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Abstract
This paper studies the performance of an
electromagnetic resonant shunt tuned mass-damper-inerter
(ERS-TMDI) in terms of simultaneously suppressing unwanted
vibration and harvesting energy in a vibrating building. The
ERS-TMDI is attached to a building, which is subjected to an
earthquake excitation. An inerter is connected between the TMD
and the ground. The electromagnetic transducer and associated
circuit, which replaces the viscous damping in the classical tuned
mas-damper (TMD), is assumed to be an ideal transducer
shunted with a resistor, an inductor, and a capacitor (RLC)
circuit. Two RLC circuit configurations are investigated: one in
series and another in parallel. The governing equations of motion
are presented and 𝐻2 optimization technique is employed to
derive explicit expressions for the optimal mechanical tuning
ratio, electrical damping ratio, electrical tuning ratio, and
electromagnetic mechanical coupling coefficient. The validity of
the obtained closed-form expressions is examined using Matlab
optimization toolbox. Parametric studies are carried out to
investigate the effect of the mass and inertance ratios on the
obtained optimal parameters. Numerical examples are also
conducted to demonstrate the role of key design variables on
vibration mitigation and energy harvesting performances. Also,
the performance of a parallel RLC circuit configuration is
compared to that of a series configuration.

achieved by transferring the kinetic energy of the main structures
to the tuned mass through a spring and damper. This energy is
then dissipated through the TMD device as heat [4–7].
Many studies have been conducted to optimize the design of
TMDs using different criterion; such as, the fixed point, 𝐻2 and
𝐻∞ . Den Hartog [8] and Brock [9] are among the first scholars
who presented explicit mathematical expressions for optimizing
stiffness and damper using the “fixed point” theory. Asami et. al
also presented analytical solution for the optimization of a
dynamic vibration absorbers (DVA) using
𝐻2 and 𝐻∞
optimization criteria [10-11]. Tuned mass damper (TMD) has
also been applied to continuous systems to dissipate the vibration
amplitude of plates and beams [12].

INTRODUCTION

Numerous investigators have incorporated electromagnetic
and/or piezoelectric transducers in TMDs for simultaneously
harvesting energy and suppressing vibration [13]. A general
technique for larger scale energy harvesting and vibration
control is to replace or to complement the mechanical damping
element by an electromagnetic device so that all the energy is not
dissipated through the device as wasted heat, but rather the
energy is recovered electrically and then stored in batteries. The
generated energy can then be used to achieve self-powered semiactive/active vibration control or/and to power wireless sensors
for structural health monitoring [14-17].

Many engineering structures such as bridges, airplanes,
powerlines, and cars usually suffer from unwanted vibrations,
which can result in fatigue failure or human discomfort. Tuned
Mass Damper (TMD) is one of the most common passive control
devices for suppressing the unwanted vibrations [1-3]. It consists
of a mass with a spring and a viscous damper that is attached to
the main structure. The vibration suppression mechanism is

To this end, this paper presents analytical and numerical
investigations of the optimal design parameters of an
electromagnetic resonant shunt tuned mass-damper-inerter
(ERS-TMDI) attached to a building, which subjected to a ground
excitation. The 𝐻2 norm criterion is used to obtain closed-form
analytical expressions for the optimal design parameters of the
system in order to simultaneously mitigate the vibrations of the
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primary structure and harvest energy. The obtained
mathematical expressions for the optimal mechanical tuning
ratio, electrical damping ratio, electrical tuning ratio, and
electromagnetic mechanical coupling coefficient are compared
with those obtained using Matlab optimization tool box.
Parametric studies are conducted to examine the role of key
design parameters on the vibration mitigation of the primary
structure and harvested electrical power. Also, the performance
of parallel RLC circuit is compared with that of the series
configuration.

