding to the system’s excitation period [64–72]. On these maps, a period-n

orbit is represented by n points on the attractor, while quasi-periodic motion forms a closed

loop, and chaotic motion is depicted as a cloud of disorganized points [73, 74].

Analyzing our nonlinear system with these tools is essential for capturing the complex dy-

namics of the chipping hammer model. This understanding allows us to utilize the cubic

absorber’s nonlinearity to minimize vibrations transmitted to the hand. Thus, the combina-

tion of bifurcation diagrams, phase portraits, and Poincaré maps provides a comprehensive

analysis of the system’s behavior.

Takeaway 5: Due to the complementary insights provided by bifurcation diagrams, phase

portraits, and Poincaré maps, we will use all three methods to analyze the system’s dynamics.

1.7 Research Objectives and Contributions

This dissertation will be to the best of our knowledge, the first to study the nature of

vibration transmission to the hand-arm system from various nonlinear models of a chipping

hammer. Another key novelty of this work is the exploration of a cubic nonlinear absorber

as a vibration control method to mitigate vibrations transmitted to the hand. Finally, we

will validate one of the nonlinear models using experimental data. This experimentally

verified model will additionally be used to evaluate the effectiveness of the cubic absorber in

controlling vibrations.
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The specific research objectives of this dissertation are:

• Enhance the understanding of vibration transmission to the hand from a cubic non-

linear model of a chipping hammer through numerical and analytical approaches.

• Deepen the understanding of vibration transmission to the hand from a vibro-impact

model of a chipping hammer using numerical analysis.

• Investigate the efficacy of a cubic absorber compared to a linear absorber in reducing

vibration magnitude to the hand when coupled with both cubic and vibro-impact

chipping hammer models.

• Validate the proposed nonlinear vibro-impact models by comparing its predictions

with experimental data and evaluate the potential effectiveness of the cubic absorber

in experimental settings.

The objectives of this dissertation lay the groundwork for several significant contributions

to the literature. Specifically, these contributions include to the best of our knowledge a

first-of-its-kind investigation of a unique nonlinear lumped parameter model of a chipping

hammer to analyze the nature of vibrations transmitted to the hand. Also, this dissertation

investigates, for the first time, the efficacy of a cubic absorber in reducing vibrations to

the hand from the chipping hammer model. Finally, the dissertation explores the ability

of the vibro-impact nonlinear model to replicate experimental findings. The experimental

validation of the nonlinear model is a novel contribution that has not been explored in

the context of hand-tool interaction. Specifically, the novelty of the contributions of the

dissertation to the best of our knowledge is as highlighted below:

• Introducing the first study on vibrations transmitted to the hand when a nonlinear

chipping hammer model is coupled with a hand model. Prior studies have focused on
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linear models, neglecting the inherent nonlinearity in percussive tools. This dissertation

leverages the advantages of nonlinear models to more accurately represent the dynamics

of chipping hammers.

• Investigating, for the first time, the potential of cubic nonlinear absorbers to attenuate

vibrations transmitted to the hand. The superiority of nonlinear absorbers such as

the cubic absorber has been demonstrated in the literature for other applications;

however, the efficacy of this vibration control method in tool-hand interaction has

not been explored. This study contrasts the performance of cubic absorbers against

traditional linear absorbers for vibration control in chipping hammers, demonstrating

the utility of the cubic absorber in curbing vibrations to the hand.

• Emphasizing the experimental validation of the vibroimpact nonlinear model of the

combined chipping hammer-hand-arm system. In existing research, more emphasis

has been placed on identifying lumped mass parameters of a linear tool-hand model.

However, studies have revealed that percussive tools such as the chipping hammer are

better described using nonlinear models due to the nonlinear restoring force between

the tool tip and ground. Thus, this work aims to determine whether a nonlinear model

offers a better predictive capability for vibration transmission compared to conven-

tional linear models.

1.8 Dissertation Layout

Following the introduction chapter — which presents the background, problem statement,

objectives, and contributions of the dissertation — Chapter 2 examines a hand-held impact

machine modeled as an oscillator with cubic nonlinearities. The performance of both linear

and nonlinear tuned vibration absorbers in suppressing vibrations transmitted from the tool
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to the hand is investigated. Chapter 3 builds on this work by employing nonlinear dynamical

tools such as Poincaré maps, phase portraits, and bifurcation diagrams to further analyze

the absorber’s effectiveness in vibration suppression. In Chapter 4, the chipping hammer

is modeled as a vibro-impact system, and the absorber’s performance is again evaluated

using nonlinear dynamical tools. Chapter 5 develops a vibro-impact model of the chipping

hammer that is closely aligned with experimental findings and focuses on grazing phenomena,

a hallmark characteristic of systems with vibro-impact nonlinearities. Finally, Chapter 6

presents a summary of key findings along with suggestions for future progression of this

work.
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• Supervision: Dr. Oumar Barry.

This chapter is edited from: Alabi, O., & Barry, O. (2020, October). On the nonlinear vibra-

tion analysis of a hand-held impact machine. In Dynamic Systems and Control Conference

(Vol. 84287, p. V002T29A004). American Society of Mechanical Engineers.

2.1 Introduction

Hand-held impact tools are ubiquitous in industrial sectors such as mining, airplane manu-

facturing and construction [1–4]. A major problem with HIM’s is that workers who use these

tools may be exposed to hand transmitted vibrations (HTV). Severe exposure to hand-arm

vibrations puts these workers at risk of developing hand-arm vibration syndrome(HAVS). It

has been shown that approximately 20% of workers who are exposed to HTV through tools

such as impact screwdrivers and chipping hammers are at risk of developing finger blanching,

[5] a symptom of HAVS.

Hand-arm vibration syndrome (HAVS) is a disorder characterized by vascular, musculoskele-

tal and neurological disorders [28–31]. One of the major symptoms of HAVS is vibration

white finger (VWF) which in extreme cases can lead to disability [32–35]. As a result, two

main methods have been proposed to attenuate hand transmitted vibrations from HIM’s.

These methods are vibration isolation and dynamic absorption [75]. The incorporation of vi-

brational isolators to mitigate vibrations at the tool handle has been investigated in [76, 77].

In these studies, the isolator was devised as a material placed between the tool handle and

hands of an operator. The problem with such isolators is that large masses are required at

the handle for the isolator to be effective [78]. Also, there is a trade-off between the con-

trollability of the tool and vibration isolation effectiveness when making use of such isolators
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[79]. Isolators in the form of anti-vibration gloves have also been explored as a means of

attenuating vibrations from a tool’s handle. However, studies have shown that these gloves

are effective in high-frequency ranges (> 150Hz) and ineffective in low-frequency ranges

[80, 81].

The second method for mitigating unwanted vibrations from HIMs is the use of vibration

absorbers. Linear absorbers have been used in [79]. However, a common problem with

using linear tuned vibrational absorbers is that slight variations from the frequency from

which these absorbers have been tuned can lead to amplification rather than suppression

of vibrations. As a result, nonlinear tuned vibration absorbers (NVA) have been studied to

increase the operating frequency range of vibrational absorbers. Wang et al. [49] used a NVA

to reduce machine chatter suppression and obtained a 30 percent improvement in machine

performance when compared to a TVA. With regards to the implementation of a NVA in a

HIM, Lindell et al. [50] showed that an NVA in a pneumatic impact machine could suppress

vibrations in a broader range of frequency than the TVA.

To further improve vibration attenuation mechanisms, more emphasis should be put on

nonlinear vibration attenuation mechanisms due to the improvement they offer over linear

vibration attenuation mechanisms. The (nonlinear)vibro-impact dynamics of a HIM makes it

vital that vibration attenuation from HIMs be done with nonlinear mechanisms [82]. Habib

et al. have shown that vibration attenuation mechanisms are more effective when they have

the same functional form of the system on which they are acting on [53]. The addition of

inerters to nonlinear absorbers is also a topic that should be explored as inerters improve

the performance of vibration absorbers by increasing the effective mass of the absorbers

while having small physical masses. This is true because a larger absorber mass improves

the vibration suppression characteristics of an absorber. The effective mass boosting effects

realized with a small physical mass, characteristic of an inerter, has been realized through a
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2kg inerter that produces an effective mass of 300kg [83]. Various case studies have shown

the effectiveness of inerters coupled with linear absorbers to reduce vibrations in cars and

civil engineering structures [84–88].

As a result of these findings, the present paper presents, for the first time, the study of

a HIM with a nonlinear vibrational absorber and an inerter (NVAI). The addition of an

inerter to the dynamic absorber is expected to improve the vibration mitigation properties

of the absorber. While the addition of a nonlinear absorber will result in a wider bandwidth

vibration suppression in these HIMs. To realize this goal, this paper will study a nonlinear

oscillator equipped with a NVAI. The oscillator is assumed to be the mass of the vibrating

HIM. The main mass of the HIM is coupled to the HAS so the level of vibration attenuation

to the HIM is assessed by considering the level of vibration mitigation at the HAS. We then

use the harmonic balance and continuation method to obtain plots that will highlight the

effectiveness of the different absorbers.

2.2 Mathematical Modelling

In this paper, the vibration response of the HAS connected to a HIM is analyzed while the

HIM is equipped with a nonlinear tuned vibration absorber–inerter (NVAI). The model of

the HAS used in this study is adapted from the paper by Dong et al. [41], in which the

HAS is coupled at a single point to the HIM. This model was used in this study because it

can provide a reasonable response of the HAS for frequencies less than 100 Hz. The HIM

evaluated in this paper operates in a frequency range of 30–60 Hz; hence the HAS model

used is appropriate for our study.

The schematic of the HAS and HIM coupled with a NVAI is shown in Fig. 5.1. mH , ms, ma,

and mn represent the mass of the HIM, tissue and skin covering the HAS, hand–arm, and
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absorber respectively. kH , kHL, and cH represent the nonlinear and linear ground connection

stiffness, and the damping coefficient of the HIM respectively. b represents the effective

mass provided by an inerter which is grounded on one side and coupled to the mass of the

absorber on the other side. In this study, the effective mass provided by the inerter is taken

to be two times its mass.

Figure 2.1: Schematic of the HIM and HAS system with a NVAI

For this analytical model, Fw represents the excitation force of the HIM due to the recipro-

cating motion of the piston which causes it to function. The analytical form of this excitation

was adapted from the expression obtained experimentally in [78] and is shown below:

Fw = Fref

(
ω

ωref

)2

sin(ωt) (2.1)

In this expression, ω represents the excitation frequency of the excitation force while ωref

represents a reference frequency needed to describe the analytical form of the excitation

force.

The HIM system with a NVAI has three degrees of freedom represented as the motion of the

HIM xH , HAS xa, and the absorber xN . The governing equations of motion are obtained
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using Newton’s second law to give:

(mH +ms)ẍH − csẋa − ksxa + (cH + cN + cs)ẋH − cN ẋN

+(kHL + kNL + ks)xH + kN(xH − xN)
3 + kHx

3
H − kNLxN =

ω2Fref sin(ωt)
ω2

ref
,

(2.2a)

maẍa + (ca + cs)ẋa + (ka + ks)xa − csẋH − ksxH = 0, (2.2b)

(mN + b)ẍN − cN ẋH + cN ẋN + kN(xN − xH)
3

−kNLxH + kNLxN = 0.

(2.2c)

These equations are then written in a compact form to obtain

[M] ẍ + [C] ẋ + [K]x + N = Feq (2.3)

where x = [xH , xa, xN ]
>. M, C, and K are 3 × 3 inertia, damping, and stiffness matrices

respectively; N is a 3 × 1 vector containing the nonlinear terms; and Feq is a 3 × 1 force

vector. These matrices are presented in Appendix A.

2.3 Analytical Solution

The method of harmonic balance is used to formulate a set of equations from which we

can obtain explicit expressions for the displacement amplitude of the systems. This is done

so that the nonlinear amplitude-frequency response of the HIM can be plotted using the

arc-length continuation method as numerical simulations cannot capture all of the points on

a nonlinear amplitude-frequency response plot. Via the method of harmonic balance, the

solution of the system with a NVAI is synonymous with the external excitation acting on
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the system. Therefore the solutions of Eqs. (2.2) are assumed to be of the form:

{x}(t) = {A} cos (ωt) + {B} sin (ωt) (2.4)

where {A} and {B} are (3 × 1) columns vectors with unknown coefficients a1, c1, e1 and

b1, d1, f1 respectively. After substituting the expression above for xH(t), xN(t) and xa(t) into

Eqs. (2.2), we obtain,

− ω2[M] {A} cos (ωt)− ω2[M] {B} sin (ωt)

− ω[C] {A} sin (ωt) + ω[C] {B} cos (ωt) + [K] {A} cos (ωt)

+ [K] {B} sin (ωt) + [N1] = {Feq} , (2.5)

where [N1] is a (3 × 1) column vector defined in Appendix A. From Eqs. (2.2), we obtain

6 sets of equations by equating the coefficients of sine and cosine from these expressions to

zero. The variables a1, b1, c1, d1, e1 and f1 can then be calculated from these equations.

2.4 Results and Discussion

In this section, the analytical solution for the HIM and HAS system with a NVAI is obtained

and verified via a numerical method, and the performance of the NVAI is evaluated and

compared to the performance of the classical TVA and NVA. Parametric studies are also

carried out to understand the effects of viscous damping and inertance of the NVAI, and

HIM nonlinear stiffness on the performance of the NVAI.

The numerical properties of the NVAI used for validating the NVAI’s analytical solution are
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presented in Table 5.1. The value for the mass of the HIM is chosen to represent the mass

of a typical pneumatic chipping hammer, while the other properties of the HIM are chosen

arbitrarily. The other systems being studied also use the same parameters listed in Table 5.1

except the parameter mN which is set to 0.05mH for the NVA and TVA. It should be noted

that for a model of the HIM-HAS system with a NVA, b will be set to zero while for a TVA

both b and kN will be set to zero. The linear parameters of the absorbers are determined

using the second order approximations obtained when the properties of a dynamic absorber,

with linear stiffness and damping, attached to a linear oscillator are optimized by the H∞

optimization method as done in [89]. The nonlinear stiffness of the NVA and NVAI are

determined using the proposed principal of similarity by [90], wherein the mathematical

form of the NVA’s restoring force is a mirror image of the restoring force of the primary

system.

As mentioned above, the first part of our analysis involves the validation of our system’s

analytical solutions by comparing the solutions of our system obtained via the harmonic

balance method with the solution of our system obtained using the numerical ode solver,

ode45, in Matlab. At ω = 10, 360, 510, and 700, we obtain a mean percentage difference

between our analytical and numerical solution of 0.26%, 0.71%, 1%, and 0.27% respectively.

We consider these errors to be negligible and determine that there is a good agreement be-

tween the solutions obtained using the numerical method and the harmonic balance method.

Therefore, further analysis of the response of all systems presented in this study will be done

using the harmonic balance method and arc-length continuation method.

In the remaining part of this section we compare the effectiveness of the absorbers in atten-

uating vibrations at different forcing amplitudes. The amplitude-frequency plots of the HIM

with and without the three different absorbers at an excitation forcing amplitude of 300N

and 500N are shown in Fig. 2.3.
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Table 2.1: Parameters of the HIM system equipped with a NVAI.

