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ABSTRACT
Considerable attention has been recently given to elec-

tromagnetic resonant shunt tuned mass damper-inerter
(EH-TMDI) for simultaneous vibration mitigation and en-
ergy harvesting. However, only linear structures have been
investigated. Hence, in this paper, we aim at simultane-
ously achieving vibration mitigation and energy harvesting
for nonlinear oscillators. To do so, we attach a nonlinear
electromagnetic resonant shunt tuned mass damper-inerter
(NEH-TMDI) to a single degree of freedom nonlinear oscil-
lator (Duffing Oscillator). The nonlinear oscillator is cou-
pled to the tuned mass damper via a linear and a nonlinear
spring. Both the electromagnetic and the inerter devices are
grounded on one side and connected to the nonlinear vibra-
tion absorber on the other side. This is done so to relax
the trade off between energy harvesting and vibration sup-
pression. The electromagnetic transducer is shunted to a
resistor-inductor circuit. The governing equations of mo-
tion are derived using Newton’s method. Numerical simu-
lations are carried out to examine the performance of the
proposed NEH-TMDI. Comprehensive parametric analyses
are conducted to identify the key design parameters that ren-
der the best performance of the NEH-TMDI. The results
show that selected parameters offer regions were maximum
energy dissipated and maximum energy harvested coincide.
The findings are very promising and open a horizon of fu-
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ture opportunities to optimize the design of the NEH-TMDI
for superior performance.

INTRODUCTION
Many engineering structures and components such as

bridges, power lines, buildings, airplanes, and cars are
usually plagued with unwanted vibrations, making them
prone to fatigue failure. The most common passive strat-
egy for mitigating these unwanted vibrations is to attach
tuned vibration absorbers (TVAs) [1–3] to the main struc-
ture such that significant kinetic energy from the primary
structure is transferred to the attached vibration absorber.
For example, power lines are subject to wind induced vi-
brations (WIV). Currently, inspection robots [4–9] are be-
ing developed for structural health monitoring and main-
tenance. Moreover, Stockbridge dampers [10, 11], an ex-
ample of TVAs, have been used to mitigate the vibration.
With the multi-nodal profile of power lines, mobile damp-
ing robot [12–14] are being conceptualized to combine the
efforts of inspection robots and Stockbridge dampers. Such
device would need to achieve vibration suppression, but
would also require to be self-powered as the power lines
are set in hostile environment.

The need for smart devices that achieve simultaneous
vibration attenuation and energy harvesting [15–18] has
grown in recent years. Indeed, instead of dissipating all
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the vibration energy through heat via a damping element,
a transducer can be added to the vibration absorber to
harvest energy. The transducer selection depends on the
application. Piezoelectric methods [19] are ideal for small-
scale power generation while electromagnetic motors [15]
generate power for larger scale applications such as civil
structures. However, studies have shown that there exists a
trade-off between vibration suppression and energy harvest-
ing, but this trade-off can be relaxed by selecting an optimal
configuration such as that in Joubaneh et al. [18, 20,21].

In the literature, simultaneous vibration control and
energy harvesting for linear structures is well documented.
Moreover, nonlinear vibration absorbers and energy har-
vesting devices have been used to achieve broadband re-
sults [22,23] for linear structures. However, there is a need
to explore simultaneous vibration mitigation and energy
harvesting of nonlinear structures. This is carried out in
this paper, in which we extend the work of Joubaneh et
al. [20] to include nonlinearity in both the primary structure
and electromagnetic tuned mass damper-inerter. The non-
linear electromagnetic tuned mass damper-inerter (NEH-
TMDI) is shunted to an a resistor-inductor (RL) circuit.
The implementation of an inerter is justified by improved
performance when coupled to the EH-TMDI [24]. Numer-
ical examples and comprehensive parametric analyses are
carried out to investigate the performance of NEH-TMDI
for simultaneous vibration control and energy harvesting.