−𝑘 𝑇 𝑋𝑠 + ((𝑚 𝑇 + 𝑏)𝑠 2 + 𝑘 𝑇 )𝑋𝑇 − 𝑘𝑓 𝐼 = −(𝑚 𝑇 + 𝑏)𝑋̈𝑔

Mathematical Modeling

𝑞1 = (𝑗𝛼)2𝑇

Figure 1 depicts a schematic of a single degree freedom system
consisting of primary structure 𝑚𝑠 with a linear spring stiffness
𝑘𝑠 , and damping coefficient 𝑐𝑠 . The primary structure is coupled
with the ERS-TMDI of mass 𝑚 𝑇 and stiffness 𝑘 𝑇 . The inertance
of the system, denoted by 𝑏, is grounded at one end and
connected to the absorber mass at the other end. An ideal
electromagnetic transducer is connected in parallel with the
stiffness 𝑘 𝑇 , between the primary structure and the mass 𝑚 𝑇 . The
transducer will be shunt with RLC circuits in parallel or in series.
We assume the back electromotive voltage and force constants
are 𝑘𝑉 and 𝑘𝑓 . The resistance, capacitance, and inductance of the
electrical circuit are denoted by R, C, and L, respectively. The
electric circuit in series configuration is depicted in Figure1 (a)
and the parallel configuration is shown in Figure 1 (b).

For the parallel RLC configuration Eq. (3) changes to

−𝑘𝑣 𝑠𝑋𝑠 + 𝑘𝑣 𝑠𝑋𝑇 + 𝑅𝐼 + 𝐿𝐼𝑠 +

𝐼
𝐶𝑆

=0

(2)

Considering the normalized frequency 𝑠 = 𝑗𝜔, the third
equation of Eq. (2) can be written as
𝐼=

𝐾𝑠
𝑞 (𝑋
𝐾𝑓 1 𝑆

− 𝑋𝑇 )

(3)

where 𝑞1
𝑓 2 𝜇𝜇𝑘 (𝑗𝛼)2

(4)

+2𝜁𝑒 𝑓𝑒 (𝑗𝛼)+𝑓𝑒2

𝐼=

𝐾𝑠 𝜇𝑘 𝑓𝑇2 𝜇[(𝑗𝛼)3 +2𝜁𝑒 𝑓𝑒 (𝑗𝛼)2 ]
𝐾𝑓 2𝜁𝑒 𝑓𝑒 (𝑗𝛼)2 +𝑓𝑒2 (𝑗𝛼)+2𝜁𝑒 𝑓𝑒3

(𝑋𝑆 − 𝑋𝑇 )

(5)

Substituting Eq. (3) into Eq. (2) we obtain
[(𝑗𝛼)2 + (1 + 𝑓𝑇2 𝜇) + 𝑞1 ]𝑋𝑠 − (𝑓𝑇2 𝜇 + 𝑞1 )𝑋𝑇 = −

𝑋̈𝑔
𝜔𝑠2

[−𝑓𝑇2 𝜇 − 𝑞1 ]𝑋𝑠 + [(1 + 𝛿)𝜇(𝑗𝛼)2 + 𝑓𝑇 𝜇 + 𝑞1 ]𝑋𝑇 = −𝜓𝜇

𝑋̈𝑔
𝜔𝑠2

(6)

The parameters used in the dynamic of the system are defined
in Table 1.
Table 1. Definitions of parameter s used in the dynamic equations
Data
𝝎𝒔 = √𝒌𝒔 /𝒎𝒔

Definition
Natural frequency of the primary structure

𝝎𝑻 = √𝒌𝑻 /𝒎𝑻

Natural frequency of the tuned mass

𝝎𝒆 = 𝟏/√𝑳𝑪

Resonant natural frequency of the circuit
Mass ratio of the tuned mass to the primary structure
Mass ratio of the inertance to the primary structure
Mechanical tuning ratio
Electrical tuning ratio
Normalized frequency
Resistance
Electrical damping ratio
Electromagnetic mechanical coupling coefficient

𝝁 = 𝒎𝑻 /𝒎𝒔
𝜹 = 𝒃/𝒎𝑻
𝒇𝑻 = 𝝎𝑻 /𝝎𝒔
𝒇𝒆 = 𝝎𝒆 /𝝎𝒔
𝜶 = 𝝎/𝝎𝒔
Figure1. Schematic of Host structure with ERS-TMDI absorber; (a) series
circuit, (b) parallel circuit.