Parameter Value Units Parameter Value Units Parameter Value Units
mH 1.7 kg kHL 3(105) N/m cH 50 Ns/m
ma 1.5546 kg ka 4279 N/m ca 76.1 Ns/m
ms 0.0493 kg ks 62804 N/m cs 192.9 Ns/m
mN 0.02mH kg kNL 13280 N/m cN 9.3 Ns/m
Fref 300 N ωref 26.1 Hz b 0.04mH kg
kH 3(108) Ns/m3 kN 2.5(106) Ns/m3 − − −
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Figure 2.2: Comparison of numerical and analytical solutions for the responses of
the HIM (primary mass) at (a) 10 rad/s, (b) 360 rad/s, (c) 510 rad/s and (d) 700
rad/s.

For Fref of our excitation forcing amplitude set to 300N , all the absorbers are able to

effectively mitigate vibrations produced by the HIM. This is highlighted by the difference in

displacement of the HAS with and without an absorber for different frequencies in Fig. 2.3a.
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(a) (b)

Figure 2.3: Frequency response of HAS for excitation forcing amplitude of (a) 300N
and (b)500N

(a) (b)

Figure 2.4: Frequency response of HAS for a) varying absorber damping parameters
and b) varying HIM non-linear stiffness parameters.

Figure 2.5: Frequency response of HAS for varying inerter values.

Fig. 2.3a also shows that the NVA and NVAI are more effective at attenuating vibrations

than the TVA. When the excitation force is increased by setting Fref to 500N, the nonlinear
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characteristic of the HIM appears as the hardening trait of the cubic spring becomes more

apparent (Fig. 2.3b ). It can also be seen that the TVA becomes detuned. With detuning

observed when one of the TVA’s frequency peaks begins to obtain a shape similar to the

peak of the displacement of the HAS without an absorber. Similar observations have been

seen in [53]. This happens because the TVA does not contain a spring which has the same

nonlinear form as the nonlinear spring of the vibrating HIM.

Based on these observations, we can narrow down our options of the most effective absorbers

to the NVA and NVAI which do not get detuned for strongly nonlinear motions of the HIM,

which become apparent with an increase in forcing amplitude. The advantage which the

NVAI holds over the NVA is a potential reduction in weight of the vibration attenuation

mechanism. A well known theory in the design of absorbers is that an increase in the mass of

an absorber makes for a more effective absorber. As mentioned before, the NVAI employed

in this study has a total mass of 0.068kg where its inerter’s effective mass is two times the

inerters original mass. This assumption seems fair given that an inerter can provide an

inertance about 3 times its mass [91]. Given this fact, we can conclude that the NVAI is

a better option for attenuating vibrations as it possesses a mass less than the mass of the

NVA(0.085kg) while also suppressing vibrations better as seen in Fig 2.3b.

Next, we analyze the changes in the response of the HAS while the damping of our ideal

absorber, the NVAI, is varied. Our results, shown in Fig. 2.4a, indicate that as the damp-

ing of the absorber is increased, the maximum peak of the response of the HAS initially

decreases then increases. We also observe that the absorber has smaller magnitudes of min-

imal displacement of the HAS for smaller values of damping. This can be seen in the region

between 400 rad/s and 500 rad/s of Fig. 2.4a. This pattern observed is similar to changes

in the frequency response of a damped linear oscillator for varying damping parameters of

an attached absorber. For the smallest value of cN employed, the frequency response breaks
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away from what looks like a fixed point at 508 rad/s.

Further, the effect of changing the non-linear ground connection stiffness kH on the frequency

response of the HAS is studied. Fig. 2.4b, shows that an increase in kH leads the system to

operate in its nonlinear regime as shown through the appearance of the hardening resonance

curve for the largest value of kH . It is worth noting that the peaks of the frequency response

curves vary slightly as the HIM moves from operating in a linear to nonlinear region.

The effect of changing the inertance of the NVAI is also studied. An increase in the inertance

of the NVAI which corresponds to an increase in the mass of the absorber albeit without a

substantial increase in the weight of the absorber leads to an increase in the effectiveness

of the absorber. Fig. 2.5 shows that an increase in the inertance of the NVAI, reduces the

resonance peaks of the frequency response curves and makes the absorber more effective.

2.5 Conclusion

Based on the results obtained from the study of the HIM-HAS system with different ab-

sorbers, we made the following observations. The NVAI and NVA were better at suppress-

ing vibrations of our system than the TVA. This was because for higher forcing amplitudes,

when the frequency response curve of the HAS begins to show a hardening resonance, the

TVA becomes detuned while the NVA and NVAI are still able to effectively supress vibra-

tions. This indicates that the NVAI and NVA are effective options for maintaing a wide

suppression band for a system with nonlinearities.

We also observed that the NVAI performed better than the NVA because the NVAI sup-

presses vibrations better than the NVA while having a smaller mass. The NVAI was able

to achieve this feat as it could provide a large effective mass by virtue of its inerter which
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can simulate an effective mass more than twice its mass. Given that the effectiveness of

absorbers is limited by the mass which they can possess, it is vital that an absorber such

as the NVAI, which provides an effective mass larger than its mass, is adopted. We showed

that increasing the mass of an absorber, by increasing the inertance of the NVAI, does in-

deed increase the vibration suppression characteristics of the absorber(NVAI). This result

supports the claim that an increase in the effective mass of an absorber is an ideal way to

improve its performance.

Finally we varied the nonlinear stiffness of the HIM and the damping of the absorber. We

discovered that increasing the nonlinear stiffness of the HIM made the systems frequency

response curve more likely to exhibit a nonlinear hardening resonance. We also discovered

that as the damping of the absorber was increased, the maximum peak of the response of

the HAS initially decreased then increased. We also observed that the absorber had smaller

magnitudes of minimal displacement of the HAS for smaller values of damping, as seen in

the region between 400 rad/s and 500 rad/s.

To design a better NVAI for the HIM, it is recommended that the nonlinearity apparent

in a HIM during its operation be studied. This is so that the absorber can be modelled to

possess the nonlinear features apparent in the system and hence be effective. The absorber

in our work was effective at mitigating vibrations because it possessed the same assumed

cubic nonlinearities as the HIM system.
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3.1 Introduction

The use of a hand-held impact machine (HHIM) is widespread in the construction industry.

These HHIMs use a vibrating tool that impacts the surface in a continuous manner and

simultaneously transmits reactive vibrating forces to the operators’ hand. Excessive expo-

sure of the operators’ hands to severe levels of vibrations can lead to hand-arm vibration

syndrome (HAVS) [27]. HAVS is a series of disorders which can be characterized as vascu-

lar, neurological and musculoskeletal [28–32]. The debilitating effects of HAVS may include

numbness and pain at hand, decreased tactile perception at the fingers, and in extreme

cases, the development of gangrene and eventually amputation [80]. Therefore, to attenuate

these transmitted vibrations and prevent the development of HAVS, it is essential to develop

methods to reduce vibrations transmitted to the hand-arm system.

One of the methods to reduce the level of transmitted vibration to the human hand is anti-

vibration gloves. However, designing an optimum anti-vibration glove for better performance
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is user-specific and hence, imposes a design limitation for global use [44, 45]. Another

common practice in the mechanical system to attenuate the transmitted vibration is using

a tuned vibration absorber (TVA). A TVA consists of a spring-mass-damper system tuned

to the primary system. Hence, it effectively suppresses the vibrations by operating at a

resonant frequency of the primary system [46]. Although the use of TVA has been shown

to be effective for various applications [21–26], a slight deviation from the tuned frequency

of the TVA can lead to the amplification of vibrations. To address this issue, a TVA can be

modified by including a nonlinear stiffness element in the system. This variation of a TVA

has often been termed a nonlinear tuned vibration absorber (NLTVA) and has been shown

to have a wider vibration suppression bandwidth than the TVA [47–50].

Furthermore, it has been observed that an increase in the mass of an absorber increases its

vibration suppression bandwidth [92–94]. However, an excessive increase in the absorber

mass is often undesirable due to the design constraints in the primary system. Therefore,

devices known as Inerters can be added to the absorber system to circumvent this issue as

they can provide an effective mass more than double its original mass. This further implies

that with the addition of an Inerter, the effective mass of an absorber system can be increased

without any significant increase in the absorber mass. The effectiveness of an Inerter can

be illustrated through the use of 2kg inerter to provide an effective mass of 300kg [83]. In

the current work, an absorber system with an inerter will be termed as nonlinear vibration

absorber inerter (NVAI).

The preliminary analysis of the hand-arm system with a HHIM along with NVAI showed the

effectiveness of NVAI in comparison to the linear TVA [94]. However, a detailed nonlinear

analysis of the system, which can further guide the optimum design of NVAI, has not been

performed. Therefore, this work, for the first time, presents a detailed nonlinear analysis

of the system. To achieve this, we model the combined HAS-HHIM-NVAI as a lumped
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parameter model. The HAS will be modeled as a 2DOF proposed by Dong et al. [41]. Due

to nonlinearities exhibited in an impact tools operation, via friction between contact surfaces

or loss of contact between tool and material, the nonlinearities in the HHIM are modeled as

cubic. Given the nonlinearities introduced to the system, nonlinear analysis techniques will

be employed to study the system.

The rest of the paper is organized as follows. In section 5.1, the Mathematical model of the

HAS-HHIM-NVAI system is presented. In section 5.2 a bifurcation analysis of the system

is presented. Also, Poincare maps and phase portraits are used to analyze the dynamics of

the system. Finally, some conclusions are drawn on the study in section 5.3.

3.2 The Mathematical Model of a HIM–HAS–NVAI

System

In this section, we formulate a lumped parameter model to analyze the dynamics of a Hand-

arm System (HAS) coupled with an HIM and a NVAI. The schematic of the combined

system is shown in Fig. 5.1. In the current analysis, we employ the HAS proposed by Dong

et al. [41]. Also nonlinearity is introduced in the lumped parameter model of the system by

including nonlinearity in the HIM and NVAI, as shown in Fig. 5.1. For the sake of simplicity

in the analysis, we consider the nonlinearity in the HIM as cubic. Due to nonlinearities

exhibited in an impact tools operation, via friction between contact surfaces or loss of contact

between tool and material, the nonlinearities in the HIM are modeled as cubic. Therefore,

the nonlinearity of the NVAI should also be cubic for better vibration suppression [53]. In

Fig. 5.1, mH , ms, ma, and mn represent the masses of the HIM, human-hand skin in contact

with the handle of HIM, hand-arm system, and the absorber, respectively. kH and kHL
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represent the nonlinear and linear ground connection stiffness, respectively, whereas, kN and

kNL represent the nonlinear and linear stiffness of the NVAI respectively. cH and cN represent

the linear viscous damping coefficient of the HIM and NVAI, respectively. Further, ks and

cs are the linear spring and viscous elements connecting the masses ma and ms, respectively,

while ka and ca are the linear spring and viscous elements connecting the mass ma to the

body/trunk (modelled as a fixed surface), respectively. The inertance, which is grounded on

one side and coupled to the mass of the absorber on the other side, is represented by b.

Figure 3.1: Schematic of the combined system of HIM-HAS system with a NVAI

If xH , xa, and xN represent the motion of HIM, HAS, and NVAI, respectively, then the

governing equations of motion are given by

[M] {ẍ}+ [C] {ẋ}+ [K] {x}+ {fnl} = {Feq} (3.1)

where [M], [C], and [K] are (4 × 4) inertia, damping and stiffness matrices, respectively,

{fnl} represents the nonlinear force terms for the system, {Feq} is a (3× 1) force vector and

{x} = [xH , xa, xN ]
′ is a (3× 1) displacement coordinate vector. These matrices are defined

in Appendix A.

In the above governing equations of motion, Fw represents the excitation force acting on the
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HIM due to the reciprocating motion of the piston inside the HIM. The analytical form of

Fw is adapted from the experiments reported in [78] and is given by

Fw = Fref

(
ω

ωref

)2

sin (ωt) . (3.2)

To reduce the effective number of parameters, we nondimensionalize the governing equations

of motion, and accordingly, introduce the following scales and nondimensional parameters

m1 = mH + ms, m2 = mN + b, m3 = ma, ω1 = kHL

m1
, τ = tω1, x0 = g

w2
1
, y = x

x0
,

Ω = ω
ω1

, ζ1 = cH
2
√
m1kHL

, ζ2 = cs
2
√
m1kHL

, ζ3 = cN
2
√
m1kHL

, kr1 = ks
kHL

, kr2 = kNL

kHL
, krnl1 = kH x2

0

kHL
,

krnl2 =
kN x2

0

kHL
, F =

Fref

m1 x0 ω2
ref

, α = m1

m2
, kr3 = ka

kHL
, α2 = m1

m3
, ζ4 = ca

2
√
m1kHL

.

Using above mentioned scales and nondimensional parameters, Eq. (3.1) can be nondimen-

sionalized as

[M1] {y′′}+ [C1] {y′}+ [K1] {y}+ {f1nl} = {F1eq} (3.3)

where [M1], [C1], and [K1] are (4 × 4) matrices with nondimensional parameters, {f1nl}

represents the nonlinear force terms for the system, {F1eq} is a (3 × 1) force vector and

{y} = [yH , yN , ya]
′ is a (3 × 1) displacement coordinate vector. These matrices are defined

in Appendix A.

Prime (′) denotes the derivative with respect to the nondimensional time τ . For the analytical

treatment of the coupled system, we rewrite Eqs. (3.3) in a compact state-space form as

y′1 = y2 , (3.4a)
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y′2 =2ζ1y2 − y1 − 2ζ2 (y2 − y4)− kr1 (y1 − y3)− kr2 (y1 − y5)− 2ζ3 (y2 − y6)− krnl1y
3
1

− krnl2 (y1 − y5)
3 + FΩ2 sin (Ωτ) ,

(3.4b)

y′3 = y4 , (3.4c)

y′4 =− 2ζ3α (y6 − y2)− kr2α (y5 − y1)− krnl2α (y5 − y1)
3 (3.4d)

y′5 = y6 , (3.4e)

y′6 = −kr3α2y3 − 2ζ4α2y4 − kr1α2 (y3 − y1)− 2ζ2α2 (y4 − y2) , (3.4f)

where [y1, y2, y3, y4, y5, y6] = [yH , y
′
H , yN , y

′
N , ya, y

′
a]. Having established the nondimensional

governing equations of motion, next we present the analytical solution procedure along with

the linear stability analysis in the subsequent section.

3.3 Analytical Solution and Stability Analysis

The linear stability analysis of a nonlinear system is an important step and has to be per-

formed carefully as it provides the critical values of the control parameters at which steady

states lose or gain stability. Note that the coupled nonlinear system in the current anal-

ysis, i.e., Eq. (3.4), is a nonautonomous system with a harmonic excitation; therefore, the

steady states will always be periodic in nature instead of being constants as in the case of

an autonomous system. Since a linear stability analysis uses steady-state solutions, we first

obtain the steady-state periodic solutions of the coupled nonlinear system using the method

of harmonic balance, as presented next.
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3.3.1 Analytical Solution Using the Method of Harmonic Balance

As mentioned earlier, we use the method of harmonic balance to get the steady-state periodic

solutions of the current nonlinear system. Since linear methods are not sufficient to analyze

systems expressing nonlinearity, the method of harmonic balance is employed to study the

cubic nonlinearity embedded in our system. The method of harmonic balance works by

representing a steady-state periodic solution of an ordinary or differential-algebraic equation

system by a Fourier series, i.e., a combination of sinusoids [95]. The implementation of the

method of hamronic balance for this system is presented below.