MATHEMATICAL MODELING
Figure 1 presents the optimal configuration in [20] with

noticeable changes. The primary structure mp has a linear
spring kp, a nonlinear spring kpn, and damping coefficient
cp. The NEH-TMDI with mass mt has a linear stiffness kt

and nonlinear stiffness ktn. The primary mass is assumed
to be a Duffing oscillator, and thus exhibits cubic nonlin-
earity. The inerter of the system, denoted by b, is grounded
at one end and connected to the absorber mass at the other
end. The resistance and inductance of the electrical circuit
are denoted by R and L respectively. To relax the trade
off between energy harvesting and vibration mitigation, the
electromagnetic transducer is grounded on one side and con-
nected to the EH-TMDI on the other. kv and kf represent
the voltage constant and the force constant of the trans-
ducer. Using Newton’s method, the governing equations of
motion are given as:

mpẍp + cpẋp − ct(ẋt − ẋp) +kpxp +kpnx
3
p

−kt(xt −xp)−ktn(xt −xp)3 = Fw (1)

FIGURE 1: SCHEMATIC OF PRIMARY MASS AT-
TACHED TO NEH-TMDI. THE SCHEMATIC IN-
CLUDES AN INERTER b AND A RL CIRCUIT FOR EN-
ERGY HARVESTING.

(mt + b)ẍt + ct(ẋt − ẋp)+
kt(xt −xp) +ktn(xt −xp)3 +kf I = 0 (2)

−kvẋt +RI+Lİ = 0 (3)

where Fw = Fsin(wt) is an harmonic input to the sys-
tem.

A quantitative measure of the NEH-TMDI performance
can be obtained by computing the energy dissipated in this
absorber normalized by the total input energy, defined as:

Ediss,%(t) = 100
ct

∫ t
0 (ẋp(τ)− ẋt(τ))2dτ∫ t

0 Fwẋp(τ)
(4)

NUMERICAL SIMULATIONS
The first part of the numerical simulation is to validate

the proposed model against models from the literature. Ta-
ble 1 displays the parameters used to validate the model.

In Viguie et al. [25] the performance of a nonlinear res-
onator subject to an impulse was evaluated. We validated
our model using this reference. The parameters used are
summarized in Table 1. Figures 2 (a) and (b), respectively,
depict the time response of the system (i.e., nonlinear os-
cillator and nonlinear absorber), and the energy dissipated
by the nonlinear resonator as a function of the nonlinear
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TABLE 1: PARAMETERS USED FOR THE NUMERICAL
SIMULATIONS

Parameters Units Value

mp kg 1

kp N/m 1

kpn N/m3 [0-7.5]

mt kg 0.05

b kg 0

kt N/m 0.05

ktn N/m3 0.01

F N [0-4.5]

stiffness knp as well as the initial velocity magnitude. The
results corroborate those in [25], thus indicating our numer-
ical simulation is valid.

After validation, we examined the performance of the
proposed nonlinear absorber and then carried out paramet-
ric studies to determine how key design variables affect the
performance of the nonlinear absorber. A comparison of
the performance of a linear EH-TMDI and a nonlinear EH-
TMDI is shown in Figure 3. As expected, the energy dissi-
pated by the linear EH-TMDI increases to a maximum at
resonance and then decreases. For the nonlinear EH-TMDI,
the maximum energy dissipated grows steadily as well. It
reaches a lower but considerable value at resonance than the
linear EH-TMDI. Moreover, it is able to harvest energy as
the frequency moves away from resonance (mistuned) before
dropping to values corresponding to the linear EH-TMDI.
Consequently, the nonlinear EH-TMDI can be considered to
be more adaptable to changing conditions than the linear
EH-TMDI. The observation can be extended using the map
in Figure 4. This figure depicts that the EH-TMDI is only
effective when its frequency matches the frequency of the
primary structure. However, the NEH-TMDI is capable of
extending the range for energy dissipation as the harmonic
force magnitude increases. This solidifies the idea that the
NEH-TMDI is more appropriate to maximize energy dissi-
pation.

Next, we discussed the impact of the inertance on the
system performance in terms of vibration suppression. Fig-
ure 5 shows how varying the inertance affects the perfor-
mance of the nonlinear EH-TMDI. For our parametric study
we varied the total mass of the nonlinear EH-TMDI between

5% and 25% of the primary structure mass. We take advan-
tage of the inerter that adds an apparent mass to the system
while maintaining the overall weight of the suspended mass.
The figure shows that a lower inertance produces the best
energy dissipation over a wide range of normalized frequen-
cies. For mid inertance value, we are able to dissipate more
energy at resonance at the cost of losing the range of effi-
ciency.

