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a b s t r a c t
In this paper, we study various data-driven approaches to modeling periodic and quasiperiodic synthetic tremor signals. The investigation is a preliminary step towards modeling
real pathological tremors. We first observe the experimental Parkinsonian tremor motion
data in terms of periodicity and spectral properties, which suggests that tremor dynamics
are nonlinear. The data-driven modeling is then carried out by embedding tremor signals
in their nonlinear time-delay dimensions. The signals are first modeled with the modelfree approach via long short-term memory recurrent neural network. Then we employ,
for the first time, the dynamic mode decomposition (DMD) and its extended nonlinear version (EDMD) based on Koopman spectral analysis to model tremor time series. Compared
to existing algorithms that are only effective in short-term tremor predictions, the proposed models excel in long-term predictions of periodic and quasiperiodic synthetic tremor signals. We quantitatively compare a variety of DMD/EDMD methods under
different signal and modeling conditions. Our results show that by including nonlinear
observation terms, EDMD can obtain better models with fewer delay embedding dimensions. We then investigate the optimal EDMD that promotes robustness and sparsity in
the modeling process. We also demonstrate that EDMD models can provide dynamical
information pertaining to the system underlying the modeled time series. Finally, we
observe that while EDMD is limited in modeling experimental tremor signals with nonperiodic features, it is still capable of approximating the spectral content of the modeled
time series.
Ó 2021 Published by Elsevier Ltd.

1. Introduction
Activities of daily life, such as writing, eating, and object manipulation, are extremely difficult for patients suffering from
pathological tremors. Parkinson’s Disease [1] and Essential Tremor (ET)[2] are the two most common disorders marked by
tremors and affect millions of people around the world. Tremors are generally summarized as involuntary, rhythmic, and
oscillatory movements [3]. The behaviors of Parkinsonian tremor (PT) and ET are noticeably different [4,5]. The common
frequencies of PT and ET are 36 Hz [1] and 412 Hz [2], respectively. Also, PT is significant during resting [6], while ET
is mainly categorized as kinetic and postural tremor [7]. Such distinctive behaviors can result from the different pathophysiologies of PT and ET [8,1,2,9] that affect the different parts of the human nervous system. Research indicated that while
some tremors originated anew in the central nervous system (CNS), others appear to be the amplification and distortion
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Nomenclature
kZkn
z1  z2
zmn
z
In
Z T
Zþ
diagðzÞ
FðzÞ

The induced Ln -norm of a matrix Z (n ¼ 2 if not specified)
Multiplications of quaternions z1 (4  1) and z2 (4  1)
A m  n matrix with all elements as z 2 R (fits with neighboring blocks if m; n unspecified)
Conjugation of quaternion z (4  1)
Identity matrix of a specific dimension n (fits with neighboring blocks if m; n unspecified)
T
1
The transposed inverse of Z (since ðZ 1 Þ ¼ ðZ T Þ )
The Moore–Penrose pseudo inverse of Z
A diagonal square matrix with the elements as the elements from the vector z
Amplitude spectrum of time series z calculated by fast Fourier transformation

of physiological tremor [3]. The observations show that tremors are caused by multiple oscillators [10], which may contain
components from the central neural oscillator, the peripheral neural feedback/reflex resonance, and the mechanical resonance [3,11]. While tremors show patterns that resemble limit cycles, tremor oscillations are not strictly periodic as demonstrated in [12–14]. These studies also suggest that tremor signals are nonlinear, and stochasticity may have mainly
contributed to the deviation of tremors from periodic oscillations, i.e., the variations in amplitudes and frequencies.
A thorough understanding of pathological tremor dynamics will facilitate the classification and diagnosis of different tremors [5]. Accurate modeling of tremor signals can provide prediction algorithms for adaptive deep brain stimulation [15,16],
electrical stimulation [17,18], and rehabilitation orthoses [19–21] for tremor suppression. Existing real-time tremor prediction algorithms are developed based on harmonic/frequency and time-delay models such as Weighted-Frequency Fourier
Linear Combiner (WFLC) [22,23], Band-limited Multi-frequency Fourier Linear Combiner (BMFLC) [24,25], and Autoregressive model (AR) [26]. However, as later demonstrated in the paper, these models are usually simple and can only provide
good short-term tremor prediction (i.e., milliseconds) but inaccurate long-term tremor prediction (i.e., seconds). This motivates us to explore better modeling of tremors for long-term predictions and analysis.
In recent years, data-driven modeling and machine learning approaches have been applied to model the human neuromusculoskeletal system [27]. These approaches fall into two categories - the model-free methods [28–30] and the modelbased methods. Both methods can be good candidates for modeling and long-term prediction of tremor. The model-free
methods such as Artificial Neural Network (ANN) [28] and Support Vector Machine (SVM) [29,30] have been successfully
applied to tremor modeling. While these methods are general and have high compatibility, the models they provide are hard
to interpret and analyze. The model-based methods employ parameterized structural models either obtained specifically
through analysis [27,31], or formulated as sets of analytical functions for model approximation [32–36]. Therefore,
model-based methods can provide more physically meaningful models, which can be used for further analysis.
In this paper, we study various data-driven methods in the modeling of periodic and quasiperiodic synthetic tremor time
series. This is a preliminary investigation towards the modeling of real pathological tremors. For the first time, dynamic
mode decomposition (DMD) and its extended nonlinear version (EDMD) [32–35] based on Koopman spectral analysis
[37,38] are employed to model tremor signals embedded in time-delay dimensions [39,40]. We analyze the PT dynamics
based on data sets obtained from a database [41], and compare the performance of different modeling methods on periodic
and quasiperiodic synthetic tremor signals [42]. We then quantitatively compare the performance and robustness of the
variants of EDMD, and investigate the dynamical meaning of EDMD models. Finally, we also discuss the performance of
EDMD in modeling the experimental tremor motion data.
The organization of the paper is as follows: In Section 2, we propose some model assumptions for the tremor dynamics,
numerically examine the periodicity and spectral properties of tremor signals acquired from a PT database [41], and demonstrate the performance of existing tremor models used in prediction. The observations suggest that tremor is a nonlinear
problem, and the limitations of existing models motivate us to explore better data-driven models of pathological tremors.
Through nonlinear time-delay embedding of time series, the modeling of periodic and quasiperiodic synthetic tremor signals
with model-free (ANN) and model-based (EDMD) methods is presented in Section 3. In Section 4, the characteristics (e.g.,
performance and robustness) of different modeling approaches are quantitatively compared and discussed in terms of various tremor signals and modeling configurations. Finally, Section 5 summarizes the findings and highlights the future
research directions.
2. Tremor dynamics and existing prediction algorithms
Neuroscience studies showed that the motor cortex signal can be decoded to predict body movements [43–45]. The
motor cortex likely has a role in the dynamics of tremors [46], even though it may not necessarily be the origin of tremors
[47–49]. Previous works also revealed the involvement of feedback/reflex loop (e.g., Golgi Tendon Organs, Renshaw Cells,
Spindle Organs) in pathological tremor [50]. These subsystems in the nervous system are highly coupled. The tremor may
be related to the time delays in the system as well [50–52]. It is noticed that Parkinsonian tremors may involve limit cycle
2
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behaviors resembling the effects of time delay [53]. These observations suggest that pathological tremor is a nonlinear
dynamical system that incorporates excitations, feedback loop, and time delays:

x_ ¼ f ðx; xs ; cðtÞ; wÞ

ð1Þ

where f is the model that governs the complex neuromusculoskeletal dynamical system behind pathological tremor; x is the
internal state; xs is the time-delay state that contains inner states occurring in the past; c is the excitation that can be a function of time t; and w is the stochastic perturbation and disturbance.
Previous studies revealed that the behaviors of tremor signals are affected by voluntary human postures and movements
[54,55]. However, when voluntary motions are in the low-frequency domain, we can propose the following assumptions:
A1 When voluntary movements are static or very slow, c is approximated as c  cI ðx; xs ; wÞ, which is a feedback term of
I
x; xs and w. This leads to a time-delayed system x_  f ðx; xs ; cI ðx; xs ; wÞ; wÞ ¼ f ðx; xs ; wÞ, which is stochastically
autonomous.
I

A2 The nonlinear autonomous system f ðx; xs ; wÞ, when only lightly perturbed by w, can yield periodic and quasiperiodic
solutions under certain state and parameter conditions.
Particularly, assumption (A1) is considered for the cases of resting and postural tremors [1,2], where voluntary motions
are largely within the low-frequency domain. By filtering out the voluntary motion, the system from Eq. (1) is approximately
reduced to an autonomous system. Under light perturbation, a nonlinear autonomous system can produce periodic,
quasiperiodic, or chaotic solutions based on certain model parameters. With the above setup, the following subsection will
discuss the observation of tremor dynamics via time series analysis.
2.1. Analysis and processing of tremor data
In this study, we investigate the data-driven modeling of tremor signals based on the data from the tremor database [41].
The tremorous motion data sets were recorded from 15 healthy subjects and 62 PT patients with a tablet (Wacom Cintiq
12WX graphics) and a stylus pen. The data was collected when the patients were performing fixed-point tracking (holding
the stylus above a static point without touching the tablet). Each set of data was collected during a period ranging from 10 to
30 s, which contains 3D translational coordinates, the pressure of stylus pressing the tablet, and the stylus attitude - the
angle between the stylus and normal vector of the tablet screen. The sampling rate of these measurements is approximately
140 Hz. By giving the orientations of the pen and the tablet respectively as quaternion vectors n1 2 R4 and n2 2 R4 in the
global frame, the attitude measurement can be interpreted as

y ¼ 2 arccosð½ 1 013 ðn1  n2 ÞÞ

ð2Þ

which contains the coupled information of the 3D rotations. Note that the natural human movements are constrained when
the stylus is touching the tablet. Also, The resolution of the translational position measurement is lower than that of the stylus attitude. Therefore, we primarily focused on the stylus attitude data from fixed-point tracking tests. As previously discussed, here we assume that the human voluntary movement is almost static during the fixed-point tracking motion.
Even when the tremorous movement measurements do not provide the full information of the 3D rotation, they still
demonstrate the signature features of Parkinsonian tremors. Fig. 1 shows the oscillatory trajectories of the tremorous attitude motions performed by four patients from the fixed-point tracking tests. Note that all of these oscillations demonstrate
certain levels of repetitive patterns. The trajectories in Fig. 1 is then band-pass filtered by a zero-phase 5th-order infinite
impulse response (IIR) filter at 2–20 Hz, so that low-frequency voluntary motions and high-frequency noises are removed.

Fig. 1. Demonstration of Parkinsonian tremor motion collected from fixed-point tracking tests involving PT patients. Time series in (a), (b), (c), and (d) are
collected from different experimental trails.
3
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Here we also assume that the filtered tremor time series are stationary within the analyzed periods of seconds. The spectrograms of the filtered trajectories generated by short-time Fourier transformation within the 2–10 s time span is shown in
Fig. 2. We can observe that there are multiple harmonic components in all amplitude spectrums. In general, the frequencies
of the dominant harmonic components range around 3  6 Hz. Under the assumption of an autonomous system, these dominant harmonic components from oscillations suggest the potentially high underlying dimensionalities of the tremor signals.
It can also be noticed that the frequencies and amplitudes of the harmonic components are changing over time. Since the
harmonic components of a linear system are constant, this is an indication that the tremor is a nonlinear dynamics problem,
thus corroborating the findings in the previous studies [12,14,56,57].
Tremor signals in real life are not strictly periodic and include non-periodic features. As previously mentioned, stochasticity in the system may contribute to the variations in amplitudes and frequencies in tremor oscillations [12–14]. Modeling
non-periodic time series with high underlying dimensionalities can be challenging. Therefore, as preparation for the tremor
modeling and analysis, we also produce periodic and quasiperiodic synthetic tremor time series as possible solutions of an
autonomous nonlinear system. In particular, quasiperiodicity has also been considered as a condition in a few tremor modeling studies [22,23,58].
To generate the periodic and quasiperiodic signals, we specifically examined the filtered trajectory in Fig. 1(d). It can be
noticed that the green (t 2 ½4:8; 6:2 seconds) and cyan (t 2 ½6:2; 7:5 seconds) parts of the tremor signal in Fig. 3(a) share a
periodic-like pattern. The autocorrelation in Fig. 3(b) indicates such pattern appears approximately every 1.3 s. By replicating
the green signal segment (t 2 ½4:8; 6:2 seconds in Fig. 3(a)) in the time domain, two tremor signals ya and yb are generated
based on the equation