To proceed with the method of harmonic balance, we assume that the steady-state periodic

solutions of Eq. (3.4) are synchronous with the external forcing on the system. The analysis

of a duffing oscillator by Krack and Gross [95] revealed that a single harmonic term in

the harmonic balance method could sufficiently capture the response of a forced duffing

oscillator. Therefore, since our system contains the same form of nonlinearity, the solution

of Eq. (3.4) can be assumed as

{y}(τ) = {C} cos(Ω τ) + {D} sin(Ω τ) , (3.5)

with coefficient vector C and D are defined as

C =

[
C1 C2 C3 C4 C5 C6

]T
, D =

[
D1 D2 D3 D4 D5 D6

]T
.

On substituting the assumed form of the solution in Eq. (3.4) we get

− Ω {C} sin (Ωt) + Ω {D} cos (Ωt) + Ω[A] {C} cos (Ωt) + Ω[A][D] sin (Ωt) + [N1] = {Feq} .

(3.6)
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where [A] is a (6 × 6) matrix and both [N1] and [Feq] are (6 × 1) column vectors. [N1]

contains the nonlinear terms of the equation. These matrices are defined in Appendix B.

By equating the coefficients of sine and cosine to zero in Eqs. (3.6), we get the set of 12

simultaneous nonlinear algebraic equations in terms of coefficients of C and D. These

equations can be solved for Cis and Dis, which further provide us the solution to nonlinear

coupled system (Eq. (3.4)) by utilizing Eq. (3.5). Having obtained the steady-state solution

to the nonlinear system, next, we present the linear stability analysis.

3.3.2 Linear Stability Analysis

To perform the linear stability analysis of steady-state periodic solutions, we provide a small

perturbation to all steady-states as

yi(τ) = yis(τ) + εzi(τ) , for i = 1, 2, 3, 4, 5, 6 (3.7)

where yiss are the steady-state solutions of the system (obtained using the method of har-

monic balance) and εzis (<< 1) represents small perturbations around the steady-states.

Since the steady-state periodic solutions, i.e., yi(τ)s, of Eq. (3.4) satisfy Eq. (3.4), we get

linearized equations in terms of perturbed and steady-state quantities as

z′1 = z2 , (3.8a)

z′2 =− z1kr1 + z3kr1 − z1kr2 + z5kr2 − 3y21sz1krnl1 − 3y21sz1krnl2 + 3y21sz5krnl2 + 6y5sy1sz1krnl2

− 6y5sy1sz5krnl2 − 3y25sz1krnl2 + 3y25sz5krnl2 + 2ζ1z2 − 2ζ2z2 + 2ζ2z4 − 2ζ3z2 + 2ζ3z6 − z1 ,

(3.8b)
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z′3 = z4 , (3.8c)

z′4 =3αy21z1krnl2 − 3αy21z5krnl2 − 6αy5y1z1krnl2 + 6αy5y1z5krnl2 + 3αy25z1krnl2 − 3αy25z5krnl2 + αkr2z1

− αkr2z5 + 2αζ3z2 − 2αζ3z6 ,

(3.8d)

z′5 = z6 , (3.8e)

z′6 = α2z1kr1 − α2z3kr1 − α2z3kr3 + 2α2ζ2z2 − 2α2ζ2z4 − 2α2ζ4z4 . (3.8f)

It should be noted here that the linearized equations, i.e., Eq. (3.8) involve time-periodic

coefficients in terms of steady states, so it is difficult to get the closed-form expressions for

the critical values of the control parameters. Therefore, we use Floquet theory to determine

the stability of the steady-state periodic solutions numerically. A detailed discussion on the

linear stability along with nonlinear tools to explore the dynamics of the coupled system is

presented in the subsequent section.

3.4 Results and Discussions

In this section, we first compare the analytical solution (Eq. (3.5)) with the numerical sim-

ulation of the coupled HIM-HAS-NVAI system to establish the accuracy of the analytical

approach. The analytical solution presented earlier is used to generate a linear stability

curve of the system in parametric space. Afterwards, numerical bifurcation analyses of the

system are used to examine the nonlinear dynamics of the system for the different values

of the operating parameters, i.e., F and Ω. Finally, a parametric analysis is conducted to

identify key design parameters of the system.
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3.4.1 Validation of the Analytical Results from Method of Har-

monic Balance

Table 3.1: Parameter values of the HIM–HAS–NVAI system (part 1).

Parameter Value Unit
mH 1.7 kg
ma 1.55 kg
ms 0.049 kg
mN 0.02mH kg
Fref 300 N
ωref 26.1 Hz
b 0.04mH kg
kH 3.0× 108 Ns/m3

kN 2.5× 106 Ns/m3

x0 5.72× 10−5 –

As mentioned earlier, the first part of this analysis involves the validation of the analytical

results obtained using the harmonic balance method (HBM) (Eq. (3.5)) by comparing it

against the direct numerical simulations of the coupled HIM-HAS-NVAI system (Eq. (3.4)).

For this purpose, we compare the frequency-response curve of the primary system, i.e., HAS

(ya) obtained using HBM and numerically for the parameter values listed in Table 5.1. The

mass of the HIM is chosen to represent the mass of a typical pneumatic chipping hammer, the

other parameters of the Kelvin-Voigt model for the ground-stiffness interaction are chosen

to represent parameters of a material acted on by a tool-bit. Furthermore, the linear and

nonlinear parameters of the NVAI are determined by the H∞ optimization method [89] and

the principle of similarity [90, 94], respectively.

Since it is difficult to get the closed-form expressions of the coefficients in the analytical solu-

tion (Eq.(3.5)), we use the fixed arc-length continuation method [96] to get numerical values

of the coefficients, of the analytical solution, at different values of the excitation frequency
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Table 3.2: Parameter values of the HIM–HAS–NVAI system (part 2).

Parameter Value Unit
kHL 3.0× 105 N/m
ka 4279 N/m
ks 62804 N/m
kNL 13280 N/m
cH 50 Ns/m
ca 76 Ns/m
cs 192.90 Ns/m
cN 9.3 Ns/m
w1 414.12 –
α2 1.12 –
ζ4 0.052 –
α 17.15 –
ζ1 0.034 –
ζ2 0.13 –
kr1 0.21 –
kr2 0.052 –
ζ3 0.0083 –

krnl1 3.27× 10−6 –
krnl2 1.90× 10−8 –
kr3 0.014 –

for a given value of excitation amplitude. While for the numerical simulations, we have used

MATLAB’s numerical ode solver ‘ode45’ with high relative and absolute tolerance values. To

get the amplitude-frequency response numerically, we uniformly divide the nondimensional

excitation frequency, Ω, in a given range. For each value of Ω, numerical simulations are run

for a sufficient time to get rid of the system’s transient response. Thereafter, the peaks of the

time response ya are plotted for each value of Ω. The comparison between both approaches

has been shown in Fig. 3.2. From Fig. 3.2, we observe that the response of the system using

the analytical approach, HBM, excellently matches with the response of the system using
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the numerical approach. Having shown that the steady state responses of the system can be

approximated using HBM, we will use the analytical solution (Eq. (3.5)) in the remainder

of the analysis unless otherwise stated.
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Figure 3.2: Comparison of analytical and numerical solution for F = 100 and parameter
values listed in Table 5.1.
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Figure 3.3: Stability curve in F − Ω space for the parameter values listed in Table 5.1.
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(a) (b)

Figure 3.4: Bifurcation diagram and its corresponding Lyapunov exponent spectrum for
(i)forward sweep and (ii)backward sweep with Ω = 1.6903 and parameter values listed in
Table 5.1.

(a) (b)

Figure 3.5: Bifurcation diagram and its corresponding Lyapunov exponent spectrum for
(i)forward sweep and (ii)backward sweep with Ω set to 1.6903.
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3.4.2 Linear Stability Curves

To perform the linear stability analysis of the current system, the complete set of linear

ODE’s from Eq. (3.8) can be written in a compact form as

ẋ(τ) = F(τ)x(τ)

where F(τ) is a Jacobian matrix with time-periodic coefficients (due to the appearance of pe-

riodic steady-states) and x(τ) is a state vector with components x(τ) = [y1, y2, y3, y4, y5, y6]
T .

To study the stability characteristics of the coupled system, we use Floquet theory. To gen-

erate the stability plot in F − Ω space, we divide the given range of F and Ω in 1000× 500

sub-regions with 1000 discrete points along the F−axis and 500 discrete points along the

Ω−axis. Next, we run the simulation to generate the fundamental matrix and obtain the

Floquet multipliers, fis, as the eigenvalues of the fundamental matrix. For each point, we

check the magnitude of the dominant Floquet multiplier. If the magnitude of the dominant

Floquet multiplier is less than one, then the system is stable, and if it is greater than one,

it becomes unstable. Therefore, the stability boundary is defined as the locus of operating

points corresponding to the dominant Floquet multiplier with magnitude one. After evaluat-

ing the dominant Floquet multiplier at every point, the boundary, separating the stable and

unstable region, is plotted and shown in Fig. 3.3. From Fig. 3.3, we observe the transitions in

the stability of the periodic steady-states after certain threshold frequencies. To understand

the dynamics involved with these transitions, bifurcation diagrams and Lyapunov spectrums

are generated and discussed in the next section.
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3.4.3 Bifurcation Analysis

For the numerical bifurcation analysis, we have used MATLAB’s ODE solver ‘ode45’ with

high values of relative and absolute tolerances, ‘10−8’, to solve our first-order system of

ODE’s. These bifurcation diagrams can be plotted by fixing either of the control parameters,

i.e., F or Ω, and varying the other. In the current work, we fix Ω (Ω = 1.6903), and

vary F in forward/increasing and backward/decreasing directions. To perform the above-

mentioned step, we uniformly divide the bifurcation parameter, F , in a given range and run

the numerical simulations for a sufficient time to capture the steady-state response of the

system at each value of F in both directions. Note that for both forward and backward

sweeps, the system’s final response for a previous bifurcation parameter is used as the initial

condition for the numerical simulation corresponding to the next value of the bifurcation

parameter. These bifurcation diagrams, showing the extrema of the hand-arm system’s

motion, i.e., y5 (corresponding to y6 = 0) are depicted in Figs. 3.4 and Fig. 3.5 for relatively

low and high values of F , respectively.

Figure 3.4 shows the bifurcation diagram for F : 0 − 500 in forward and backward direc-

tion. From Fig. 3.4, we can observe that the system loses and regains lyapunov stability.

The Lyapunov stable region is also asymptotically stable as predicted by the stability plots

(Fig. 3.3). We further observe the appearance of quasi-periodic motions in the unstable

region. The appearance of these quasi-periodic motions can be further confirmed by plot-

ting the variation of Lyapunov exponents. The Lyapunov exponents (LE) of the system are

obtained using the method proposed by Wolf et al.[97]. The Lyapunov exponents for this

system are obtained with the equations of motion transformed to an autonomous form.
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Figure 3.6: Phase potraits for (i)periodic(F = 100), (iii)quasi-periodic(F = 300) and (v)
chaotic motion(F = 7900), and their corresponding Poincare maps for (ii)periodic, (iv)quasi-
periodic and (vi) chaotic motion for Ω set to 1.6903 are shown. These dynamics correspond
to the dynamics obtained via a forward sweep.
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The regions of F for which the largest LE is zero and the other LE’s are negative correspond

to periodic solutions. While the values of F where the two largest LE’s are zero and the

other LE’s are negative correspond to quasi-periodic solutions [98, 99]. From the Lyapunov

spectrum shown in Fig. 3.4, we can observe that the two largest Lyapunov exponents become

zero in the unstable regions, signifying the existence of the quasi-periodic solutions. This

observation further verifies our bifurcation and linear stability analyses.

Having established the existence of quasi-periodic solutions in the unstable region, next, we

present systems’ dynamics for larger values of excitation amplitude (F ) Ω = 1.6903, and

is shown in Fig. 3.5 for forward and backward sweeps. This step is performed to explore

the dynamics resulting from a change in the stability of the steady periodic solution. From

Fig. 3.5, we can observe that the steady periodic solutions lose stability at higher values

of F through quasi-periodic solutions, as two of the dominant Lyapunov exponent becomes

zero. Furthermore, chaotic attractors begin to appear in the system when the quasi-periodic

solutions lose their stability. The existence of a chaotic attractor can be further confirmed

by the Lyapunov exponent, as the dominant Lyapunov exponent becomes greater than zero.

To further confirm the appearance of periodic, quasi-periodic, and chaotic solutions, as indi-

cated by the numerical bifurcation diagrams and Lyapunov exponents, phase portraits and

Poincare sections are generated and are shown in Fig. 3.6. From Fig. 3.6, the appearance of

periodic motion is confirmed through a closed circular curve on the phase portrait and a set

of points on the Poincare section. Also, quasi-periodic and chaotic motions are correctly de-

picted as a closed curve and a scattered group of points on the Poincare section, respectively.

Phase portraits aptly describe quasi-periodic and chaotic motion as dense attractors; how-

ever, the Poincare section provides a map that shows a clearer distinction between chaotic

and quasi-periodic motions. Next, we explore the effects of different absorber parameters on

the performance of the system.
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3.5 Parametric Analysis

In this section, we examine the effects of the absorber parameters on the safe operating

region in the parametric space of F − Ω to avoid the appearance of quasi-periodic and

chaotic motion in the coupled HIM-HAS-NVAI system.

Note that if the HAS was modeled as a continuous system, it would consist of multiple

natural frequency components. Therefore, when the system is in operation, it would be

unsatisfactory if one of the natural frequency components of the HAS matches with one

of the frequency components of quasi-periodic or chaotic motion exhibited by the system.

Such occurrences could lead to resonance and increase the risk of injury to the HAS. Based

on bifurcation diagrams and Lyapunov spectrums for the system (Fig. 3.4 and 3.5), it has

been observed that it is indeed possible for the system to exhibit quasi-periodic and chaotic

motion and hence, the possibility of resonance. Therefore, it is desirable to select the absorber

parameters such that the appearances of quasi-periodic or chaotic motion can be avoided.

Since Floquet multipliers only provide the information about the stability of steady-state

periodic solutions of the system, we use the Lyapunov exponents to characterize the sys-

tems’ behavior in the parametric space of F − Ω. This further helps us to determine safe

(only periodic solutions) and unsafe (quasi-periodic and chaotic attractors) regions in the

parametric space. As mentioned earlier, for periodic motions, the largest LE is zero, and the

other LE’s are negative, and for quasi-periodic motions, the two largest LE’s are zero, and

the other LE’s are negative. Whereas, for chaotic motions, the leading Lyapunov exponent

is positive. Therefore, the boundary separating the safe and unsafe region corresponds to

the set of parameters for which the condition for periodic motion is not satisfied. This para-

metric space within which the system’s safe and unsafe operating region is identified will be

referred to as a Lyapunov chart.
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From Fig. 3.5i and ii, we observe that for the forward and backward sweeps, both the

Lyapunov spectrums and bifurcation diagrams detect different ranges of F for the onsets of

quasi-periodic and chaotic motions. Therefore, to determine the safe operating region in the

parametric space of F − Ω, the Lyapunov chart is obtained by both forward and backward

sweeps for the system parameter values listed in Table 5.1. To obtain the Lyapunov charts

in both forward and backward sweeps, we divide the parametric space into 60 discrete points

along the Ω-axis and 50 discrete points along the F -axis. For each value of Ω between 1.4

and 2, the Lyapunov exponents are obtained for different values of F between 0 and 500 in

both forward and backward sweeps. Finally, with the use of these Lyapunov exponents, we

obtain the boundary between the safe and unsafe operating region of the system.