R
𝜻𝒆 = 𝑹/(𝟐𝑳𝝎𝒆 )

The governing equation of motion of the coupled system with
series circuit subjected to ground acceleration 𝑥̈𝑔 caused by
earthquake can be obtained as

𝝁𝒌
= 𝒌𝒇 𝒌𝒗 /𝒌𝑻 𝑳
𝒌𝒗
𝒌𝒇

Voltage constant of the transducer
Force constant of the transducer

𝑚𝑠 𝑥̈ 𝑠 + 𝑐𝑠 𝑥̇ + 𝑘𝑠 𝑥𝑠 − 𝑘 𝑇 (𝑥𝑇 − 𝑥𝑠 ) + 𝑘𝑓 𝐼 = −𝑚𝑠 𝑥̈𝑔

𝑯𝟐 Optimization for the ERS-TMDI

(𝑚 𝑇 + 𝑏)𝑥̈ 𝑇 + 𝑘 𝑇 (𝑥𝑇 − 𝑥𝑠 ) − 𝑘𝑓 𝐼 = −(𝑚 𝑇 + 𝑏)𝑥̈𝑔
1

𝑘𝑣 (𝑥̇ 𝑇 − 𝑥̇ 𝑠 ) + 𝑅𝐼 + 𝐿𝐼 ̇ + ∫ 𝐼𝑑𝑡 = 0
𝐶

Following [18], the optimum parameters of 𝑓𝑇 , 𝑓𝑒 , 𝜇𝑘 and 𝜁𝑒 to
minimize the vibrations of the primary structure (𝑥𝑠 ) caused by
the ground excitation, 𝑥̈𝑔 /𝜔𝑠2 can be obtained as follows

(1)

Applying Laplace transform into Eq. (1) and considering the
primary structure undamped, the equations of motion become
(𝑚𝑠

𝑠2

𝑃𝐼 =

+ 𝑘𝑠 + 𝑘 𝑇 )𝑋𝑠 − 𝑘 𝑇 𝑋𝑇 + 𝑘𝑓 𝐼 = −𝑚𝑠 𝑋̈𝑔

1

∞

∫ |
2𝜋 −∞ 𝑋̈

𝑋𝑠 (𝑗𝛼)

2
2 | 𝑑𝛼

𝑔 (𝑗𝛼)/𝜔𝑠
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Where 𝑋𝑠 (𝑗𝛼)/𝑋̈𝑔 (𝑗𝛼)/𝜔𝑠2 is the normalized transfer function
and is given as
𝑋𝑠 (𝑗𝛼)
𝑋̈𝑔 (𝑗𝛼)/𝜔𝑠2

=

𝜇𝑘 =

𝐵4 (𝑗𝛼)4 +𝐵3 (𝑗𝛼)3 +𝐵2 (𝑗𝛼)2 +𝐵1 (𝑗𝛼)+𝐵0
6
𝐴6 (𝑗𝛼) +𝐴5 (𝑗𝛼)5 +𝐴4 (𝑗𝛼)4 +𝐴3 (𝑗𝛼)3 +𝐴2 (𝑗𝛼)2 +𝐴1 (𝑗𝛼)+𝐴0

128𝜇𝜓
64−36𝜇𝜓−9𝜇 2 𝜓2

192𝜇𝜓

𝜁𝑒 = √

(12)

256−96𝜇𝜓−27𝜇 2 𝜓2

The instant power due to the external load can be found as
𝑃 = 𝑅𝑒 𝐼2

(8)

(13)

The normalized transfer function from 𝑋̈𝑔 /𝜔𝑠2 to 𝐼 is given as

Where
𝐼𝑛 =

𝐴6 = 𝜓
𝐴5 = 2𝜓𝑓𝑒 𝜁𝑒
𝐴4 = 𝑓𝑡2 (𝜇𝑘 + 1)(𝜇𝜓 + 1) + 𝜓 + 𝑓𝑒2 𝜓
𝐴3 = 2𝑓𝑒 𝜓𝜁𝑒 + 2𝑓𝑒 𝑓𝑡2 𝜁𝑒 (1 + 𝜇𝜓)
𝐴2 = 𝑓𝑒2 𝜓 + 𝑓𝑡2 (1 + 𝜇𝑘 ) + 𝑓𝑒2 𝑓𝑡2 (1 + 𝜇𝜓)
𝐴1 = 2𝑓𝑒 𝑓𝑡2 𝜁𝑒
𝐴0 = 𝑓𝑒2 𝑓𝑡2
{