yi ðtÞ ¼ g i ðtÞy0 ðtÞ þ cw wy ðtÞ;

ð3Þ

where i is the label (a or b); y0 is the periodic extension of the signal segment highlighted in green; g i is the amplitude shift
function that scales the tremor signal; wy is normally distributed random noise; and cw is the scaling factor of wy , whose
default value is cw ¼ 1. The signals are then band-pass filtered at 3–9 Hz. The average energy of noise after filtering at
cw ¼ 1 during a 10-s period is obtained as

Ew ¼

10
t

Z

t

jwy ðsÞj2 ds  1:6  104

ð4Þ

0

The trajectories of ya and yb are shown in Fig. 4(a) and 4(b), respectively. Note that ya is set to be stochastic periodic by havpﬃﬃ
ing g a ðtÞ ¼ 1, and yb is set to be stochastic quasiperiodic by having g b ðtÞ ¼ 1 þ 0:2ðsinð ð2ÞtÞ þ cosð2tÞÞ. It is determined that
the noise energy at cw ¼ 1 will be approximately 1% of the noiseless signal energy for both ya and yb at cw ¼ 0. Therefore, the
process of Eq. (3) ensures that ya and yb preserve the spectral features and complexity of y0 . The main harmonic components
of ya and yb can be observed from the amplitude spectrum in Fig. 4(c) and 4(d), respectively, where ya has 10 dominant components, and yb has more than 20 dominant components. The small-amplitude noise components are distributed over the 3–
9 Hz bandwidth.
In summary, the observations of Parkinsonian tremor motions from the database indicate that these signals possess high
underlying dimensionalities. The autocorrelation of the time series indicates that these oscillations occasionally show
periodic-like patterns. The amplitude and frequency changes in the harmonic components of the signals also suggest the

Fig. 2. The spectrograms of the tremor time series in Fig. 1, where the amplitude spectrums in (a)-(d) are respectively calculated from the filtered
trajectories in Fig. 1 (a)-(d) within the 2-to-10-s time span. The span of the short-time Fourier transformation .window is 4 s..
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Fig. 3. Examination of the tremor trajectory from Fig. 1(d), where (a) shows the periodic-like pattern in the red part from the range of t 2 ½2; 8:5 seconds,
which is especially noticeable between the green (t 2 ½4:8; 6:2 seconds) and cyan (t 2 ½6:2; 7:5 seconds) parts; (b) shows the autocorrelation of. the red
part.. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. The stochastic periodic signal ya and its amplitude spectrum Fðya Þ in (a) and (c), respectively; and the stochastic quasi-periodic signal yb and its
amplitude spectrum Fðyb Þ in (b) and (d), respectively..

nonlinearity of Parkinsonian tremors [12,14,56,57]. Therefore, the modeling and prediction of the complex nonlinear dynamics of Parkinsonian tremor is a challenging task.
2.2. Limitations of the existing tremor prediction models
As mentioned in Section 1, a variety of algorithms have been developed for tremor prediction. The algorithms constructed
on general harmonic or time-delay models are mainly designed for real-time prediction. The discrete-time formulation can
be expressed as

hk ¼ hk1 þ wh;k ;
yk ¼ hy ðt; hk ; ykj Þ þ wy;k ; ðj ¼ 0; 1; 2;    ; mÞ

ð5Þ
ð6Þ

where k is the discrete time satisfying t ¼ k=cs with cs as the sampling rate; hy is the observation function; h is the model
parameters that are considered as the invariant internal states; and w is the disturbance/noise in the state and measurement.
The extended Kalman filter (EKF) [59] for parameter update can then be written as

y;k ¼ yk  hy ðt; hk ; ykj Þ;
Gk ¼

Pk1 HTk ðHk Pk1 HTk

hk ¼ hk1 þ Gk y;k ;

ð7Þ
1

þ RÞ ;

ð8Þ
ð9Þ

Pk ¼ ðI  Gk Hk ÞPk1 þ Q

ð10Þ

where y is the estimation error; Q and R are the process and measurement noise covariance, respectively; P is the predicted
covariance estimate; and Hk ¼ @hy =@hk1 is the Jacobian of the nonlinear observation with respect to the parameters.
5
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Simulations are carried out to demonstrate the performance of one-step predictions from existing models (BMFLC [24]
and AR [26]). The BMFLC model covers a band between 1  15 Hz with a resolution of 0.1 Hz; the AR-5 and AR-200 models
use time-delayed measurements ykj with j up to 5 and 200, respectively. The result in Fig. 5(a) shows that all three models
are effective in the one-step prediction of the quasiperiodic signal yb . It should also be noted that BMFLC has two advantages
- it does not require filtering the signal, and it can be directly included in an adaptive controller [21]. However, BMFLC only
works well when its bandwidth precisely covers the frequency components of a periodic/quasiperiodic signal.
For real-time prediction, it is preferable that the time series is accurately described by a simple model. However, from
Fig. 5(b), it is clearly shown that none of the models can accurately regress the tremor signal in a long run, since their model
parameters are constantly changing due to underfitting. In this paper, we evaluate the long-term prediction performance of a
model with the accumulation/integral of the squared prediction error in a 10-s window, which is scaled by the average noise
energy from Eq. (4) as