Based on Figures 3.7i and ii, we can observe that the Lyapunov chart in backward sweep

detects the onset of chaotic or quasi-periodic motion earlier (with regards to F ) than the

Lyapunov chart obtained by forward sweep. In this study, we would like to detect the early

onset of the unsafe operation region of the system. Therefore, the Lyapunov chart obtained

by a backward sweep will be used for further analysis. Next, the effect of different absorber

parameters on the system’s performance is characterized using the Lyapunov chart.

The effect of krnl2 on the performance of the absorber is shown in Fig. 3.8. From this

figure, we observe that the area of the unsafe operating region increases with an increase in

krnl2 till the value of krnl2 = 1.9e − 8. When krnl2 is increased past 1.9e−8, the area of the

unsafe operating region starts decreasing. This observation implies that for given system

parameters, there is a critical value of krnl2, which maximizes the unsafe operating region.

In this work, we set two criteria for an efficient design of the NVAI: delay of the onset of the

unsafe operating region as the primary criteria and minimization of the area of the unsafe

operating region as the secondary criterion. From Fig. 3.8, we can observe that smaller

values of krnl2 satisfy the criteria set, and hence can be selected for an efficient absorber
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Figure 3.7: Lyapunov chart used to highlight different regimes of motion of the system in
the parametric space Ω-F obtained via i)a backward sweep and ii)a forward sweep.

design.

Next, a quantitative examination of the effect of varying values of krnl2 on the system’s

dynamics is shown through bifurcation diagrams (Fig. 3.8 ). From Fig. 3.8 (ii), (iii) and

(iv), we can observe that the value of F (x-coordinate) corresponding to the first instance

of a significant jump in the amplitude of a periodic solution (A1, B1 and C1) increases with

increase in krnl2. Furthermore, the point corresponding to the second jump to higher ampli-

tude periodic motion from quasi-periodic or periodic oscillations (A2, B2 and C2) decreases

with increase in krnl2. Further, the value of F corresponding to the onset of quasi-periodic

motion begins to move towards the first location of the sudden jump in the amplitude of pe-

riodic solutions as krnl2 increases. This further implies the early onset of the unsafe operating

region as the krnl2 increases.

Next, the effect of ζ3 on the performance of the absorber is shown through Fig. 3.9. From

Fig. 3.9, we can observe that the area of the unsafe operating region of the system increases
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with an increase in ζ3 up to ζ3 = 0.0083. After this value of ζ3, the area of the unsafe

operating region starts decreasing. This further implies that for the system parameter values

listed in Table 5.1, the critical value of ζ3 is 0.008, which maximizes the unsafe operating

region. Also, as ζ3 increases, the value of F corresponding to the onset of unsafe operating

region increases. This observation further implies that the larger values of the absorber

nondimensional damping, ζ3, satisfy the subjective criteria defined earlier for an efficient

absorber design.

Similar to the case of krnl2, bifurcation diagrams are used to assess the quantitative effect

of varying values of ζ3 on the performance of the system. Based on Figures 3.9 ii, iii and iv,

we can observe that an increase in value of ζ3 results in an increase in the distance between

the values of F corresponding to the first (D1, E1, G1) and second instance (D2, E2, G2) of

the sudden jump in the response of the system. Furthermore, the higher value of ζ3 delays

the onset of the quasi-periodic motions and hence, satisfies the design criteria for an efficient

absorber.

Finally, the role of α on the performance of the system is presented through Fig. 3.10. The

results show that decreasing values of α from 22.2 to 17.2 causes an increase in the area of

the unsafe operating region of the system. However, when the value of α is decreased past

17.2, the size of the unsafe operating region of the system starts decreasing. Also, as the

value of α decreases, the values of F spanned by the unsafe operating region increase. Thus,

it can be seen that the smaller values of the α satisfy the subjective criteria defined earlier

for having an efficient absorber design. Similar to the previous parametric studies, we now

explore the effects of varying α on the system’s performance using bifurcation diagrams. As

α is increased from 13.3 to 14.7, the distance between the F values for the first and second

location where there is a jump to higher amplitude motion decreases. Then at α = 22.2,

only one location now exists where there is a significant jump to high amplitude motion, i.e.,
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Figure 3.8: i) Comparison of Lyapunov chart for different values of krnl2. Bifurcation dia-
grams for Ω = 1.64 and krnl2= ii)1.3e − 8, iii)1.9e − 8 and iv)2.7e − 8. The values of the
x-coordinates of A1, A2, B1, B2, C1 and C2 are 189, 358, 192, 318, 198 and 289 respectively.

The results of this parametric study imply that the absorber properties related to the above

studied nondimensional parameters, i.e., the absorber’s stiffness, damping and inertance, can

be appropriately tuned to increase the safe operating region in the parametric space of F−Ω.
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Figure 3.9: i) Comparison of Lyapunov chart for different values of ζ3. Bifurcation diagrams
for Ω = 1.8 and ζ3= ii)0.006, iii)0.0083 and iv)0.014. The values of the x-coordinates of D1,
D2, E1, E2, G1 and G2 are 224, 300, 233, 328, 213 and 375 respectively

Also, as revealed by the bifurcation diagrams, the absorber parameters can be appropriately

selected to delay or hasten the onset of a jump in the amplitude of the system’s motion when

F is used as a bifurcation parameter.
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Figure 3.10: i) Comparison of Lyapunov chart for different values of α. Bifurcation diagrams
for Ω = 1.6 and α= i)13.3, ii)17.5 and iii)22.2. The values of the x-coordinates of H1, H2,
J1, J2, K1 and K2 are 183, 362, 189, 315, 209 and 274 respectively.

3.6 Conclusion

In this study, a nonlinear absorber’s ability to eliminate or reduce harmful transmission of

vibrations from an HIM to the HAS was explored. The method of harmonic balance was
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used to get an analytical solution for the system. A linear stability analysis, which uses

the analytical solution, was performed using Floquet theory. The system’s linear stability

analysis revealed unstable and stable regions in the parametric space of excitation amplitude

vs. excitation frequency (F−Ω). Further exploration of the stable and unstable regions using

bifurcation diagrams and a Lyapunov spectrum revealed periodic motion in the stable region

and quasi-periodic motion in the unstable space. For a broader range of forcing amplitude

parameters, i.e., for F : 0−8000, bifurcation diagrams, Lyapunov exponents, Phase portraits,

and Poincare maps revealed the existence of chaotic solutions. These results also confirmed

that Poincare maps better distinguish between quasi-periodic and chaotic motions than phase

portraits.

Further, Lyapunov exponents were used to identify quasi-periodic and chaotic motion re-

gions, also referred to as unsafe operating regions, in the excitation force amplitude-frequency

(F − Ω) parametric space. Subsequently, a parametric study was performed to observe the

effect of varying the absorber’s parameters, krnl2, ζ3 and α, on the area of the unsafe op-

erating region of the system and on the delay of the onset of the unsafe operating region.

This parametric study revealed that the largest value of the nondimensional parameter ζ3,

and the smallest value of α and krnl2 meet the criteria for having the best absorber design

parameters. A parametric study using bifurcation diagrams, with bifurcation parameter F ,

also revealed that a change in krnl2, ζ3 and α could control the points at which a sudden

jump in the nondimensional amplitude related to the displacement of the HAS occurs.
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4.1 Introduction

In various industries, including the construction and transportation industries, hand-held

percussion machines such as chipping hammers, jackhammers, and rotary hammers are ex-

tensively utilized due to their adaptability, efficiency, and convenience in service. These

machines rely on sequential impacts for the demolition or treatment of hard materials. How-

ever, during the operation of heavy hand-held impact machines (HHIM), a significant level

of vibrations can be transmitted to the human hands, which can further cause severe injury

to the operator’s hands [100]. Prolonged exposure to such vibrations may lead to episodes of

vascular, musculoskeletal, and neurological disorders termed hand-arm vibration syndromes

(HAVS). In severe instances, HAVS can result in a loss of blood supply to the fingers, leading

to gangrene and, eventually, amputation [80]. Therefore, the reduction of these vibrations

transmitted to the human hand from the HHIM is essential. To mitigate the occurrence of

HAVS, it is important to have a thorough understanding of the dynamics of the HHIM to
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aid in the development of methods to reduce vibrations from the hand-arm system (HAS).

This is the focus of the current work.

When formulating control strategies to reduce or mitigate vibrations from the HHIM, it is

often essential to incorporate a model for both the human hand-arm system and the HHIM.

The lumped parameter model of the hand-arm system combined with the HHIM stands as

one of the popular models in the existing literature, capturing the dynamics of the whole

system [7, 8, 101]. This model’s widespread acceptance stems from its ability to determine

the principal dynamics of a system with less expensive computational resources. Further,

another critical element in this analysis is the selection of a model that can precisely rep-

resent the qualitative dynamics between a percussive tool and the ground. The interaction

models in the literature describing the vibro-impact nature of a percussive tool span from

simple visco-elastic connections between ground and a tool to more intricate models, featur-

ing cubic and nonsmooth nonlinearities [10–18]. In a step towards analyzing the complex

dynamics of the HHIM, Alabi et al. [13, 14] employed a nonlinear lumped parameter model

for an HHIM and hand-arm system, with visco-elastic ground interaction model consisting of

spring and damping elements. Their model predominantly focused on cubic nonlinearity to

represent the interactions between the HHIM and ground. They observed that a nonlinear

vibration absorber could effectively diminish vibrations transmitted to the hand from such

tools. However, given that the interaction between the HHIM and ground is characterized

by intermittent impacts rather than continuous contact, a vibro-impact model might provide

a more comprehensive depiction of the dynamics than the visco-elastic model.

Pavlovskaia et al. presented the vibro-impact models to predict the optimal static and

dynamic force to obtain an optimal progression rate for drilling [11, 12]. Later, Aguiar et al.

showed that a 7DOF vibro-impact system could reproduce experimental relations obtained

between axial vibration peaks and mud flow rate for a drilling system [10]. Franca and
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Weber presented a mathematical model, which considered only the percussive action of a

resonance hammer, and were able to capture qualitative and quantitative results similar to

experimental results [43]. Despite the acknowledged efficiency of the vibro-impact model

in describing the accurate interactions between a percussive tool and the ground, there

have been no attempts to control transmitted vibrations to the hand while modeling the

interaction as the vibro-impact system. Therefore, this work, for the first time, seeks to

understand system dynamics more accurately by incorporating a vibro-impact model of the

interaction between a chipping hammer and the hand.

One of the prevalent methods to control undesirable vibrations is the tuned vibration ab-

sorber (TVA) [46]. A conventional tuned vibration absorber consists of a spring-mass sys-

tem tuned to the dominant resonant frequency of a primary system. The efficacy of a

TVA has been established in dynamical systems such as grass trimmers, power lines, and

in manufacturing processes including milling and boring [21–26] due to its robust design,

cost-effectiveness and ease of installation. However, a limitation of the TVA is its narrow

frequency suppression bandwidth. This shortcoming in the TVA can be addressed by intro-

ducing a nonlinear element, resulting in a nonlinear tuned vibration absorber (NLTVA). The

NLTVA has been found to have a wider suppression bandwidth in comparison to its linear

counterpart [47, 48]. Since the operating frequency of the chipping hammer could vary during

its operation (implying a broader frequency spectrum operation), an NLTVA is considered

to be more effective in controlling vibrations from a vibro-impact chipping hammer model.

Hence, a nonlinear absorber, more specifically with cubic nonlinearity, is explored in this

work to determine its efficacy in suppressing the transmitted vibrations to the hand. The

choice of cubic nonlinearity in the NLTVA is made to accommodate the fact that nonlinear

behavior for vibro-impact systems is similar to that of a basic hardening system [52, 53].

Furthermore, studies have shown that the nonlinear vibration absorber is more effective in
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controlling the vibrations in HHIM [13, 14]. However, the effectiveness of the nonlinear vi-

bration absorber has not been examined in scenarios where the HHIM-ground interactions

are modeled as vibro-impact systems. Therefore, this study conducts a detailed nonlin-

ear analysis to explore vibration control at the hand of a tool modeled with vibro-impact

nonlinearities.

In this study, a lumped parameter model is proposed to describe the HHIM-HAS-NLTVA

system dynamics in the axial direction as the dominant axis of the tool considered is in

the axial direction[100]. A reduced order model of the percussive tool is introduced as a

2-DOF vibro-impact lumped parameter model, while the hand-arm system is modeled as a

2-DOF parameter model. The non-smooth system is smoothed via Filippov’s method, and

the system is analyzed qualitatively using nonlinear tools for different design parameters of

the NLTVA.

It should be noted that the traditional method of selecting optimized absorber parameters

using linear fixed point theory is not viable in our analysis. This conventional approach

is suitable for linear absorbers in contrast to a non-smooth primary system studied in the

current analysis. Consequently, our research aims to conduct a comprehensive parametric

analysis, enabling us to assess the absorber’s effectiveness in this novel application.

Towards addressing the aims listed above, the rest of the paper is organized as follows. In

Section 5.1, a lumped parameter model of the HAS-HHIM-NLTVA system is presented

along with the vibro-impact model of the ground-tool interaction. The smoothing of the

non-smooth system and the bifurcation analysis of the system for different parameters are

presented in Section 5.2. In Section 5.3, the significance of the results from Section 5.2 is

discussed. Finally, some conclusions are drawn on the study in Section 5.3.



58
Chapter 4. Effectiveness of a Cubic Nonlinear Absorber on Curbing Vibrations to the

Vibro-Impact Model of an Impact Tool via Nonlinear Analysis

4.2 Model Development of HHIM–HAS–NLTVA Sys-

tem

A mathematical model showing how vibrations are transmitted from the HHIM to the HAS

necessitates a model for both the combined HHIM-HAS-NLTVA system and the interaction

forces between the HHIM piston and ground. The efficacy of lumped parameter models in

capturing the dynamics of the HHIM, HAS, and NLTVA is well-established in the litera-

ture [9, 14, 19, 102]. However, it’s pivotal to model the interaction forces between the HHIM

piston and the ground accurately. Traditional models of interaction forces use a visco-elastic

connection between the piston and the ground in the form of a spring and damper system.

However, in the context of HHIM, the contact with the ground is intermittent rather than

continuous. Thus, this study adopts the vibro-impact model for more precise modeling of

the system.

4.2.1 Lumped Parameter Model of HHIM–HAS–NLTVA

Figure 4.1 illustrates the reduced-order model of the coupled HAS-HHIM-NLTVA system.

In the schematic, the HHIM’s bit/piston and housing are modeled as lumped masses, mp and

mH . The buffer between the HHIM bit and casing is modeled as a visco-elastic connection

with stiffness kH and damping cH . The numerical values of these parameters are adopted

from [79]. In this model, we account for the feed force to press the machine against the

material being worked on. The hand-arm system is depicted as a 2-DOF lumped-parameter

model, which is accurate for frequencies below 100Hz [41]. Therefore, this model will be

appropriate for our system, which operates at 45Hz. In the schematic, ms and ma signify

the masses of the skin interfacing with the HHIM and the arm. The visco-elastic connection
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between them is modeled as spring and damper represented by ks and cs, respectively.

The arm ma connects to the body/trunk via spring (ka) and damper (ca). Parameters for

the HHIM bit and casing are drawn from the model by Golysheva et al.[79] for a Hilti

TE 74 operating at 45Hz. Additionally, the NLTVA is depicted as a lumped spring-mass-

damper system, where mN and cN designate the absorber mass and linear viscous damper,

respectively. Meanwhile, kNL and kN denote the linear and nonlinear stiffness of the NLTVA.