(14)
Using Eqs. (13) and (14), the normalized frequency function
from 𝑋𝑔̈ /𝜔𝑠2 to √𝑃 can be written as
𝑃𝑛 =

{𝑓𝑒4 [𝑓𝑡4 (𝜇 5 𝜓 5 + 5𝜇 4 𝜓 4 + 10𝜇 3 𝜓 3 +

10𝜇 𝜓 + 5𝜇𝜓 + 1) + 𝑓𝑡2 (2𝜇 4 𝜓 5 + 4𝜇 3 𝜓 4 − 4𝜇𝜓 2 −
2𝜓) + 𝜇 3 𝜓 5 + 𝜓 2 ] + 𝑓𝑒2 (−2𝑓𝑡4 𝜇 4 𝜇𝑘 𝜓 4 + 4𝑓𝑡4 𝜇 4 𝜓 4 𝜁𝑒2 −
2𝑓𝑡4 𝜇 4 𝜓 4 − 8𝑓𝑡4 𝜇 3 𝜇𝑘 𝜓 3 + 16𝑓𝑡4 𝜇 3 𝜓 3 𝜁𝑒2 − 8𝑓𝑡4 𝜇 3 𝜓 3 −
12𝑓𝑡4 𝜇 2 𝜇𝑘 𝜓 2 + 24𝑓𝑡4 𝜇 2 𝜓 2 𝜁𝑒2 − 12𝑓𝑡4 𝜇 2 𝜓 2 − 8𝑓𝑡4 𝜇𝜇𝑘 𝜓 +
16𝑓𝑡4 𝜇𝜓𝜁𝑒2 − 8𝑓𝑡4 𝜇𝜓 − 2𝑓𝑡4 𝜇𝑘 + 4𝑓𝑡4 𝜁𝑒2 − 2𝑓𝑡4 −
𝑓𝑡2 𝜇 3 𝜇𝑘 𝜓 4 + 4𝑓𝑡2 𝜇 3 𝜓 4 𝜁𝑒2 − 2𝑓𝑡2 𝜇 3 𝜓 4 + 3𝑓𝑡2 𝜇𝜇𝑘 𝜓 2 −
12𝑓𝑡2 𝜇𝜓 2 𝜁𝑒2 + 6𝑓𝑡2 𝜇𝜓 2 + 2𝑓𝑡2 𝜇𝑘 𝜓 − 8𝑓𝑡2 𝜓𝜁𝑒2 + 4𝑓𝑡2 𝜓 +
4𝜓 2 𝜁𝑒2 − 2𝜓 2 ) + 𝑓𝑡4 (𝜇 3 𝜇𝑘2 𝜓 3 + 2𝜇 3 𝜇𝑘 𝜓 3 + 𝜇 3 𝜓 3 +
3𝜇 2 𝜇𝑘2 𝜓 2 + 6𝜇2 𝜇𝑘 𝜓 2 + 3𝜇 2 𝜓 2 + 3𝜇𝜇𝑘2 𝜓 + 6𝜇𝜇𝑘 𝜓 +
3𝜇𝜓 + 𝜇𝑘2 + 2𝜇𝑘 + 1) + 𝑓𝑡2 (− 2𝜇𝜇𝑘 𝜓 2 − 2𝜇𝜓 2 −
2𝜇𝑘 𝜓 − 2𝜓 ) + 𝜓 2 }

Table 3: Designed parameters presented for the ERS-TMDI system with mass
ratio 𝜇 = 0.02 by analytical and numerical methods.