Finally, we explored the complete model of the con-
figuration proposed to achieve simultaneous vibration sup-
pression and energy harvesting. The nonlinear oscillator is
subjected to a harmonic input. First, we generate a map
of the energy dissipated without the electromagnetic device
in Figure 6. The transition between linear dynamics and
nonlinear dynamics is less pronounced than that of Viguie
et al. [25] work. This is due to the type of force used here.
Nonetheless, there is two distinct regions of high energy
dissipation. Region 1 represents the region of high energy
dissipation for low amplitudes. In that region, all nonlinear
spring values provide the same energy dissipation percent-
age which is around 80%. Region 2 represents the region
of high energy dissipation as the amplitude increases, the
nonlinear spring value selection becomes more important as
the nonlinear dynamics dominate.

TABLE 2: ELECTROMAGNETIC TRANSDUCER PA-
RAMETERS

Parameters Units Value

kf None .01

kv None .1

R Ω 0.1

L H 1.17

Figure 7 shows the energy dissipated as the nonlinear
spring is varied as well as the magnitude of the harmonic
input. In this case, the electromagnetic device is connected.
The electrical parameters used for this simulation are pre-
sented in Table 2. The map trends are similar to those of
Figure 6. As the amplitude increases, the lower nonlinear
stiffness between 0.5 and 2 become effective. Indeed, as the
amplitude increases as the nonlinearity of the system be-
comes more prominent. This enables the NEH-TMDI to
harvest up to 90% of the energy in that region. Figure 8
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FIGURE 2: DYNAMICS OF THE TUNED NONLINEAR ABSORBER COUPLED TO A ESSENTIALLY NONLINEAR
OSCILLATOR. (a) DISPLACEMENT RESPONSES; (b) CONTOUR PLOT OF PERCENTAGE OF TOTAL ENERGY
DISSIPATED IN THE ABSORBER.
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FIGURE 3: ENERGY DISSIPATED COMPARISON BE-
TWEEN A LINEAR EH-TMDI AND NONLINEAR EH-
TMDI ATTACHED TO THE NONLINEAR OSCILLA-
TOR.

displays the maximum current generated through the elec-
tromagnetic device. Up to 900 mA of current is generated
as the amplitude increases for lower nonlinear spring values.
Moreover, the region of maximum current coincides with the
region of maximum energy dissipation (see Figure 7). This
results confirm that the dual objectives of energy harvesting
and vibration suppression can be achieved simultaneously.
We note that although the region was able to dissipate sub-
stantial energy, only a small fraction of energy is harvested.

CONCLUDING REMARKS

This paper studied the simultaneous energy harvest-
ing and vibration mitigation of a nonlinear structure us-
ing a nonlinear electromagnetic tuned mass-damper-inerter
(NEH-TMDI). The nonlinear primary structure was subject
to a harmonic excitation. The NEH-TMDI was shunted
to an RL circuit. To relax the trade off between energy
harvesting and vibration suppression, the electromagnetic
transducer was connected to the ground on one side and to
the vibration absorber on the other. The governing equa-
tions of motion were derived using Newton’s law and were
numerically integrated using MATLAB. Numerical exam-
ples showed that a nonlinear oscillator requires a nonlin-
ear absorber for effective and extended energy dissipation
and energy harvesting. At low amplitude, the NEH-TMDI
dissipated up to 80%, but with only generated 200 mA of
current. At higher amplitude, the nonlinear dynamics dom-
inated and the NEH-TMDI dissipated 90% of the energy.
The NEH-TMDI is able to generate more current than four
times higher than the current generated in the low ampli-
tude region. The results show that simultaneous broadband
energy harvesting and vibration control can be achieved for
a nonlinear oscillator. Such findings could help improve the
design of smart devices for structures that experience signif-
icant nonlinear dynamics. In future work, we will perform
experimental studies to solidify our findings.
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(a) (b)

FIGURE 4: ENERGY DISSIPATED AS A FUNCTION OF LINEAR SPRING kp AND THE HARMONIC FORCE MAG-
NITUDE SHOWING (a) THE LINEAR EH-TMDI AND (b) THE NONLINEAR EH-TMDI RESPONSE.
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FIGURE 5: EFFECT OF CHANGING INERTANCE ON
TOTAL ENERGY DISSIPATED
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