Following this, we detail the vibro-impact model of the HHIM-ground interaction.

4.2.2 Non-Smooth Model for HHIM–Ground Interaction

Figure 4.1: Schematic of the coupled system HHIM-HAS-NLTVA with vibro-impact
model of interaction.

As mentioned earlier, to capture the HHIM dynamics associated with the percussive action

of the HHIM bit, we adopt the vibro-impact model of the nonlinear interaction. This model

specifies the interaction between the HHIM and ground material as a nonsmooth nonlinear

process. Here, the ground material is represented as a linear spring-damper system with

stiffness km and damping coefficient cm [79, 103, 104], with an initial separation of g from
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the HHIM bit. Additionally, we assume that the ground material is restored before each

successive impact, and the process of penetration of material is not taken into consideration.

In this work, we consider concrete as the ground material with the stiffness and loss factors

adopted from [79]. The modified coupled system of HHIM-HAS-NLTVA with this interaction

model is depicted in Fig. 4.1.

Given the discontinuous nature of the HAS-HHIM-NLTVA system, its motion can be de-

scribed by two distinct differential equation sets. One set of equations corresponds to the

scenario when the HHIM bit is not in contact with the material, while the other set of

equations corresponds to the case when the bit is in contact with the material. With fm

representing the contact force between mp and the material and xp as the motion of the

HHIM bit, the interaction force fm for these two different scenarios can be defined as

 xp < g and fm = 0, without contact,

xp > g and fm = − (kmy + cmẏ) < 0, with contact.
(4.1)

Furthermore, similar to the discontinuous support system outlined by Leine [105], the ground

in the current work achieves the equilibrium state if the HHIM bit is not in contact with

the ground. Assuming that the relaxation time, the time period to attain the equilibrium

state, of the ground is significantly shorter than the time between two successive contact

events, we can disregard the free motion of the ground. Under these premises, if xH , xa, xN ,

and y denote the motion of the HHIM casing, HAS, NVAI, and massless support/ground,

respectively, then the governing equations of motion of the system are given by

(mH +ms) ẍH − ẋacs − xaks − ẋpcH − xpkH − ẋNcN − kNLxN + ẋH (cH + cN + cs)

+ xH (kH + kNL + ks) + kN (xH − xN)
3 = Ffeed ,

(4.2a)
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maẍa + ẋa (ca + cs) + xa (ka + ks)− ẋHcs − xHks = 0 , (4.2b)

mN ẍN + cN (ẋN − ẋH) + kN (xN − xH)
3 + kNL (xN − xH) = 0 , (4.2c)

mpẍp + ẋp (cH + cm) + (xp − g) km + xpkH − ẋHcH − xHkH = Fw (with contact) ,

mpẍp + ẋpcH + xpkH − ẋHcH − xHkH = Fw (without contact) .
(4.2d)

In the aforementioned governing equations of motion, Ffeed represents the feed force applied

to the HHIM by the operator, while Fw signifies the excitation force acting on the HHIM

from the piston’s reciprocating motion within. The analytical representation of Fw is sourced

from experimental findings [78] and is given by

Fw = Fref

(
ω

ωref

)2

sin (ωt) . (4.3)

Given the discontinuous nature of the contact force, an analytical solution of this set of

coupled differential equations, Eq. (4.2), is complex. Hence, to comprehend the system’s

dynamics, a numerical method is employed for Eq. (4.2). To obtain numerical solutions for

Eq. (4.2), the system is convexified into a differential inclusion by the Filippov theory [106]

before numerically simulating the system using the switch model suggested by Leine [105].

Within this formulation, the state space Rn is split into two sub-spaces V− and V+ by a

hyper-surface Σ such that Rn = V− ∪Σ ∪ V+. The hyper-surface Σ, known as the switching

boundary, is characterized by a scalar switching boundary function h(x)2. The state x is in

Σ when

h(x) = 0 ⇐⇒ x ∈ Σ.
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The subspaces V− and V+ and the switching boundary Σ can be formulated as

V− = {x ∈ Rn | h(x) < 0} ,

Σ = {x ∈ Rn | h(x) = 0} ,

V+ = {x ∈ Rn | h(x) > 0} .

Therefore, a discontinuous differential equation can be cast as:

ẋ(t) ∈ F (t,x(t)) =


f−(t,x(t)), x ∈ V−,

co
{
f−(t,x(t)),f+(t,x(t))

}
, x ∈ Σ

f+(t,x(t)), x ∈ V+

where the convex set is defined as

co
{
f−,f+

}
=

{
(1− q)f− + qf+,∀q ∈ [0, 1]

}
.

It should be noted in this system that separate conditions are required for the HHIM bit

mass (mp) to initiate contact with the ground and for the bit mass to lose contact with the

ground. The switching boundary Σ is made up of the union of Σα and Σβ. Further, the two

boundary functions for the switching boundaries are defined as:

hα(xp, ẋp) = xp − g,

hβ(xp, ẋp) = km(xp − g) + cmẋp

(4.4)

The mass is not in contact with the support if x ∈ V−, with

V− =
{
x ∈ R2 | hα(xp, ẋp) < 0 or hβ(xp, ẋp) < 0

}
no contact,
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and the mass is in contact with the support if x ∈ V+, with

V+ =
{
x ∈ R2 | hα(xp, ẋp) > 0 and hβ(xp, ẋp) > 0

}
contact.

The switching boundary Σα is defined by

Σα =
{
x ∈ R2 | hα(xp, ẋp) = 0, hβ(xp, ẋp) ≥ 0

}
.

While the switching boundary Σβ is defined by

Σβ =
{
x ∈ R2 | hα(xp, ẋp) ≥ 0, hβ(x, ẋ) = 0

}
.

With f+ and f− obtained as:

f+ (x, t) =



ẋH

1
mH+ms

(ẋacs + xaks + ẋpcH + xpkH + ẋNcN

+kNLxN − ẋH (cH + cN + cs)− xH (kH + kNL + ks)

−kN (xH − xN)
3 + Ffeed

)
ẋa

1
ma

(−ẋa (ca + cs)− xa (ka + ks) + ẋHcs + xHks)

ẋN

1
mN

(−cN (ẋN − ẋH)− kN (xN − xH)
3 − kNL (xN − xH))

ẋp

1
mp

(−ẋp (cH + cm)− (xp − g) km − xpkH + ẋHcH

+xHkH + Fw)



(4.5)
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f− (x, t) =



ẋH

1
mH+ms

(ẋacs + xaks + ẋpcH + xpkH + ẋNcN + kNLxN

−ẋH (cH + cN + cs)− xH (kH + kNL + ks)

−kN (xH − xN)
3 + Ffeed

)
ẋa

1
ma

(−ẋa (ca + cs)− xa (ka + ks) + ẋHcs + xHks)

ẋN

1
mN

(−cN (ẋN − ẋH)− kN (xN − xH)
3 − kNL (xN − xH))

ẋp

1
mp

(−ẋp (cH)− xp (kH) + ẋHcH + xHkH + Fw)



(4.6)

The numerical solutions for our system are obtained using the switch model proposed by

Leine et al. [107]. The Switch Model introduces a band of thickness 2η around Σ, thereby

allowing the efficient numerical approximation of the system’s dynamics.

Table 4.1: Parameter values of the HHIM-HAS-NLTVA system used for simulations.

Parameter Value Unit Parameter Value Unit Parameter Value Unit
mH 8 kg kH 495020 N/m cH 212 Ns/m
ma 1.55 kg ka 4279 N/m ca 76 Ns/m
ms 0.049 kg ks 62804 N/m cs 193 Ns/m
mN 0.02mH kg kNL 14549 N/m cN 9.3 Ns/m
Fref 500 N ωref 45 Hz g 0.02 m
mp 0.35 kg kN 2.5× 106 N/m3 Ffeed 250 N
− − − km 3× 107 N/m cm 4536 Ns/m

4.3 Results

In this section, we investigate the capability of the NLTVA to control vibrations transmitted

from the HHIM to the hand-arm system by simulating the system dynamics under various
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operational conditions. For this purpose, we use bifurcation diagrams and phase portraits,

illustrating the transitions in the system dynamics with different operating parameters. In

particular, a parametric analysis, focusing on the effect of the NLTVA parameters, is per-

formed to investigate the bifurcation of the system with forcing (Fref ) as a bifurcation

parameter for a given excitation frequency. Finally, we explore the impact of feed force on

the dynamics of the system.

To get the bifurcation diagram, we employed MATLAB’s ODE solver ‘ode45’ with the rel-

ative and absolute tolerances set to 10−8. This step ensured an accurate numerical solution

for our system of first-order ODEs. To plot the bifurcation diagram, we fixed one of the

operating parameters, in this case, operating frequency (ω), and evolved the system numer-

ically to a steady state for different values of another parameter, in this case Fref or Ffeed.

Following this, we obtained the Poincaré section by synchronously sampling the system’s

motion with the excitation frequency (ω). These sampled points, representing the system’s

steady state, were plotted on the y-axis of the bifurcation diagram, while the corresponding

bifurcation parameter values were plotted on the x-axis. Unless specified differently in the

figure captions, the parameters employed for the analysis are listed in Table 5.1.

In the first step, we evaluate the effect of the addition of the NLTVA to the HHIM on

controlling hand-arm vibration.

4.3.1 Effect of Absorber Addition

As an initial step towards evaluating the effectiveness of the NLTVA to reduce hand-arm

vibrations, we present a bifurcation analysis of the system, both with and without the

absorber attached to the HHIM. For the current analysis, we use Fref as the bifurcation

parameter and set the excitation frequency at ω = 47 Hz. From the results, illustrated in
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Fig.4.3, we can observe that for lower values of Fref , the absorber controls vibrations to

a degree of 0.035mm, indicating moderate effectiveness. However, in the range of Fref =

445 − 536N , the NLTVA significantly reduces the amplitude of hand-arm vibrations to a

degree of 0.7mm (see Figs 4.3(ii) and (iv)), making the absorber more effective for higher

values of Fref . Additionally, the inclusion of the NLTVA in the HHIM decreases the onset

point of period doubling cascades beyond Fref = 536N . It should be noted that these

simulations are performed for the given set of parameters in Table 5.1, suggesting the need

for a parameteric analysis of the absorber parameters to identify key design parameters.

0 100 200 300 400
0.016

0.0167

0.0174

0.0181

0.0188

0.0195

0.0202

0.0209

(a)

400 500 600 700

0.0174

0.0181

0.0188

0.0195

0.0202

0.0209

(b)

(c) (d)

Figure 4.2: Bifurcation diagrams for ω = 47 Hz with (i), (ii) no absorber, (iii)
and (iv) absorber. These diagrams show the bifurcation parameters at which the
periodicity and amplitude of the system changes with the addition of the NLTVA.
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4.3.2 Parametric Study of kN

The bifurcation diagrams for the hand-arm system response, with Fref as the bifurcation

parameter, are illustrated in Fig.4.3. For this analysis, we fixed the excitation frequency

at ω = 47 Hz and plotted bifurcation diagrams for two distinct values of kN : kN = 0 and

kN = 2.5× 106,N/m3. From Fig.4.3, it is evident that for both values of kN at ω = 47 Hz,

the period-1 solution loses stability, transitioning to a period-2 and eventually an aperiodic

solution via period-doubling bifurcations. A detailed examination of Fig.4.3 reveals that the

value of Fref corresponding to the period-doubling bifurcation (e.g., point A) decreases with

an increase in the cubic stiffness of the absorber. Specifically, in the absence of the cubic

nonlinearity, the first period-doubling bifurcation occurs from period-1 to period-2 solutions

at Fref = 390N, and then from period-2 to period-4 at Fref = 613N. Introducing the

nonlinear absorber reduces these thresholds to Fref = 350N and Fref = 532N for period-1 to

period-2 and period-2 to period-4, respectively. Additionally, the value of the excitation force

corresponding to the jump in the amplitude of the period-2 solution, i.e., point B, decreases

with the addition of the absorber from Fref = 514N to Fref = 431N. Interestingly, depending

on the forcing amplitudes, the absorber can either amplify or mitigate the hand-arm vibration

amplitude. For instance, at point C, introducing the nonlinearity in absorber increases the

amplitude by 0.3mm, whereas at Fref = 500N (point D), it reduces the amplitude by 0.8mm.

To better understand this transition, we present the phase portraits showing the progression

from periodic to aperiodic solutions via period-doubling bifurcation in Figs.4.4 and 4.5 for

kN = 0 and kN = 2.5× 106 N/m3, respectively.

Furthermore, in pneumatically-controlled HHIM operations, the operating frequency may

deviate due to manufacturing variances. To provide a comprehensive analysis, we investi-

gate the system dynamics at the lower bound of frequency for this equipment, i.e., ω = 43Hz

for the two distinct kN values mentioned above. The resulting bifurcation diagram is shown
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in Fig. 4.6. It is noteworthy that at this frequency, the system maintains periodicity across

a broad spectrum of excitation amplitudes for both values of kN . However, with increasing

excitation force, this periodic motion becomes unstable via period-doubling bifurcation. No-

tably, similar to the trends observed at ω = 47Hz, introducing nonlinearity into the absorber

lowers the threshold for period-doubling bifurcation and may also lead to a reduced system

amplitude within the periodic domain.
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Figure 4.3: Bifurcation diagrams for ω = 47 Hz with (i), (ii) kN= 0, (iii) and (iv)
kN=2.5× 106 N/m3. These diagrams show points at which period doubling occurs
with the change in bifurcation parameters for different values of the cubic nonlinear
stiffness kN of the absorber.

These observations suggest that the selection of the nonlinear stiffness of the NLTVA and

operating frequency significantly influences both the amplitude and the onset of complex
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motions in the system. From the bifurcation diagrams, we further conclude that although

the addition of nonlinearity can reduce the amplitude of transmitted vibrations, it may

also introduce complex motions, such as period-2 and quasi-periodic solutions. Since such

complex motions like quasi-periodic and period-4 solutions appear at the higher bound of

the operating frequency, the rest of the analysis is performed at ω = 47 Hz. In the next step,

we will evaluate the effect of changing the absorbers’ damping, cN , on the system’s response.

4.3.3 Parametric Study of cN

Similar to the analysis conducted for kN , both bifurcation diagrams and phase portraits

are used to elucidate the effect of the absorber’s damping on the vibrations transmitted to

the hand-arm system. These bifurcation diagrams are shown in Fig. 4.7 with the hand-arm

response as the variable of interest and Fref as the bifurcation parameter. It is evident from

Fig. 4.7 that as absorber damping increases, the excitation force value corresponding to the

transition from periodic to aperiodic motions, which is denoted by point F, also increases.

This observation implies that a higher damping value in the NLTVA expands the Fref range

where the HHIM manifests aperiodic behavior. Notably, during HHIM operations, such

as with a chipping hammer, a region characterized by periodic motions (either period-1 or

period-2) is generally more favorable than an aperiodic region. This can be attributed to

more efficient operational metrics like higher penetration rates being achieved in the periodic

region [11]. Therefore, integrating an NLTVA with higher damping values can enhance the

effectiveness of HHIM operations.