(10)

𝜕𝑓𝑡

=0

𝜕𝑃𝐼
𝜕𝑓𝑒

=0

𝜕𝑃𝐼
𝜕𝜇𝑘

=0

𝜕𝑃𝐼
𝜕𝜁𝑒

=0

Type

Data

𝑓𝑡

𝑓𝑒

𝜇𝑘

𝜁𝑒

𝜹 = 𝟎. 𝟏

Analytical

𝜹 = 𝟎. 𝟓

Analytical

𝜹=𝟏

Analytical

1.018
1.018
1.176
1.176
1.339
1.339

0.981
0.981
0.974
0.974
0.966
0.966

0.044
0.044
0.060
0.060
0.080
0.080

0.129
0.129
0.151
0.151
0.174
0.174

Matlab

Setting the derivation of PI with respect to design parameters
equal to zero we obtain
𝜕𝑃𝐼

(15)

The validation of the obtained optimal expressions is
demonstrated in Table 3. This is realized by comparing the
results obtained using Equation (12) to those obtained
numerically using Matlab optimization toolbox for a fixed mass
ratio 𝜇 = 0.02 and various inertance ratios. The results are
presented in Table 3 and show very good agreement. To further
illustrate the validity of the proposed closed form expressions,
Figure 2 shows the optimal frequency response curves obtained
analytically using Equation (12) and numerically using Matlab
optimization toolbox. The results collaborate perfectly. This is an
indication that the derived closed-form expressions for the
optimal parameters are valid and can be used to facilitate the
optimal design of ERS-TMDI. It can also be observed that ERSTMDI has better performance in comparison with the classic
TMD for the same mass ratio (𝜇 = 0.02).

where 𝜓 = 𝛿 + 1. Applying the residue theorem [19] into Eq.
(7), the performance index (PI) can be obtained as
1

𝐼𝑛√𝑅𝑒
𝑋̈𝑔 (𝑗𝛼)/𝜔𝑠2

Numerical Analysis
(9)

4𝑓𝑒 𝑓𝑡2 𝜇𝜇𝑘 𝜓2 𝜁𝑒
2 2

=

𝐾𝑣
𝜓(𝑗𝛼)2
𝐿
𝐴6 (𝑗𝛼)6 +𝐴5 (𝑗𝛼)5 +𝐴4 (𝑗𝛼)4 +𝐴3 (𝑗𝛼)3 +𝐴2 (𝑗𝛼)2 +𝐴1 (𝑗𝛼)+𝐴0

𝐵4 = 𝜓
𝐵3 = 2𝜓𝑓𝑒 𝜁𝑒
𝐵2 = 𝑓𝑡2 (𝜇𝑘 + 1)(𝜇𝜓 + 1) + 𝑓𝑒2 𝜓
𝐵1 = 2(1 + 𝜇𝜓)𝑓𝑒 𝑓𝑡2 𝜁𝑒 (𝑗𝛼)
𝐵0 = 𝑓𝑒2 𝑓𝑡2 (1 + 𝜇𝜓)
{

𝑃𝐼 =

𝐼(𝑗𝛼)
𝑋̈𝑔 (𝑗𝛼)/𝜔𝑠2

Matlab

(11)

Matlab

By solving these four equations, the optimal parameters for
series case can be obtained as
𝑓𝑡 =

√ψ( 4−3μψ)
2(μψ + 1)

𝑓𝑒 = √

16−9𝜇𝜓

3𝜇 2 𝜓2 +19𝜇𝜓+16
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Figure 4 depicts the variation of optimum parameters with
respect to mass and inertance ratios in a three-dimensional
representation. It can be observed that the electromagnetic
mechanical coupling coefficient and electrical damping ratio
increase with increasing both mass and inertance ratios. The
electrical tuning ratio decreases with increasing both mass and
inertance ratios. The mechanical tuning ratio decreases with
increasing mass ratio, but it increases with increasing inertance
ratio.
(a)

Figure 2: Optimal frequency response under mass ratio 𝜇 = 0.02 and inertance
ratio: 𝛿 = 0.1 by analytical and numerical simulation for ERS-TMDI and
comparison with classic TMD under mass ratio 𝜇 = 0.02 and 𝑏 = 0.

Figure 3 depicts three-dimensional representation of
performance index (PI) with respect to electromagnetic
mechanical coupling coefficient 𝜇𝑘 and electrical damping ratio.
It can be observed that electromagnetic mechanical coupling
coefficient 𝜇𝑘 is more effective on changing the performance
index.

(b)

Figure 3. Three-dimensional representation of performance index (PI) with
respect to electromagnetic mechanical coupling coefficient 𝜇𝑘 and electrical
damping ratio 𝜁𝑒 under 𝜇 = 0.02, 𝛿 = 0.1, 𝑓𝑡 = 1.018, and 𝑓𝑒 = 0.981.