rðy Þ ¼

Z
t

tþ10

jy ðsÞj2 ds=Ew

ð11Þ

where y is calculated between the prediction and the clean signal when cw ¼ 0 in Eq. (3). Fig. 5(c) shows the squared prediction error integrals of different models during a prediction window of 10 s after the models have been updated by EKF for
45 s. Here we also included a case where an AR-200 model with 200 delay terms. The result shows that models with low
complexities fail the long-term predictions of yb , leading to large squared error integrals. While AR-200 performs well at
the beginning, the prediction error increases sharply at the end of the 10-s period. This indicates that an unstable model
may even lead to unbounded errors. Since these models fail the long-term predictions of the quasiperiodic synthetic tremor
signal, it is unlikely that the algorithms can accurately model non-periodic real tremor signals with similar or higher underlying dimensionalities.
Long-term prediction can significantly improve tremor suppression in rehabilitation, since it can compensate for the time
lag during data transmission and computation. Long-term prediction models can also be used in the analytical studies of
nonlinear dynamics of tremors. This requires that the physical meanings of the models can be interpreted, which can be limited when the model-free approaches (e.g., neural networks) are applied. Hence, there exists a need for developing better
tremor dynamical models for both prediction and analysis.
3. Data-driven modeling of tremors
This section discusses the data-driven modeling of pathological tremor. According to the Takens embedding theorem, the
response of a nonlinear autonomous system can be embedded in its time-delay dimensions [60,61]. Therefore, it is possible
to capture the dynamics of a time series with a model based on the current and delayed measurements.
Hence, the modeling of the periodic signal ya and quasiperiodic signal yb is carried out on their time-delay embeddings. A
challenge in modeling ya and yb is that the time series cannot directly indicate the prominent time-delay terms or the dimen-

Fig. 5. Online tremor regression and prediction with BMFLC, AR-5, and AR-200 models implemented with EKF, where (a) shows the one-step prediction
error of quasiperiodic signal yb ; (b) demonstrates the norm of parameter updates over time; and (c) presents the integral of squared prediction error in 10 s..
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sionality of the original system model. The structures of the dynamical systems are also unavailable for the determination of
the dimensionalities of the time-delay embedded models. As a result, the discretized model will have a large number of
time-delay states, and the dimensionality will be further increased by folds if their nonlinear terms are included. The modeling of ya and yb by model-free regression and model-based regression methods are introduced in the following subsections.
3.1. Modeling tremors with neural network
Model-free regression is useful in regression and prediction of time series with limited knowledge of the system dynamics. These models are hard to analyze since it is difficult to interpret the physical meaning of their parameters. The benefit of
the model-free approach is that it does not require knowledge of any specific structure. If a time series is successfully
regressed, the complexity of the model can also serve as an implication of the underlying dimensionality of the system.
The long short-term memory recurrent neural network (LSTM-RNN) is suitable for time series regression since it is good
at processing data sequences [62]. The neural network model implemented in this study is shown in Fig. 6. The structure
contains an LSTM layer with n hidden units and a fully connected layer. It is estimated that the presented shallow network
structure is sufficient for the complexity of 1-D periodic and quasiperiodic signals. The sequential input zNN of the model is a
m dimensional time-delay vector

zNN;k ¼ ½ yk

yk1

yk2

   ykmþ1 T

ð12Þ

and yNN;kþ1 is the output of the neural network that estimates ykþ1 . In the long-term prediction, after each step of prediction,
yNN;kþ1 replaces the unknown ykþ1 in zNN;kþ1 for the next iteration. The model is trained based on root mean square error
(RMSE) along with the Adam optimizer [63]. The use of LSTM-RNN is to gain preliminary insight into the complexity of
ya and yb . However, very limited physically meaningful information can be obtained since the features learned by LSTMRNN are largely latent.
3.2. Extended dynamic mode decomposition of tremors
To explore the dynamical model of tremor signals analytically, we employed extended dynamic mode decomposition
(EDMD) [33]. EDMD is the nonlinear version of dynamic mode decomposition (DMD) developed based on Koopman spectral
analysis, which is applicable to the reduced order modeling of periodic and quasiperiodic systems including, in particular,
nonlinear partial differential equations (PDE) systems [33]. Previous studies also explored the application of DMD/EDMD
on the modeling of systems via time-delay embedding [39,40]. While DMD and EDMD are similar in mathematical formulations, EDMD adopts a richer set of observation terms at time t that can be written as
T
zk ¼ ½ yk yk1 yk2    ykmþ1  ;


zk
zk1
zk2

zksþ1
Zk ¼
hz ðzk Þ hz ðzk1 Þ hz ðzk2 Þ    hz ðzksþ1 Þ

ð13Þ
ð14Þ

where hz ðzk Þ is the nonlinear observer function of zk (which is absent for DMD). Since we have little knowledge of the timedelay properties, Z is constructed by embedding its dynamics into the delayed nonlinear dimensions of zk . In the current
study, hz ðzk Þ is selected as the square and cube terms of zk , so that the model coefficients corresponding to hz ðzk Þ can be interpreted as nonlinear stiffness and damping:

h
hz ðzk Þ ¼ ðz2k ÞT

ðz3k Þ

T

T

ðz_ 2k Þ

ðz_ 3k Þ

T

iT

ð15Þ

It should also be noted that the derivative z_ k can be approximated by linearly combining zk1 and zkþ1 through numerical
differentiation. Therefore, with the involvement of nonlinear observation terms, the total dimension of Z k from EDMD is 5
times of that from DMD. Given a total number of l time samples for modeling, the resulting number of snapshots s is therefore s ¼ l  m þ 1. Note that DMD/EDMD modeling usually requires more snapshots than the dimension of the observation
states. Therefore, it is necessary to provide enough data for the accurate modeling of complex time series with high delay
embedding dimensionality.