A closer inspection of Fig. 4.7 further shows that an increase in absorber damping can cause

an increase in the amplitude of transmitted vibration of approximately 0.1 mm. This obser-

vation suggests that lower damping values in the NLTVA can effectively mitigate vibrations



70
Chapter 4. Effectiveness of a Cubic Nonlinear Absorber on Curbing Vibrations to the

Vibro-Impact Model of an Impact Tool via Nonlinear Analysis

(a) (b)

(c) (d)

Figure 4.4: Phase portrait for ω = 47Hz, kN= 0 and Fref= i)500 N ii) 650 N iii)
685 N and iv) 695 N. These diagrams reveal the changing periodicity of the hand-
arm response, with changing ‘Fref ’, through orbits that visualize the state space
thereby allowing one to observe the periodicity of the system.

transmitted to the hand-arm system. Hence, the damping of NLTVA can enhance or dete-

riorate the performance of HHIM depending on the objectives, and similar to kN , a careful

selection of cN is needed for the efficient operation of HHIM.

Phase portraits further highlighting other transitions in the dynamics of the system due to

the change in the absorber’s damping value are shown in Fig. 4.8 and Fig. 4.9. Subsequently,

we will evaluate the impact of the feed force on absorber performance.
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(a) (b)

(c) (d)

Figure 4.5: Phase portrait for ω = 47 Hz, kN= 2.5× 106 N/m3 and Fref= a) 500N
b) 650 N c) 685 N and d) 695 N. These portraits show the state of the system at
different bifurcation parameters,Fref

4.3.4 Effect of Feed Force (Ffeed) on Absorber Performance

It should be noted that Dong et al. [100] observed that the feed force applied to an HHIM

significantly influences the vibrations transmitted by the tool. Therefore, having established

the effects of the absorber parameters kN and cN , it is essential to investigate the impact of

feed force on the response of the hand-arm system in HHIM applications.

To explore the effect of feed force on absorber performance, we employ bifurcation plots

and phase portraits, considering two different values of kN . The results are illustrated in

Figs. 4.4 and 4.11. From Fig. 4.4, it can be observed that higher values of feed force lead to

periodic motions for both considered values of kN . As Ffeed decreases, the system transitions
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Figure 4.6: Bifurcation diagrams for ω = 43 Hz with (i), (ii) kN= 0, and (iii), (iv)
kN=2.5×106 N/m3. These diagrams shows the change in bifurcation parameters at
which period-doubling occurs when the cubic nonlinear stiffness kN of the absorber
is changed. Varying kN also reveals changes in the amplitude of the hand arm at
various bifurcation points.

from periodic to high-amplitude aperiodic motions via period-doubling bifurcation. The

corresponding phase portraits are shown in Fig 4.11. The introduction of nonlinearity in the

absorber (i.e., nonzero values of kN) elevates the threshold value of Ffeed for period-doubling

bifurcation but concurrently reduces the amplitude of vibrations transmitted to the human

hand at higher feed forces. For example, at Ffeed = 260N, the inclusion of nonlinearity in

the absorber reduces the vibration amplitude by 0.1mm.

These observations further imply the need for a careful selection of the absorber parameters
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Figure 4.7: Comparison of bifurcation diagram for different values of cN and with
ω = 43Hz. (i) and (ii) cN = 18.6 N-s/m, (iii) and (iv) cN = 27.9 N-s/m. These
diagrams show the periodic and aperiodic motions that emerge as a result of varying
the damping of the absorber.

depending on the feed force being applied to the system.

4.4 Discussion

The results from our comprehensive parametric study indicate that the performance of the

proposed NLTVA in the HHIM depends on the specific forcing range in which the vibro-

impact system, such as the HHIM, operates. As mentioned earlier, in the context of per-
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(a) (b)

(c) (d)

Figure 4.8: Phase portrait for ω = 47Hz, cN= 18.6 Ns
m

and Fref = a) 500N b) 570N
c) 620N and d) 630N . These portraits present a visual description of the changing
state of the system at different bifurcation parameters, Fref .

cussive tools like the chipping hammer, optimal operation is achieved in a periodic regime.

Hence, the parameters of NLTVA should be calibrated according to the forcing conditions

inherent to the HHIM to provide periodic solutions. Our findings confirm that the NLTVA

is particularly effective in mitigating hand-transmitted vibrations in this state.

Our research further unveils the significant influence of feed force and excitation frequency on

the system’s dynamics. Specifically, variations in the feed force (from high to low values) were

found to induce a transition from periodic to aperiodic motion in the system, accompanied by

amplification of vibrations transmitted to the hand. Moreover, the damping capabilities of

the NLTVA were observed to be sensitive to changes in feed force, necessitating the need for
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(a) (b)

(c) (d)

Figure 4.9: Phase portrait for ω = 47Hz, cN= 27.9 Ns
m

and Fref = a)500N b)570N
c)620N and d)630N .These portraits present a visual description of the changing
periodicity of the system at different bifurcation parameters, Fref .

adaptive design strategies in the absorber to accommodate varying operational conditions.

These observations show that the parameters of the NLTVA would need to be appropriately

tuned based on the working feed force for the HHIM being used.

4.5 Conclusion

We investigated the efficacy of a nonlinear tuned vibration absorber (NLTVA) in mitigating

the vibrations transmitted to the hand-arm system from hand-held power tools, specifically
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Figure 4.10: Bifurcation diagram with Ffeed as bifurcation parameter with (i) kN=
0, and (ii) kN=2.5 × 106 N/m3. These diagrams show the periodic and aperiodic
motions that disappear and emerge as a result of varying the feed-force applied to
the tool model.

focusing on a chipping hammer. The chipping hammer was modeled using a vibro-impact

framework to emulate realistic operating conditions. A thorough parametric analysis through

bifurcation analysis was conducted to study the absorber’s effectiveness. Key parameters

such as the absorber’s stiffness, damping, and applied feed force were examined in detail.

Our analysis revealed that the NLTVA could either attenuate or amplify hand-transmitted

vibrations, depending upon the excitation forcing range of the hand-held impact machine

(HHIM). Undesired amplification was observed during transitions from periodic to aperi-

odic motion regimes. Notably, the absorber reduced hand-transmitted vibrations when the

HHIM operated efficiently within a periodic regime. Moreover, we observed that changes

in feed force or excitation frequency necessitate a recalibration of the absorber parameters

for optimal performance. These findings validate the potential of a nonlinear cubic absorber

as a robust vibration control solution for HHIM applications. These findings also highlight

the need for future studies entailing parameter optimization to ensure consistent absorber

effectiveness across varying HHIM operating conditions. Furthermore, this study introduces

a nonlinear dynamic framework for assessing the effectiveness of a cubic absorber in a non-
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(a) (b)

Figure 4.11: Comparison of Phase portraits for Ffeed = 200N and different values
of kN . Phase portrait for ω = 47Hz, Fref = 500N and kN= a)0N/m and b)2.5
×106N/m.These portraits present a visual description of the change in state of the
system at different bifurcation parameters, Fref .

smooth system, facilitating experimental evaluation
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Introduction

Various studies have highlighted the impact of severe vibration exposure on the hand-arm

system [27, 39]. Prolonged use of hand-held tools can lead to hand-arm vibration syndrome

(HAVS), a disorder characterized by vascular, musculoskeletal, and neurological complica-

tions [28–31]. One of the primary symptoms of HAVS is vibration white finger (VWF), which

can progress to permanent disability in extreme cases [32–35]. To assess the risk posed by

vibration exposure to the hand, this study focuses on a key contributing factor—vibration

intensity, as measured by acceleration—by analyzing the nonlinear dynamics that govern the

operation of a hand-held impact tool. Understanding the mechanisms through which vibra-

tions are transmitted to the hand is the central aim of this paper. A deeper understanding of

these dynamics provides a foundation for selecting appropriate vibration control strategies,

thereby reducing the risk of long-term adverse health effects among hand-tool users.

Towards addressing the problem of how vibrations are propagated to the hand, various

models have been proposed to accurately capture the tool-hand dynamics. These models

aim to assess the transmission of vibrations from the tool to the hand and include lumped

parameter linear models as well as models incorporating cubic and piecewise nonlineari-

ties [6–9]. Such nonlinearities are typically introduced through the dynamics of the tool
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itself. It has been shown that models with piecewise-smooth nonlinearities more effectively

capture the physics of repetitive impacts or discontinuous contact events that occur during

tool operation [10–12, 14–18]. For instance, in the modeling of rotary oil drilling systems,

the combined effects of cutting and frictional interactions between the bit and rock were

captured using a nonsmooth model based on Stribeck friction [108]. In efforts to optimize

the rate of drilling progression, Pavlovskaia et al. showed that nonsmooth models could best

predict the static and dynamic forces that produced the most efficient vibroimpact drilling

performance [11]. Similarly, to represent the nonlinear interaction between the bit and rock,

Liao et al. compared linear and nonlinear models capturing loading and unloading force-

penetration dynamics and found that both, while piecewise-smooth, could accurately model

the dynamics at low excitation frequencies and small amplitudes [109]. Wiercigroch et al.

also used a piecewise system to predict the material removal rate of an ultrasonic drill under

varying static loads [104]. Given the demonstrated ability of lumped parameter models with

nonsmooth or vibroimpact dynamics to capture essential features of percussive tools, this

work adopts the approach of Alabi et al. [110] to investigate how vibrations are transmitted

to the hand by modeling the tool as a vibroimpact system. To fully analyze such a system,

it is critical to understand the conditions under which the system transitions between dif-

ferent states, and what qualitative behavior emerges during and after those transitions. In

particular, we are interested in understanding how these dynamics influence the magnitude

of acceleration transmitted to the hand. To this end, we examine grazing phenomena—a

hallmark of nonsmooth systems with impacts such as the one considered here [111–114].

Grazing is defined as a phenomenon that occurs when a mass just makes tangential contact

with an impact surface. It has been widely recognized that grazing in nonsmooth systems

can induce abrupt transitions in the underlying dynamics. These transitions may include

the appearance or disappearance of multistable attractors, loss of stability, onset of chaotic



81

behavior, and emergence of vulnerable attractors [60, 63, 66, 115, 116]. Analyzing the post-

grazing dynamics is essential, as these changes in steady-state behavior would not arise in the

absence of the discontinuities that characterize nonsmooth systems. For instance, in atomic

force microscopy, grazing transitions have been linked to the sudden termination of periodic

solution branches due to hysteretic force interactions [117]. Moreover, metrology errors have

been attributed to the transition from periodic to chaotic responses when microcantilever

tips experience grazing in dynamic atomic force microscopy [118]. In the analysis of impact

oscillators, grazing has been shown to cause the disappearance of stable periodic motion [64].

Similarly, in an aeroelastic system modeled as a nonsmooth dynamical system, the occurrence

of grazing bifurcations was found to induce abrupt jumps in system response [59]. Given the

dramatic transitions that grazing can trigger in system behavior, it is imperative to study

nonsmooth systems exhibiting grazing using analysis methods that allow these events to be

accurately tracked. To this end, we now turn our attention to a review of methods previously

used to analyze the dynamics of nonsmooth systems.

Several techniques have been developed to analyze nonsmooth systems, including numerical

integration methods and path-following continuation approaches. One of the more common

strategies involves smoothing the nonsmooth differential equations, which enables the use

of standard numerical tools such as numerical bifurcation analysis. In such formulations,

the state space is partitioned into subspaces, each governed by a smooth ordinary differen-

tial equation [105, 119]. This technique was used by Savi et al. to validate experimentally

observed chaos and period-doubling behavior in a nonsmooth system with a discontinuous

support [120]. Similarly, smoothed approximations have been employed to study the stability

of a single-degree-of-freedom system with a piecewise-linear force–displacement relationship

under harmonic excitation [121]. Another powerful method for analyzing nonsmooth dy-

namics is path-following continuation, which allows for tracking critical behaviors such as
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bifurcations and limit cycles in parameter space. For example, Zhang et al. used the con-

tinuation toolbox COCO to compute grazing periodic orbits in a hybrid dynamical system

and investigated the effectiveness of time-delayed feedback control in suppressing undesirable

dynamics near grazing [122]. Chavez et al. also used COCO to track controller parameters

that influence the occurrence of grazing in a forced impact oscillator [123].

In this work, due to the hybrid nature of the nonsmooth tool model under investigation,

we begin with direct numerical integration of a smoothed set of ODEs using MATLAB’s

ODE45 solver. To ensure the numerical solution is set up correctly, we perform an energy

balance analysis to verify consistency between input work and system energy dissipation.

We then employ COCO to track grazing periodic orbits that arise in the system. A novel

contribution of this work lies in exploring whether grazing affects the acceleration transmitted

to the hand, and in conducting a parametric study to examine how key variables—such as

feed force—influence the onset of grazing in the system. While continuation techniques have

been used to analyze grazing in various mechanical and control systems [122, 123], previous

studies have not applied such methods to models that include both the vibroimpact dynamics

of percussive tools and their coupling to a human hand-arm system. This work is the first

to leverage the COCO continuation framework to systematically detect and track grazing

bifurcations in a nonsmooth hybrid model of a tool-hand interface. Furthermore, because the

vibro-impact model has been validated against experimental findings, we now reevaluate the

absorber’s effectiveness within this framework, extending the analysis previously conducted

in Chapter 4.

To carry out this study, a lumped parameter model adapted from the work of Alabi et al. is

employed to represent the percussive tool as a two-degree-of-freedom (2-DOF) vibro-impact

system, while the hand-arm system is modeled as a separate 2-DOF lumped parameter sys-

tem [110]. The resulting nonsmooth hybrid system is smoothened using Filippov’s method,



5.1. Model Development of HHIM–HAS–NVAI System 83

enabling both qualitative analysis via numerical bifurcation techniques and hybrid orbit

continuation using the COCO toolbox.

The remainder of the paper is organized as follows. Section 5.1 presents the mathematical

model of the vibro-impact HAS–HHIM system, outlines the smoothing procedure applied

to the nonsmooth dynamics, and describes the continuation scheme used to track grazing

orbits. Section 5.2 presents the major findings of the study, followed by a discussion of their

implications in Section 5.3. Finally, conclusions are summarized in Section 5.3.

5.1 Model Development of HHIM–HAS–NVAI System

Figure 5.1: Schematic of the combined system of HHIM-HAS system

In this section, we present the reduced-order vibro-impact model of the coupled HAS-HHIM

system adapted from [110]. The schematic of the system is shown in Fig.5.1. In the

schematic, the bit of the HHIM is modeled as a lumped mass, mp, whereas the housing of

the HHIM is modeled as a lumped mass mH . The buffer between the HHIM bit and casing

is modeled as a visco-elastic connection with parameters kH and cH . In this model, we also

account for the feed force to press the machine against the material being worked on.
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To capture the HHIM dynamics associated with the percussive action of the HHIM piston

on the HHIM bit, a nonlinear interaction is specified between the HHIM bit and the ground

material. To do so, the ground material is modeled as a linear spring–damper as presented

in[79, 103, 104] with the initial separation of g from the HHIM bit. In this model, the ground

material is restored before each successive impact, and the process of penetration of material

is not taken into consideration. In this work, we consider concrete as the ground material

with the stiffness and loss factors adopted from [79].

It is acknowledged that the present model may not capture all aspects of the physical dynam-

ics due to the absence of advanced tool-tip representations such as viscoelastic connections

with drift. Drift mechanisms can represent the net penetration of the tool bit into the

material over time—an effect not accounted for in this formulation. Future studies could in-

corporate such features to examine whether the inclusion of drift provides additional insight

beyond that offered by the simple viscoelastic contact model employed here.