4
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(c)

damping ratio, and electrical tuning ratio; whereas the effect of
the inertance ratio on the mechanical tuning ratio becomes less
pronounced.
Figure 6 depicts the normalized displacement of the primary
structure 𝑋𝑠 /𝑋𝑔 and relative displacement (𝑋𝑆 − 𝑋𝑇 )/𝑋𝑔 . It can
be observed that both normalized displacements decrease with
increasing inertance ratio 𝛿. This figure also shows that ERSTMDI system exhibits better performance in terms of vibration
mitigation of the primary structure as compared to the EMTMD
system studied in [18]. Figure 7 shows that the harvested power
increases with increasing inertance ratio. Also, the results in this
figure clearly show that the harvested power from the ERSTMDI is significantly higher than that of EMTMD (𝛿 =
0)system studied in [18].
(a)

(d)

(b)

Figure 4. Variation of optimal parameters; (a) electromagnetic mechanical
coupling coefficient 𝜇𝑘 , (b) electrical damping ratio 𝜁𝑒 , (c) electrical tuning
ratio 𝑓𝑒 (d) mechanical tuning ratio𝑓𝑇 with respect to inertance ratio 𝛿 and mass
ratio 𝜇.

To better understand the role of the optimal parameters with
respect to mass and inertance ratios, two-dimensional graphs are
presented in Figure 5. The results indicate that as the mass ratio
increases, the effects of the inertance ratio is more significant on
the electromagnetic mechanical coupling coefficient, electrical

5
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(c)

(b)

(d)

Figure 6. Schematic of the optimal frequency response under mass ratio 𝜇 =
0.02 and different inertance ratio: (a) the deformation of the primary structure
and (b) the relative deformation of the ERS-TMDI.

Figure 5. Two-dimensional graphical representations of optimum parameters;
(a) optimal electromagnetic mechanical coupling coefficient 𝜇𝑘 , (b) optimal
electrical damping ratio 𝜁𝑒 , (c) optimal electrical tuning ratio 𝑓𝑒 (d) Optimal
mechanical tuning ratio 𝑓𝑇 .

(a)

Figure 7. Comparison of normalized power for different inertance ratio and
with the mass ratio 𝜇 = 0.02. 𝑘𝑣 = 150, 𝐿 = 1.17𝐻, 𝑅𝑒 = 0.1 Ω.

Figures 8 and 9 compare the performance of parallel and series
RLC circuit configurations in terms of vibration mitigation and
energy harvesting, respectively. As it can be observed from
Figure 8, the two configurations exhibit almost the same
vibration amplitude throughout the whole frequency range. This
is an indication that these two configurations have similar
performance in terms of vibration mitigation. However, in terms
of energy harvesting performance as shown in Figure 9, the
parallel RLC configuration performs much better than the series
RLC configuration.

6
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Parametric studies are carried out to examine the effect of mass
and inertance ratios on the obtained optimal design parameters.
The results show that increasing the mass and inertance ratios
both increase the electromagnetic mechanical coupling
coefficient and electrical damping ratio. The effect of the
inertance ratio on both aforementioned optimal parameters is
more pronounced as the mass ratio increases. Increasing the
mass and inertance ratios both decrease the electrical tuning ratio
and this decreasing effect is more significant for larger mass
ratio. Increasing the mass ratio decreases the mechanical tuning
ratio; whereas, increasing the inertance ratio increases the
mechanical tuning ratio. The effect of the inertance ratio on the
mechanical tuning parameter is more significant for smaller
mass ratios. The role of the inertance ratio on the vibration
mitigation and harvesting energy performances indicate that
increasing the inertance ratio increases the performance of ERSTMDI in terms of both vibration mitigation and energy
harvesting. Numerical examples also demonstrate that parallel
RLC configuration exhibits superior performance than series
RLC configuration in terms of energy harvesting and similar
performance in terms of vibration mitigation. The authors
anticipate future work to be focused on various ERS-TMDI
topologies with experimental validations.

Figure 8: Comparison of normalized deformation of primary structure with
series and parallel RLC configurations, 𝜇 = 0.02 and inertance ratio: 𝛿 = 0.1.
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