Fig. 6. The structure of LSTM-RNN.
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When m is large, Z k will become an extremely large matrix with thousands of rows. However, the energy in the majority
of the states may not be dominant. Proper orthogonal decomposition (POD) based on singular value decomposition (SVD) is
then carried out to reduce the order of the model:

T
R
V
Z k ¼ U RV T  U

ð16Þ

 R
 , and V
 are respectively the reduced order left singular vectors, singular value matrix, and right singular vectors,
where U;
TU
 ¼ I and V
TV
 ¼ I. The reduced order is chosen to balance between the model
which have full column ranks and satisfy U
complexity and the percentage of the signal energy that is preserved by the remaining modes. The energy of the preserved
modes can be calculated as the sum of the preserved largest eigenvalues over the sum of all original eigenvalues. The standard/projected SVD-based EDMD can then be carried out as

 ¼U
 T Z kþ1 V
 T K U;

R
 1 ¼ U
Z kþ1 ¼ KZ k ; K


KW ¼ W K; U1 ¼ UW;
h
iT
h
iT
T
j
bi ¼ Uþ1 zTi hTz ðzi Þ ;
zTiþj hz ðziþj Þ ¼ U1 K bi

ð17Þ
ð18Þ
ð19Þ

 is the state matrix of the
where K is the approximated Koopman operator [38], which is equivalently the state matrix; K
 respectively; and b is the initial reduced-order
reduced order model; W and K are the eigenvectors and eigenvalues of K,
T

model amplitude that determines the evolution of the states, which is calculated by mapping ½zTi ; hz ðzi Þ with Uþ
1 . Note that
 is a similarity transformation. Also, since U1 does not
K are also eigenvalues of K, as the transformation between K and K
necessarily leads to U1 Uþ
1 ¼ I, we can obtain
T

h

zTi

T

hz ðzi Þ

iT

h
– U1 K0 bi ¼ U1 Uþ1 zTi

T

hz ðzi Þ

iT

ð20Þ

which indicates that if the initial amplitude bi is determined by zi and hz ðzi Þ, the first step of the prediction ziþ1 may not be
continuous from zi .
3.3. Exact, optimal and sparse EDMD
A few variants of the standard EDMD have been developed, which include the exact, the optimal, and the sparsitypromoting EDMD [32,34,35]. These variants can potentially improve the modeling performance in reducing approximation
error, providing robustness towards modeling noisy data, and further reducing model complexity by promoting sparsity in
the amplitude of the reduced order modes. The exact EDMD is a more generalized extension to projected EDMD by adopting
an alternate U by having [32,34]

R
 1 ;
B ¼ Z kþ1 V

U2 ¼ BW K1

ð21Þ

¼U
 T B according to Eq. (17). In standard EDMD, the equation
This also leads to K

 ¼U
K
U
 T U1
 K¼U
 KW
 ¼U
K
U
 T UW
U1 K ¼ UW

ð22Þ

K
U
 T – K. This shows that U1 is not the exact eigenvector of the original state matrix K. Unlike standard EDMD, exact
yields U
EDMD can realize

 K1 ¼ BU
 T BW K1  K U2
U2 K ¼ BW ¼ BKW

ð23Þ

based on the equation that

 1 U
 T ¼ BU
T
K ¼ Z kþ1 Z þk  Z kþ1 V R

ð24Þ

Therefore, the exact EDMD modes U2 are directly the eigenvectors of K corresponding to the eigenvalues K. As explained
in [32], U1 lies in the image of Z k , while U2 lies in the image of Z kþ1 . Unlike standard EDMD, exact EDMD does not require the
modeling data to be constructed from a single time series. However, as Z k and Z kþ1 are constructed from a single time series
in this study, the generalization of exact EDMD is related to standard EDMD [32,33]. In this case, standard and exact EDMD
may yield similar results.
Optimal and sparse EDMD [35] aims to find the optimal amplitude a for DMD mode that satisfies

bi ¼ Ki a

ð25Þ

based on minimizing the convex cost function of

a ¼ argminðJ1 ðaÞÞ ¼ argminðkZ k  U1 diagðaÞ!k2 þ jkak1 Þ
where

8
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! ¼ 1 k k2    km1



ð27Þ

is the Vandermonte matrix of the vector k whose elements are eigenvalues from K; jkak1 is a sparsity promoting term that
results in a number of a converging to zero, hence further reducing the order of the model; the weight j1 is set to j1 ¼ 0 for
the original optimal EDMD. Optimal and sparse EDMD also have improved robustness compared to the standard EDMD. The
calculation of a in sparse EDMD is carried out by the alternating direction method of multipliers proposed in [35].
The EDMD methods are generally good at modeling periodic/quasiperiodic signals, while these methods are limited in
capturing transient, non-periodic, and chaotic signals. EDMD will also provide more insight into the physical properties of
the signals compared to the model-free methods. The next section will quantitatively compare and discuss the characteristics and performances of different modeling methods under various conditions.
4. Results and discussion
This section compares and discusses the models obtained from a variety of tremor data, via the approaches introduced in
the previous section. Unless specified, m will be used as the delay embedding dimension, n will be used as the POD reducedorder model dimension. The total sample number of ya and yb are 12500, which is approximately the data from 90-s of each
time series. To compare different approaches in modeling ya and yb , the first half of the time series is used for all the training
and modeling.
4.1. Training and Testing LSTM
The performance of LSTM-RNN in long-term predictions of ya and yb is shown in Fig. 7. Different input dimensions m and
hidden unit number n are used for periodic and quasiperiodic signals - for the periodic signal ya ; m ¼ 30 and n ¼ 100; and for
the quasiperiodic signal yb ; m ¼ 300 and n ¼ 700. For both ya and yb , the training, validation, and testing data are respectively
the 50%, 25%, and 25% portions of each complete time series.
It is noticed from Fig. 7(a) that the LSTM-RNN can closely capture the features in ya . However, from Fig. 7(b) it can be
observed that the network failed to capture some of the features in yb , which is also indicated by Fig. 7(c) as its squared prediction error integral in 10 s is much higher than that of ya . Having a higher complexity and no common period, quasiperiodic
signal yb is more difficult to model than the periodic signal ya . A better regression of yb can potentially be obtained by optimizing the design of the neural network structure or increasing the amount of training data. However, the training of neural
networks can be very computational heavy. Finally, as mentioned in Section 3.1, neural networks are also unsuitable for
detailed analysis of the signal since their dynamical information is difficult to interpret. Therefore, the focus of the later subsections will shift to the modeling study with EDMD.
4.2. Performance comparison of different EDMD approaches
We first compared the standard, exact, and optimal variants of linear DMD and nonlinear EDMD in predicting ya and yb .
The performances are evaluated by the squared prediction error integral rðy Þ. This quantitative study is carried out by evaluating the results from 2601 modeling trials performed by each of these approaches, based on the configurations from the