Similarly, the hand-arm system is modeled as a 2-DOF lumped parameter system, which

has been shown to provide an accurate representation of hand-transmitted vibrations at

frequencies below 100 Hz [41]. As the operating frequency of the system in this study

is approximately 45 Hz, the 2-DOF model is deemed sufficient for capturing the relevant

dynamic response.

5.1.1 Non-Smooth Model

As similarly performed by Alabi et al. [110], the nonsmooth system is smoothened via the

procedure below. In the schematic, xH , xa, xp, and y represent the motion of the HHIM

casing, HAS, HHIM bit, and massless support, respectively.

Due to the discontinuous nature of the HAS-HHIM system, the governing equations of motion
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are defined by two sets of differential equations: one for the contact phase and another for

the non-contact phase. Defining fm as the contact force between mp and the material, the

transition logic is given by:


xp < g, fm = 0 : without contact,

xp ≥ g, fm = − (kmy + cmẏ) < 0 : with contact.
(5.1)

Following Leine [105], we assume that the support relaxes rapidly between contact events,

and thus its free motion is neglected. The resulting governing equations of motion become:

(mH +ms)ẍH = ẋacs + xaks + ẋpcH + xpkH

− ẋH(cH + cs)− xH(kH + ks) + Ffeed, (5.2a)

maẍa = −ẋa(ca + cs)− xa(ka + ks) + ẋHcs + xHks, (5.2b)

mpẍp =


−ẋp(cH + cm)− (xp − g)km − xpkH

+ẋHcH + xHkH + Fw, with contact,

−ẋpcH − xpkH + ẋHcH + xHkH + Fw, without contact.

(5.2c)

Here, Ffeed is the operator-applied feed force and Fw is the piston-induced excitation, defined

as:

Fw = Fref

(
ω

ωref

)2

sin(ωt). (5.3)

To simulate the nonsmooth dynamics, the system is convexified using Filippov’s theory [106].
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The state space is split into:

V− = {x ∈ Rn | h(x) < 0},

Σ = {x ∈ Rn | h(x) = 0},

V+ = {x ∈ Rn | h(x) > 0}.

The resulting inclusion is:

ẋ(t) ∈ F (t,x) =


f−, x ∈ V−,

co{f−,f+}, x ∈ Σ,

f+, x ∈ V+,

(5.4)

where the convex combination is:

co
{
f−,f+

}
= {(1− q)f− + qf+, q ∈ [0, 1]}.

Switching boundaries are defined by:

hα(xp, ẋp) = xp − g, (5.5)

hβ(xp, ẋp) = km(xp − g) + cmẋp. (5.6)
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The transitions are:

V− = {x | hα < 0 or hβ < 0},

V+ = {x | hα > 0 and hβ > 0},

Σα = {x | hα = 0, hβ ≥ 0},

Σβ = {x | hβ = 0, hα ≥ 0}.

5.1.2 Continuation Segments for COCO

To facilitate the detection and tracking of grazing in the hybrid nonsmooth system using

COCO, a periodic orbit is constructed by partitioning the trajectory into two segments,

denoted by I1 and I2, each governed by a distinct vector field and transition logic. These

segments represent two phases of the system’s hybrid dynamics.

The angle variable θ is defined as θ = ωt, where ω is the angular frequency appearing in the

excitation term:

Fw = Fref

(
ω

ωref

)2

sin(ωt). (5.7)

The transition between segments is implemented using COCO’s multi-segment continuation

structure. The following defines the event and reset functions used in each segment:

• Segment I1: No-Contact Dynamics with Phase-Based Reset

Event function: h1(x) = π − θ = π − ωt,

Reset map: x+ =

[
xH , ẋH , xa, ẋa, xp, ẋp, θ − 2π

]>
.

This phase reset ensures continuity in the periodic orbit by wrapping the angular phase
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variable θ.

• Segment I2: No-Contact Dynamics with Impact Reset

Event function: h2(x) = xp − g,

Reset map: x+ = x.

This reset corresponds to the event of bit contact with the ground. The reset is the

identity map, as no discrete jump in the event of grazing.

For direct numerical integration, the differential equation is integrated using the smoothing

switch model introduced by Leine [107], with smoothing thickness 2η applied around the

switching surface. While for the continuation of the solutions of the system, the hspo toolbox

COCO is used [124].

Table 5.1: Parameter values of the HHIM-HAS-NLTVA system used for simulations.

Parameter Value Unit Parameter Value Unit Parameter Value Unit
mH 8 kg kH 4× 106 N/m cH 500 Ns/m
ma 1.55 kg ka 4279 N/m ca 76 Ns/m
ms 0.049 kg ks 62804 N/m cs 193 Ns/m
Fref 80 N ωref 30 Hz g 0.02 m
mp 0.35 kg Ffeed 40 N km 3× 106 N/m
cm 50 Ns/m cN 9.3× 105 Ns/m kNL 2.0× 101 N/m
mN 0.8mH kg kN 2.5 N/m3 − − −

5.2 Results

In this section, we begin by validating the chipping hammer model using its frequency

response characteristics. Specifically, system parameters are tuned so that the model repro-

duces natural frequency peaks observed experimentally in the hand acceleration frequency



5.2. Results 89

response function (FRF). To further ensure that the numerical formulation is set up cor-

rectly, we perform an energy balance analysis to verify consistency between input work and

dissipated energy in the validated model.

Following this verification, we use bifurcation diagrams to identify the presence of grazing

phenomena in the system. A two-parameter continuation study is then performed using

COCO to examine how variations in operating parameters—namely the excitation amplitude

Fref and frequency ω—influence the onset of grazing. Finally, we conduct a parametric study

to investigate how changes in the tool’s feed force affect the emergence and progression of

grazing bifurcations. We also investigate the behavior of the hand-arm in different grazing

regimes.

5.2.1 Validation of Chipping Hammer Dynamics

The validation of the chipping hammer model is done by tuning the system parameters so

that the resulting hand-arm acceleration frequency response function (FRF), obtained via

bifurcation diagrams, exhibits certain natural frequency peaks. These peaks are selected to

match those observed experimentally in the FRF of a chipping hammer measured at the

tool handle. Validation based on natural frequencies is essential, as it ensures the model

accurately captures the frequencies at which vibration intensity at the hand is amplified.

Experimental studies have shown that the hand acceleration FRF of a chipping hammer

typically exhibits distinct peaks near the dominant operating frequency of the tool [100] and

near the natural frequency of the chipping hammer handle [125]. Accordingly, the model

parameters presented in Table 5.1 are selected so that the tool exhibits dominant frequency

peaks near 45 Hz—corresponding to the tool’s operating frequency—and around 600 Hz,

which aligns with the resonance of the hammer handle. The resulting hand acceleration
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FRF, showing these characteristic peaks, is obtained using MATLAB’s ode45 solver with

tight relative and absolute tolerances (10−11) to integrate the system’s first-order ODEs.

The excitation frequency was swept across a defined range, and for each value, the system

was numerically evolved to steady-state through repeated simulations. From the steady-

state response, the peak hand-arm acceleration was extracted and plotted against frequency

to capture the system’s resonance behavior and validate the dynamic model as shown in

Fig. 5.2.
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Figure 5.2: Frequency response function (FRF) of hand acceleration ¨̇xa versus
excitation frequency, showing resonance peaks at approximately 45 Hz and 600 Hz.
These peaks correspond to the natural frequencies of the modeled system and reflect
trends typical of the chipping hammer handle experimental vibration data.

5.2.2 Energy Balance Analysis

To verify that the numerical method employed was sufficient to simulate the dynamics of

the system, we employed the instantaneous energy balance in order to verify that the rate

of change of total stored energy (kinetic plus potential) equals the net mechanical power
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supplied to the system. The stored energy terms are obtained by differentiating the kinetic

and potential energies of each generalized coordinate with respect to time.

The input power consists of two contributions: (i) the feed force acting at the handle, and (ii)

the harmonic excitation force acting at the percussive mass. Dissipation arises from viscous

damping at each coupling, along with ground damping when contact occurs. The potential

energy terms account for linear and nonlinear springs, as well as ground compliance when in

contact.

As the full HIM system appended with an absorber will also be evaluated in this work,

the energy balance was implemented for the system shown in Fig.4.1 and with parameters

defined in table 5.1. In addition, an ω value of 206.7Hz was used. The expressions for the

energy balance are as shown below:

Time Derivative of Kinetic Energy:

dT

dt
= (mH +ms) ẋH ẍH +ma ẋa ẍa +mN ẋN ẍN +mp ẋp ẍp

Time Derivative of Potential Energy:

dV

dt
= ka xa ẋa + ks (xH − xa)(ẋH − ẋa)

+ kH (xp − xH)(ẋp − ẋH) + kNL (xN − xH)(ẋN − ẋH)

+ kN (xN − xH)
3(ẋN − ẋH) + χ(xp) km (xp − g) ẋp

with the contact indicator

χ(xp) =


1, xp ≥ g,

0, xp < g.
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Dissipated Power:

Pdiss = ca ẋ
2
a + cs (ẋH − ẋa)

2 + cH (ẋp − ẋH)
2 + cN (ẋN − ẋH)

2 + χ(xp) cm ẋ2
p

External Input Power:

Pext = Ffeed ẋH + Fw ẋp,

Instantaneous Energy Balance Residual:

resid = Pext −
(
dT

dt
+

dV

dt
+ Pdiss

)

With a properly implemented numerical scheme, the residual of the energy balance should

approach zero, up to the error tolerance of the numerical solver. As observed in Fig 5.3. d,

the residual remains on the order of 10−11, which matches the solver tolerance and confirms

consistency of the energy balance.

5.2.3 Grazing Detection and Orbit Initialization for Continuation

Having selected the system parameters and ensured the accuracy of the numerical scheme,

the excitation amplitude of the chipping hammer is varied to generate a frequency response

function (FRF) that exhibits grazing behavior. This FRF is constructed by plotting the

amplitude of the tool tip in order to identify the points where the tool tip grazes the ground,

defined at xp = g = 0.02 m . As shown in Fig. 5.5a, the system exhibits grazing at two

distinct points, labeled G1 and G2.

To investigate how the system’s grazing behavior evolves, we construct an initial solution

guess in the form of a periodic orbit corresponding to the grazing point G2. The resulting
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orbit is shown in the phase portrait in Fig. 5.5b. This trajectory consists of two segments,

I1 and I2, corresponding to distinct phases of the hybrid system dynamics, as previously

described. The orbit is obtained via direct numerical integration of the smooth vector fields,

with event and reset conditions applied at each segment boundary. This trajectory serves as

the initial guess for hybrid orbit continuation in COCO.

To enable grazing continuation, a grazing event constraint is appended to the problem.

Specifically, grazing is detected when the tool tip reaches the ground with zero normal

velocity. This is enforced by monitoring the impact condition h(x) = xp − g = 0 along with

the tangency condition ẋp = 0 at the point of contact. A pairwise parameter continuation

is then carried out, allowing the chipping hammer’s operating parameters to vary while

constraining the orbit to remain at the grazing condition.

The resulting continuation curve in the chipping hammer’s operating parameter space (ω, Fref)

is shown in Fig. 5.6. The continuation begins at the grazing point labeled G1 and identifies

a second grazing point G2, as previously shown in Fig. 5.5a. The study reveals that for lower

values of Fref, the system does not exhibit grazing (labeled region A in the diagram). How-

ever, at higher values of Fref, two distinct grazing points emerge (labeled region B). As the

excitation amplitude is further increased, one of these grazing points disappears, indicating a

boundary in the grazing region (labeled region C). To explore how the system dynamics vary

with model parameters, we perform a parametric study by varying the feed force (Ffeed).

This enables us to evaluate the resulting changes in the grazing curve within the (ω, Fref)

space, as well as the corresponding effect on the hand-arm system response.
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5.2.4 Effect of Feed Force on Grazing Behavior

From Fig. 5.6b, we observe that an increase in Ffeed leads to a decrease in the excitation

amplitude at which grazing first occurs in the system; that is, Region A in Fig. 5.6a becomes

wider. The study also reveals that with increasing feed force, the range of frequency values

ω at which grazing occurs becomes more spread out. This behavior can be observed by

comparing the grazing curves for Ffeed = 20 N and Ffeed = 40 N at Fref = 85 N, where

the lower and upper bounds of grazing shift apart — the lower grazing frequency decreases

while the upper one increases as feed force increases. In addition to this widening of the

grazing frequency interval, we also observe a transition in the number of grazing points.

At Fref = 80 N for Ffeed = 40 N, grazing occurs at two distinct frequencies, whereas at

Ffeed = 60 N , only one grazing point is observed.

Based on these observations, it can be concluded that feed force affects both the onset and

nature of grazing in the system. Variations in feed force shift the excitation amplitude at

which grazing begins and alter the frequency values at which grazing occurs for a given

excitation amplitude level. Additionally, feed force influences the number of grazing points

observed. In some cases, the system transitions from exhibiting two grazing points to just

one as feed force increases.

5.2.5 Effect of Grazing Regimes on Hand–Arm Acceleration Fre-

quency Response

To assess how different grazing regimes influence vibrations at the hand-arm interface, we

present acceleration frequency response functions (FRFs) at the hand. As shown in Fig. 5.7,

three FRFs are obtained by keeping the feed force constant while varying the excitation force

amplitude Fref to position the system in grazing regimes A, B, and C, as defined in Fig. 5.6.
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Initial observations indicate that as the excitation amplitude increases—from Region A (no

grazing) to Region C (single grazing)—the overall amplitude of the hand-arm acceleration

increases accordingly. A closer examination of Fig. 5.7 reveals that at both ω = 550 Hz and

the system’s operating frequency of 45 Hz, a transition from Region A to B results in a 150%

increase in acceleration at the hand, while the transition from Region B to C yields a 20%

increase. However, the presence or absence of grazing does not appear to significantly affect

the damping ratio or shift the natural frequencies observed in the FRF.

Although the current study, as shown through the FRF in Fig. 5.7, does not explicitly ob-

serve bifurcations or chaotic dynamics within Regions B or C with the onset of grazing, it

is important to recognize that grazing events often act as precursors to qualitative transi-

tions in nonsmooth systems. Specifically, grazing can lead to the onset of chaotic motion,

multistability, or the sudden disappearance of stable periodic orbits [112, 116]. Region B,

characterized by two grazing events per cycle, may be particularly susceptible to such transi-

tions under perturbations in the system’s parameters. Region C, with a single grazing point,

similarly represents a regime near the boundary of qualitative change. While a detailed

investigation of these behaviors lies beyond the scope of the present work, future studies

could employ tools such as Lyapunov exponent analysis or Poincaré mapping to explore the

potential for quasiperiodic or chaotic dynamics in these regimes. Such behaviors, if present,

may also correlate with increased variability or amplification in the acceleration transmitted

to the hand, further emphasizing the need to characterize grazing-induced transitions.

These results suggest that the observed rise in hand-arm acceleration is likely driven primarily

by the increase in excitation force, rather than by grazing phenomena themselves. This raises

an important question: does grazing meaningfully influence the hand-arm response, or is its

effect negligible compared to excitation amplitude? A more detailed investigation may be

required to isolate the role of grazing and determine whether it contributes independently
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to the vibration intensity perceived at the hand.

5.2.6 Effect of Absorber on Hand–Arm Acceleration Frequency

Response

Having examined the effect of grazing on the hand–arm system response, we now turn to

the role of the absorber in reducing hand–arm acceleration. To do this, we evaluate the

acceleration at the hand in regions where grazing occurs at two different frequencies, with

particular attention to the case of Fref = 80N.