Fig. 7. Prediction of tremor trajectory with LSTM-RNN in a 10-s window, where (a) and (b) shows the prediction and error of ya and yb , respectively.
9

J. Wang and O.R. Barry

Mechanical Systems and Signal Processing 156 (2021) 107659

combinations of 51 different delay embedding dimensions and 51 different reduced-order model dimensions. Recall from
Section 3.2 that with the nonlinear observer function hðzk Þ, EDMD will have 4 more states than DMD with each dimension
of delay. The 51 delay embedding dimension configurations are uniformly selected from the range of m 2 ½200; 1000 for
EDMD approaches, and m 2 ½1000; 5000 for DMD approaches. As a result, the DMD and EDMD modeling will be carried
out based on the states with identical numbers of total dimensions, despite that the signals for DMD modeling are embedded
in significantly larger delay embedding dimensions. The 51 POD reduced-order model dimension configurations are uniformly selected from the range of n 2 ½20; 120 for all approaches.
The results of modeling ya and yb with DMD and standard EDMD are shown in Fig. 8 and Fig. 9, respectively. The maps
display the regression performance rðy Þ and the total energy captured by the POD modes. Since ya is a signal simpler than yb ,
the average regression error of ya is smaller, and the POD modes can capture more energy percentage of ya with the same
reduced-order model dimension. The maps for ya and yb share some similar patterns. An interesting observation from the
linear DMD results is that, according to Eq. (14), an observation matrix Z k;1 constructed from m delay dimensions and s snapshots satisfies Z k;1 ¼ Z Tk;2 , where Z k;2 is an observation matrix constructed from s delay dimensions and m snapshots. Therefore, the SVD process will yield identical eigenvalues for Z k;1 and Z k;2 , leading to similar modeling performance. Therefore,
Fig. 9, Fig. 9(a,c) are approximately symmetric along the horizontal line at m ¼ 3125, which is a half of modeling data sample
number.
The outcomes also show no deterministic relationship between the POD energy and the prediction performance. This is
revealed by Fig. 9(b), where the highest rðy Þ does not occur according to the lowest POD energy as shown in Fig. 9(d). For
DMD modeling, the energy percentage captured by the same number of reduced-order modes reaches its lowest at the delay
embedding dimension m ¼ 3125, as shown in Fig. 8(c) and 9(c). Since the delay embedding dimensions for EDMD modeling
are relatively lower, increasing m generally yields better prediction performance, as shown in Fig. 8(b) and 9(b). It is also
interesting to notice that when m is very low (m < 600), very high EDMD model regression errors occur with the
reduced-order model dimension n 2 ½40; 80, as observed from Fig. 9(b). Increasing the reduced-order model dimension n
does not guarantee a better modeling performance for all cases, since some of the modes can capture the noise in the data.
However, it is observed in Fig. 8(b) and 9(b) that a higher level of regression error occurs when n is below a critical value at
approximately 30. This is mainly due to POD modes being unable to cover all the dominant frequency components. With the
involvement of nonlinear terms, EDMD also appears to require higher reduced-order model dimensions.
The summarized results of the minimal rðy Þ obtained from the quantitative study are listed in Table 1. In the prediction
of the periodic signal ya , despite having smaller delay embedding dimensions, the modeling performances of EDMD, especially optimal EDMD, are better than that of DMD. This is also shown in Fig. 10(a) where EDMD predicts ya with very little
error. With the same total state dimension, the EDMD approaches are worse than DMD in modeling quasiperiodic signal yb ,
which is mainly due to lacking delay embedding dimensions. For example, while DMD (3000 delay dimensions, 60 reducedorder modes) and EDMD-1 (600 delay dimensions, 60 reduced-order modes) each has a total state dimension of 3000, the
DMD model from Fig. 10(b) performs noticeably better than that of EDMD in Fig. 10(c). However, by increasing the delay
embedding dimension and reduced-order model dimension of EDMD, its performance significantly improves as shown in
Fig. 10(d-f). The rðy Þ trajectories for Fig. 10(b-f) are shown in Fig. 10(f), which reveals that EDMD-3 (1800 delay dimensions,

Fig. 8. The performance of standard DMD and EDMD in modeling ya based on different delay embedding dimension m and reduced-order model dimension
n, where (a) and (b) shows the map of squared prediction error integral rðy Þ from DMD and EDMD models, respectively; (c) and (d) displays the percentage
of energy captured by POD from DMD and EDMD models, respectively.
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Fig. 9. The performance of standard DMD and EDMD in modeling yb based on different delay embedding dimension m and reduced-order model dimension
n, where (a) and (b) shows the map of squared prediction error integral rðy Þ from DMD and EDMD models, respectively; (c) and (d) displays the percentage
of energy captured by POD from DMD and EDMD models, respectively.