The results indicate that the absorber can reduce acceleration at the hand–arm interface.

However, for it to be effective, the absorber mass must be greater than that of the tool. This

analysis also shows that the absorber does not exert a uniform influence across the different

frequency regions. The configuration with mN = 1.2mH demonstrates some effectiveness

and appears to play a more dominant role when the system operates above 500 Hz. .

5.3 Discussion

The results of the parametric study suggest that the onset of grazing in the tool is strongly

influenced by the level of feed force applied. Specifically, the findings show that increasing or

decreasing the feed force can either eliminate or induce grazing behavior within the system.

This sensitivity of grazing to feed force reinforces prior experimental observations that feed

force plays a critical role in determining the acceleration output at the handle [100].

Analysis of the hand–arm acceleration across different grazing regimes—including regions

of no grazing, single grazing, and dual grazing—reveals that the presence or absence of

grazing does not substantially alter the shape or structure of the hand–arm acceleration
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FRF. Instead, increases in acceleration amplitude appear to be primarily driven by changes

in excitation force. This challenges the original hypothesis that grazing significantly affects

the vibrations transmitted to the hand.

Evaluation of the cubic absorber system indicates that the absorber mass must be on the

order of the tool mass to achieve a substantial reduction in hand acceleration. This finding

suggests the value of formulating an optimization problem to investigate whether alterna-

tive absorber parameter choices could yield improved performance. It also highlights the

potential of exploring an inerter-based device, which could increase the effective mass of the

absorber without increasing its physical mass. The absorber did, however, show a marked

improvement in performance beyond the frequency corresponding to the first grazing point.

This indicates that absorber performance could be optimized by using grazing points as

predictors for frequency ranges where they may be most effective.

These observations highlight the need for experimental validation to determine whether the

emergence or disappearance of grazing meaningfully influences hand–arm acceleration in

practice. They also motivate further refinement of the vibroimpact model to enhance its

predictive fidelity for vibration transmission to the user. In particular, improving how the

model captures contact dynamics and its coupling with the hand–arm system could provide

better alignment between simulated and experimentally observed behavior.

Conclusion

This study explored the nonlinear dynamics of a chipping hammer system to better under-

stand how grazing behavior influences vibrations transmitted to the hand–arm interface.

The effectiveness of a cubic absorber in reducing hand acceleration in the presence of graz-

ing was also investigated. A vibroimpact model was developed to capture the percussive
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nature of the tool and was coupled to a hand–arm system, with parameters tuned to match

experimentally observed natural frequencies of a chipping hammer.

Using numerical continuation via the COCO toolbox, grazing bifurcations were systemat-

ically identified in the (ω, Fref) parameter space. The results showed that grazing events

appear and disappear depending on excitation amplitude. At low amplitudes, no grazing is

observed; at higher amplitudes, two grazing points emerge, which eventually merge into a

single grazing point as excitation continues to increase.

A parametric study on feed force revealed that increasing the feed force lowers the excitation

amplitude at which grazing begins and broadens the frequency interval over which grazing

occurs. In some cases, feed force also altered the number of grazing points from two to one,

indicating shifts in the underlying dynamics. Despite these changes in grazing characteristics,

their effect on hand–arm acceleration was relatively modest. Analysis of the cubic absorber

showed that its mass would need to be on the order of, or greater than, the tool mass to

meaningfully reduce acceleration at the hand.

Overall, the findings suggest that while feed force is a useful parameter for modulating the

onset and structure of grazing, vibration levels at the hand are not strongly determined

by grazing behavior alone. This underscores the need for experimental validation and mo-

tivates further refinement of the vibroimpact model to more accurately capture tool–hand

interactions. The results also point to promising future directions, such as formulating an op-

timization problem for absorber design and exploring devices like inerters that could enhance

absorber performance without requiring excessive added mass.
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Figure 5.3: Time histories of (a) the time derivative of kinetic energy, (b) the time
derivative of potential energy, (c) dissipated power, and (d) external input power
for a representative numerical simulation. These quantities are used to evaluate (e)
the residual of the energy balance..
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Figure 5.4: Frequency response function (FRF) of hand acceleration ¨̇xa versus
excitation frequency, showing performance of various absorber designs vs the system
with no absorber.
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Figure 5.5: a) Bifurcation diagram showing two points where the system grazes as
reflected by the tooltip displacement at xp =0.02. b) The phase portrait which
is used as the initial multisegment solution to be fed into COCO’s hspo toolbox.
Both diagrams are generated using the parameters in Table 5.1.
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Figure 5.6: a) Continuation of grazing points in the (ω, Fref) parametric space. The
previously identified grazing points G1 and G2 from Fig. 5.5a are marked along the
grazing curve. Region A corresponds to parameter values where no grazing occurs,
Region B indicates the presence of two distinct grazing points, and Region C marks
the boundary beyond which one grazing point disappears. b) Comparison of grazing
curves in the (ω, Fref) space for three different feed force values.
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Figure 5.7: Comparison of hand-arm acceleration across different grazing regimes
for Ffeed = 40N . At Fref = 40 N, the system operates in Region A where no
grazing occurs, as seen in Fig. 5.6. At Fref = 100 N, the system grazes at two
frequencies (Region B), while at Fref = 120 N, grazing occurs at only one frequency
(Region C). This figure highlights how transitions between grazing regimes influence
the vibration response at the hand-arm interface.



Chapter 6

Conclusion

This dissertation presented an investigation into two models of impact tools: a vibroimpact

model and a cubic oscillator model. These models were further coupled to a hand-arm system

to study how vibrations are transmitted to the operator. The performance of both linear and

cubic absorbers in mitigating hand-transmitted vibrations was then explored using numerical

and analytical techniques. Most of the numerical solutions in this work were obtained using

MATLAB’s ode45 solver.

The first study focused on modeling the tool as a cubic oscillator while evaluating the ability

of linear and nonlinear absorbers to reduce vibrations transmitted to the hand. Key results

showed that nonlinear absorbers consistently outperformed linear absorbers due to nonlinear

phenomena inherent to the cubic model of the impact tool. In particular, at higher excitation

force amplitudes, the cubic oscillator exhibited a nonlinear behavior known as hardening res-

onance. This caused the linear tuned vibration absorber (TVA) to become detuned and thus

ineffective. In contrast, the nonlinear vibration absorbers (NVAs) maintained their effec-

tiveness under these conditions, preserving a wide frequency band for vibration suppression.

We also observed patterns in how absorber parameters influenced performance, highlighting

the potential for identifying optimal absorber parameters tailored to this application.

The second study shifted focus to a cubic oscillator with greater emphasis on nonlinear dy-

namical tools such as Lyapunov exponents, phase portraits, and Poincaré maps. Results

revealed the presence of bifurcation points, limit cycles, and aperiodic solutions. Using bi-
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furcation diagrams and Lyapunov exponents, we identified distinct regions where the system

exhibited quasi-periodic and chaotic solutions. These regions were termed unsafe operating

regions because the system’s frequency response function (FRF) showed dominant frequency

components—arising in the presence of quasiperiodicity or chaos—that could be damaging

to the hand. Notably, this analysis demonstrated the absorber’s ability to control the emer-

gence and suppression of aperiodic motion—an important capability for reducing harmful

vibrations at the hand.

The third study examined the dynamics of the chipping hammer when modeled with vi-

broimpact nonlinearities and coupled to the hand–arm system. Using nonlinear dynamical

analysis tools, this work revealed both periodic and aperiodic motion, similar to the findings

of the second study. Interestingly, we observed that transitions from periodic to aperiodic

motion led to an amplification of vibration magnitude at the hand. Regarding absorber

performance, we found that the absorber was more effective in reducing vibrations during

periodic motion than in the presence of aperiodic motion. Key parameters, including ab-

sorber stiffness and applied feed force, were studied in detail. The analysis showed that the

nonlinear tuned vibration absorber (NLTVA) could either attenuate or amplify vibrations

transmitted to the hand, depending on the excitation force range of the handheld impact

machine (HHIM).

In the fourth study, the vibroimpact model of the tool was validated using experimental

frequency response data. Building on this validation, the study explored the influence of

grazing dynamics on the coupled tool–hand system and assessed absorber performance under

these conditions. The results revealed that the appearance of grazing points in the system

was controlled by both the excitation forcing amplitude and the applied feed force. These

parameters determined the number of excitation frequency values at which grazing occurred,

as well as the spacing between those values when multiple grazing points were present.
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Furthermore, the analysis showed that, for the set of system parameters studied, the number

of grazing points (0, 1, or 2) did not significantly affect the overall hand–arm response.

Finally, it was found that a cubic absorber could still reduce hand–arm acceleration in the

presence of grazing.

Collectively, these studies demonstrate the wide range of nonlinear phenomena exhibited

by impact tools and their absorbers—phenomena that can be compared with experimental

findings for validation. This work provides a framework for selecting appropriate models

of impact tools and for making engineering decisions about whether a nonlinear absorber

should be incorporated into tool design.



Chapter 7

Future Work

While this dissertation provides a foundation for understanding how impact tools can be

modeled and how absorber parameters may be selected, several avenues remain for further

exploration.

First, further experimental work is required to verify whether the cubic and vibro-impact

models can accurately capture the dynamics of a physical chipping hammer. Direct compar-

isons between experimental data and the bifurcation and continuation diagrams generated

in this study would help validate the models. For this task, it would be helpful to compare

qualitative rather than purely quantitative dynamics—for example, examining transitions

between periodic and aperiodic motion as presented in this dissertation. Additionally, phe-

nomena such as grazing should be compared between experimental observations and analyt-

ical model predictions to further assess model fidelity.

Second, potential expressions in the mathematical model could be refined to improve accu-

racy. For example, the excitation force acting on the tool body could be better represented,

as could the feed force applied during operation. Given that it is difficult to maintain a

steady feed force in practice, it would be valuable to develop a mathematical expression that

captures its variability rather than employing the static feed force assumption used in this

study.

Third, the complexity of the models could be expanded by incorporating additional terms,
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such as drift, to improve the representation of ground–tool interaction. At the same time,

it is important to retain simplicity by keeping the number of terms as small as possible.

This balance would support the identification of simplified models that are still capable of

replicating experimental results relevant to hand–tool dynamics, particularly in terms of

acceleration transfer.

Fourth, the findings from this dissertation suggest a practical step-by-step framework for

designing vibration absorbers for new percussive tools:

1. Model development and validation: Begin by developing a vibro-impact system

model, similar to that presented in this study, to capture the dynamic behavior of the

tool. The model should be tuned to reproduce the tool’s frequency response function

(FRF) under various operating conditions (e.g., different feed forces). In this study,

the FRF of the vibro-impact system was validated under one operating condition;

however, future work should extend this validation to a wider range of conditions to

improve model robustness.

2. Absorber parameter optimization: Once validated, append a mass–spring–damper

model representing the absorber to the tool. Systematically tune absorber param-

eters to reduce hand-transmitted acceleration across the operating frequency range.

Nonlinear dynamical tools—such as bifurcation diagrams and Lyapunov exponent

maps—should be employed to identify parameter combinations that yield stable and

effective vibration suppression.

3. Physical implementation: Finally, design a physical absorber with parameters

matching those determined analytically. The absorber’s mass should be selected ac-

cording to the optimal value identified in simulation, and the spring should be chosen

to replicate the corresponding viscoelastic stiffness properties.
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This procedure provides a systematic pathway for translating the modeling insights from

this dissertation into practical absorber designs for real-world impact tools.

Fifth, the efficacy of the absorber should be further examined experimentally. In particular,

various inerter designs could be combined with cubic absorbers in different configurations

with the tool to investigate how effectively such designs reduce hand-transmitted accelera-

tion. In some situations, since it has been noted that absorber mass may need to be more

than 0.2 times the primary system mass to be effective, it is worth exploring how the addition

of an inerter could replicate the benefits of oversized absorbers while remaining practical in

design. The use of inerters may therefore enable absorber configurations that achieve strong

vibration attenuation without the impracticality of physically large absorber masses.

Finally, to further improve user comfort, absorber designs—either in combination with other

vibration control devices or considered independently—should be evaluated not only for their

ability to reduce hand-transmitted acceleration but also for their contribution to overall

operator comfort.
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Expressions used in Eqs. (2.2) and (2.3)

[M] =


mH +ms 0 0

0 ma 0

0 0 b+mN



[C] =


cH + cN + cs −cs −cN

−cs ca + cs 0

−cN 0 cN



[K] =


kHL+ kNL+ ks −ks −kNL

−ks ka + ks 0

−kN 0 kN



[N] =


kHx

3
H + kN (xH − xN)

3

0

kN (xN − xH)
3


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[Feq] =


ω2Frefsin(ωt)

ω2
ref

0

0



[N1]=


kH (a1 cos (ωt) + b1 sin (ωt))3

0

kN (xN − xH)
3

+ kN (a1 cos (ωt) + b1 sin (ωt) e1 cos (ωt)− f1 sin (ωt) )3

−

−


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Expressions used in Eqs. (3.1), (3.3)

and (3.6)

[M] =


mH +ms 0 0

0 ma 0

0 0 mN + b



[C] =


cH + cN + cs −cs −cN

−cs ca + cs 0

−cN 0 cN



[K] =


kHL + kNL + ks −ks −kNL

−ks ka + ks 0

−kNL 0 kNL


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[fnl] =


kN (xH − xN)

3 + kHx
3
H

0

kN (xN − xH)
3



[Feq] =


Fw

0

0



[M1] =


1 0 0

0 1 0

0 0 1



[C1] =


−2ζ1 + 2ζ2 + 2ζ3 −2ζ2 −2ζ3

−2ζ3α 0 2ζ3α

−2ζ2α2 2ζ4α2 + 2ζ2α2 0



[K1] =


1 + kr1 + kr2 −kr1 −kr2

−kr2α 0 kr2α

−kr1α2 kr3α2 + kr1α2 0


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[f1nl] =


krnl1y

3
H + krnl2 (yH − yN)

3

krnl2α (yN − yH)
3

0



[F1eq] =


F Ω2 sin (Ωτ)

0

0



[A] =



0 −1 0 0 0 0

kr1 + kr2 + 1 −2ζ1 + 2ζ2 + 2ζ3 −kr1 −2ζ2 −kr2 −2ζ3

0 0 0 −1 0 0

α(−kr2) −2αζ3 0 0 αkr2 2αζ3

0 0 0 0 0 −1

α2 (−kr1) −2α2ζ2 α2kr1 + α2kr3 2α2ζ2 + 2α2ζ4 0 0



[N1]=
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

0

krnl1 (C1 cos(Ω τ) +D1 sin(Ω τ)) 3 + krnl2 ((C1 − C5) cos(Ω τ) + (D1 −D5) sin(Ω τ)) 3

0

αkrnl2 ((C1 cos(Ω τ) +D1 sin(Ω τ)) 3 + 3 (C5 cos(Ω τ) +D5 sin(Ω τ)) (C1 cos(Ω τ) +D1 sin(Ω τ)) 2

0

0

−

−

−

−3 (C5 cos(Ω τ) +D5 sin(Ω τ)) 2 (C1 cos(Ω τ) +D1 sin(Ω τ)) + (C5 cos(Ω τ) +D5 sin(Ω τ)) 3)

−

−



[Feq] =



0

FΩ2 sin(Ω τ)

0

0

0

0


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