Table 1
Comparison of standard, exact, and optimal DMD/EDMD approaches in terms of the minimum squared prediction error integral rðy Þ obtained from a 10-s
prediction period. The comparison is made in the domain where the delay embedding dimensions are within m 2 ½200; 1000 for EDMD, and m 2 ½1000; 5000
for DMD; and the POD reduced-order model dimensions are within n 2 ½20; 120 for both EDMD and DMD.
Approach

Signal

Standard

Exact

Optimal

DMD
EDMD
DMD
EDMD

ya
ya
yb
yb

0.2165
0.2085
0.9587
1.5332

0.2176
0.2087
0.9583
1.5277

0.2274
0.1106
0.8867
2.2304

100 reduced-order modes) (in Fig. 10(e)) performs better than DMD (in Fig. 10(b)), even with a smaller delay embedding
dimension. We also observe that the EDMD-4 model with m ¼ 3000 yields a 39% smaller squared prediction error integral
compared to that of the DMD model. Note the best yb prediction through DMD model from Fig. (9) is already obtained at
m ¼ 3000 and n ¼ 60, in which case increasing n to n ¼ 120 will not yield better DMD modeling performance. Therefore,
these observations suggest that, while DMD can produce more accurate models with fewer state dimensions, EDMD methods can obtain better regression performances with fewer delay embedding dimensions.
In the current case, the performance of standard and exact DMD/EDMD is very similar. As previously mentioned in Section 3.3, this similarity is possibly due to the modeling data Z k and Z kþ1 being constructed from a single time series [32,33].
Hence, the comparisons in later discussions will mainly involve exact DMD/EDMD results.
4.3. Robustness, sparsity, and model characteristics of EDMD
From Table 1, we observe that the optimal EDMD has a worse performance compared to standard and exact EDMD. While

a is optimized by Eq. (26), there is no guarantee that Z k is informative enough for the time series model during prediction.

However, under certain modeling parameters, optimal EDMD can yield better results than non-optimal EDMD. An example is
shown in Fig. 11(a,b). When m ¼ 1800 and n ¼ 100, it is shown that optimal EDMD is better than Exact EDMD in predicting
both ya and yb .
The performances of EDMD is also affected by the noise magnitudes cw in ya and yb . To observe such behaviors, the modeling is carried out with respect to ya and yb generated under a noise magnitude cw distributed in the domain of
c2w 2 ½0:1; 10. To reasonably compare the performance, rðy Þ is also squared error integral by c2w in consideration that larger
noise will lead to worse prediction performance. The results in Fig. 11(c,d) has again shown that optimal EDMD does not
necessarily always outperform standard or exact EDMD. The robustness of EDMD is relative to the modeling structure
and data, and optimal EDMD appears to be futile if the noise significantly distorts the features of the regressed times series.
As mentioned previously, the sparsity promoting EDMD will obtain a balance between regression performance and model
complexity. As shown in Fig. 12(a,b), different values of the sparsity j1 from Eq. (26) are tested. For modeling ya and yb with
the same set of parameters, sparsity does not appear to improve the prediction performance. However, the number of non11
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Fig. 10. The modeling performances of ya and yb with different DMD and EDMD models, where (a) shows the prediction of ya with an EDMD model under
m ¼ 1000 and n ¼ 100; (b) shows the prediction of yb with DMD with ðm ¼ 3000; n ¼ 60Þ; (c-f) show the predictions of yb with EDMD-1, EDMD-2, EDMD-3,
and EDMD-4 models, whose configurations are ðm ¼ 600; n ¼ 60Þ; ðm ¼ 1200; n ¼ 80Þ; ðm ¼ 1800; n ¼ 100Þ, and ðm ¼ 3000; n ¼ 120Þ, respectively;. and (g)
shows the squared prediction error integral rðy Þ trajectories of the prediction in (b-f).

Fig. 11. The performance of Optimal EDMD in regressing ya and yb under the parameters ðm ¼ 1000; n ¼ 100Þ and ðm ¼ 1800; n ¼ 100Þ, respectively; (a)
shows the regression of ya with noise magnitude cw ¼ 1; (b) shows the regression of yb with cw ¼ 1; (c) and (d) show the squared prediction error integral
rðy Þ=c2w in regressing ya and yb under different cw , respectively.

zero amplitudes in a can be largely reduced without losing much of the modeling accuracy. It is also noticed from Fig. 12(a,b)
there is a significant increase of regression error when the non-zero amplitude number reduces to 30. Recall that this phenomenon is also observed in Fig. 12(a,b) and Fig. 9(b), which is due to the remaining modes being unable to capture all the
major frequency components of the signals. In Fig. 12(c,d), the predictions of ya and yb are tested with a that only have 55
and 57 nonzero elements, respectively. The loss of modeling accuracy in Fig. 12(c) and (d) are insignificant when respectively
12
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Fig. 12. The performance of sparsity promoting EDMD, where (a) and (b) respectively shows the squared prediction error integral rðy Þ (red circle) in
predicting ya and yb at different sparsity level - number of non-zero element in amplitude a (blue asterisk); (c) and (d) shows the performance of the sparse
models in predicting ya (m ¼ 1000; n ¼ 100; j1 ¼ 102 ) and yb (m ¼ 1800; n ¼ 100; j1 ¼ 102:5 ), respectively. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

compared to Fig. 10(a) and (e). However, with the number of non-zero amplitudes being significantly reduced, such performances are achieved with approximately half of the original calculation cost.
 is the state matrix
Finally, the dynamical meaning of EDMD models is investigated. Recall from Eq. (19) that the matrix K
of a discrete-time autonomous system, which can indicate the stability of the system. The poles of the systems are demonstrated in Fig. 13(a, b), where it can be observed for both periodic and quasiperiodic signals, the poles are very close to the
unit circle. The free oscillations of the models are caused by unstable complex poles outside the unit circle. The stable poles
inside the unit circle indicate the dissipation of the energies of the modes, preventing the oscillation amplitudes from going
unbounded. The state matrix also provides the natural frequencies and amplitudes of the free oscillations, which are respectively available from K and Ua. In Fig. 13(c, d), the amplitudes of the reduced-order modes are compared with the amplitude
spectrum of the original signals from Fig. 4 within the 2–10 Hz band. The natural frequency captured by EDMD matches with
dominant frequencies obtained via fast Fourier transformation. It is also observed that the modes do not cover all the frequency components from the quasiperiodic signal yb . This can be fixed by further increasing the reduced-order model
dimension. It is also interesting to notice that sparsity promoting EDMD tends to concentrate energies on the dominant
modes while reducing the amplitudes of the non-dominant modes.

 (c) and (d) shows the
Fig. 13. The system characteristics interpreted from the EDMD models, where (a) and (b) shows the poles of the state matrix K;
comparison between the amplitude spectrums of ya and yb , respectively, obtained by the standard EDMD models (red asterisk), sparse EDMD models (green
circle), and fast Fourier transformation (solid blue). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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4.4. The performance of EDMD in modeling experimental tremor time series
Previous modeling studies are carried out on the periodic signal ya and quasiperiodic signal yb . The performance and limitation of EDMD are also tested by applying it to the experimental tremor signal from Fig. 3. The modeling result is shown in
Fig. 14. Here, we use the first 800 samples from the red highlighted part of the time series in Fig. 3(a) for the EDMD modeling.
The model is then tested by predicting the next 100 samples that come right after the time series used for modeling. The
delay embedding dimension of the exact EDMD is chosen as m ¼ 300, and the reduced-order model dimension is selected
as n ¼ 80.
Fig. 14(a) shows that the performance of EDMD is limited, as we can observe a significant difference between the prediction and the true signals. The final squared prediction error integral from the experimental tremor prediction is calculated as
rðy Þ ¼ 19:4, which is significantly larger than those in the previous synthetic tremor prediction cases from Fig. 10(g). This is
mainly because the tremor trajectory from Fig. 3(a) is not ideally periodic or quasiperiodic despite that it shows some
periodic-like patterns. This result agrees with the fact that EDMD is limited in modeling signals with non-periodic features
(e.g., chaotic, transient, or stochastic behaviors) [38,64]. Also, the available modeling data may not be sufficient for accurately
modeling tremor time series with high underlying dimensionalities. While the prediction performance is insufficient, it is
interesting to notice that the EDMD model can still approximate the spectral features of the time series. As shown in
Fig. 14(b), the pattern of the amplitudes of the reduced-order modes is similar to the amplitude spectrum of the 800sample time series used for modeling.
To summarize this section, the results have shown that periodic and quasiperiodic synthetic tremor signals can be effectively modeled by EDMD based on suitable modeling parameters. When properly designed, EDMD can offer better performance than model-free methods, and it is robust towards a certain level of noise. Sparsity EDMD can further improve the
efficiency of prediction calculation. EDMD can also offer meaningful dynamical insights into the frequency compositions
of the autonomous systems. While EDMD can be reasonably applied in the modeling of tremor signals with significant periodicity and quasiperiodicity, it is necessary for future works to explore methods that can model chaotic and transient tremor
signals.
5. Conclusion and future work
This paper studied various data-driven approaches in the modeling of periodic and quasiperiodic synthetic pathological
tremors. From the data sets provided by a database [41], we observed periodic-like patterns and multiple dominant frequency components from the tremor time series. These observations suggest the nonlinearity in tremor dynamics, thus corroborating the findings in previous works [56,57]. Based on some model assumptions, we produced periodic and
quasiperiodic synthetic tremor signals, which are assumed to be the solutions of nonlinear autonomous systems. Then,
the limitations of existing tremor prediction models were demonstrated. The data-driven modeling of tremor signals was
realized by embedding the time series in the nonlinear time-delayed dimension. We first established the model-free regression with LSTM-RNN, then we focused on DMD and EDMD methods by investigating their relationships and differences. Simulations were carried out based on the periodic and quasiperiodic synthetic tremor signals. The results showed that, unlike
previous models (e.g., BMFLC and AR) that are only capable of short-term prediction (i.e., milliseconds), the proposed datadriven modeling methods can effectively regress and predict periodic and quasiperiodic signals in long-term (i.e., seconds).
Quantitative comparisons revealed that, while DMD can produce more accurate models with fewer state dimensions, EDMD
can realize better regression performance than DMD with fewer delay embedding dimensions. The EDMD is robust towards
light noise, and the sparsity-promoting EDMD can further reduce model order without significantly affecting the regression

Fig. 14. The performance of exact EDMD in modeling the experimental tremor data from Fig. 3. Here, (a) shows the part of the signal used for modeling, and
compares the truth with the prediction; (b) compares the amplitudes of the reduced-order modes from EDMD with the amplitude spectrum calculated by
FFT based on the time series us.ed for modeling.
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Fig. 15. The design of TAWE - a tremor alleviating wrist exoskeleton developed by our team [21].

performance. We also obtained the dynamical information from the EDMD models, which revealed the stability of the system and the dominant frequency components. Finally, the modeling of the experimental tremor time series suggested that
while EDMD is limited in modeling non-periodic features (e.g., chaotic, transient, or stochastic behaviors), it is capable of
approximating the spectral features of a signal with periodic-like patterns. These results confirmed that EDMD can be reasonably applied in the modeling of tremor signals with significant periodicity and quasiperiodicity. The technique of DMD/
EDMD modeling along with time-delay embedding used in this paper is also applicable to the modeling of other nonlinear
autonomous systems with periodic and quasiperiodic solutions [39,40].
The presented modeling analysis is a preliminary investigation towards the modeling of real pathological tremors. We
will collect a rich set of measurement data (e.g., motion, EEG, EMG) from experiments, and then use these data to construct
more accurate models of pathological tremors. Also, better multi-dimensional movement measurements will be collected
using the tremor suppression exoskeletons developed by our team as shown in Fig. 15 [21]. As for data-driven modeling,
we will focus on model-based regression. We will explore and implement efficient sparsity-based methods [65] capable
of modeling real tremors, and attempt to combine them with real-time optimizer such as Kalman filters [66]. This will allow
us to obtain useful models for both analytical studies and real-time applications. The ultimate goal is to obtain a precise neuromusculoskeletal model that can be used for both nonlinear analysis and real-time long-term tremor prediction.
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