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ABSTRACT
Prolonged exposure of the human arm to vibrations
from hand-held impact (HIM) tools can be hazardous as
such, it is important that the level of vibration suppression
in HIMs is improved. This paper sought to address this
issue by studying a model of the hand-arm system (HAS)
coupled to a HIM which is also coupled to a nonlinear tuned
vibration absorber inerter (NVAI). The HAS is modelled as
a 2-DOF system coupled to the HIM at a single point. The
HIM is modelled as an oscillator with linear damping, and
both linear and nonlinear stiffnesses. The nonlinear stiffness of the HIM is introduced to represent the nonlinearities introduced by the vibro-impact dynamics of the HIM.
After obtaining the equations of motion for the system, an
analytical solution is obtained using the harmonic balance
method. The analytical solution is validated using direct
numerical integration and the results show very good agreement. The performance of the NVAI is compared to those of
the classical nonlinear and linear vibration absorbers. Parametric study is carried out to examine the role of key design
parameters, such as the damping of the absorber, nonlinear stiffness of the HIM and inertance of the NVAI, on the
performance of the NVAI.
INTRODUCTION
Hand-held impact tools are ubiquitous in industrial sectors such as mining, airplane manufacturing and construc-
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tion [1–4]. A major problem with HIM’s is that workers who
use these tools may be exposed to hand transmitted vibrations (HTV). Severe exposure to hand-arm vibrations puts
these workers at risk of developing hand-arm vibration syndrome(HAVS). It has been shown that approximately 20%
of workers who are exposed to HTV through tools such as
impact screwdrivers and chipping hammers are at risk of
developing finger blanching, [5] a symptom of HAVS.
Hand-arm vibration syndrome (HAVS) is a disorder
characterized by vascular, musculoskeletal and neurological disorders [6–9]. One of the major symptoms of HAVS is
vibration white finger (VWF) which in extreme cases can
lead to disability [10–13]. As a result, two main methods
have been proposed to attenuate hand transmitted vibrations from HIM’s. These methods are vibration isolation
and dynamic absorption [14]. The incorporation of vibrational isolators to mitigate vibrations at the tool handle has
been investigated in [15, 16]. In these studies, the isolator
was devised as a material placed between the tool handle
and hands of an operator. The problem with such isolators is that large masses are required at the handle for the
isolator to be effective [17]. Also, there is a trade-off between the controllability of the tool and vibration isolation
effectiveness when making use of such isolators [18]. Isolators in the form of anti-vibration gloves have also been
explored as a means of attenuating vibrations from a tool’s
handle. However, studies have shown that these gloves are
effective in high-frequency ranges (> 150Hz) and ineffective
in low-frequency ranges [19, 20].
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MATHEMATICAL MODELLING
In this paper the vibration response of the HAS connected to a HIM is analyzed while the HIM is equipped
with a nonlinear tuned vibrational absorber-inerter(NVAI).
The model of the HAS used in this study is adapted from
the paper by Dong et al. [31], in which the HAS is coupled
at a single point to the HIM. This model was used in this
study because it can provide a reasonable response of the
HAS for frequencies less than 100Hz. The HIM evaluated in
this paper operates in a frequency range of 30Hz to 60Hz,
hence the HAS model used is appropriate for our study.
The schematic of the HAS and HIM coupled with a NVAI
is shown in Fig. 1. mH , ms , ma and mn represent the mass
of the HIM, tissue and skin covering the HAS, hand-arm
and absorber respectively. kH , kHL and cH represent the
nonlinear and linear ground connection stiffness, and the
damping coefficient of the HIM respectively. b represents
the effective mass provided by an inerter which is grounded
on one side and coupled to the mass of the absorber on the
other side. In this study, the effective mass provided by the
inerter is taken to be two times its mass.
For this analytical model, Fw represents the excitation
force of the HIM due to the reciprocating motion of the piston which causes it to function. The analytical form of this
excitation was adapted from the the expression obtained
experimentally in [17] and is shown below:

Fw = Fref

ω
ωref

2
Sin (ωt)

(1)

In this expression, ω represents the excitation frequency of
the excitation force while ωref represents a reference frequency needed to describe the analytical form of the excitation force. The HIM system with a NVAI has three
degrees of freedom represented as the motion of the HIM
xH , HAS xa and the absorber xN . The governing equations
of motion are obtained using Newton’s second law to give:
(mH + ms ) ẍH − ẋa cs − xa ks + ẋH (cH + cN + cs )
− cN ẋN + xH (kHL + kNL + ks ) + kN (xH − xN ) 3
+ kH x3H

− kNL xN

ω 2 Fref sin(ωt)
=
,
2
ωref

(2a)

ma ẍa + ẋa (ca + cs ) + xa (ka + ks ) + cs (−ẋH )
− xH ks = 0,

(2b)

(mN + b) ẍN − cN ẋH + cN ẋN + kN (xN − xH ) 3
− xH kNL + kNL xN = 0.

(2c)
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The second method for mitigating unwanted vibrations
from HIMs is the use of vibration absorbers. Linear absorbers have been used in [18]. However, a common problem with using linear tuned vibrational absorbers is that
slight variations from the frequency from which these absorbers have been tuned can lead to amplification rather
than suppression of vibrations. As a result, nonlinear tuned
vibration absorbers (NVA) have been studied to increase the
operating frequency range of vibrational absorbers. Wang
et al. [21] used a NVA to reduce machine chatter suppression and obtained a 30 percent improvement in machine
performance when compared to a TVA. With regards to
the implementation of a NVA in a HIM, Lindell et al. [22]
showed that an NVA in a pneumatic impact machine could
suppress vibrations in a broader range of frequency than
the TVA.
To further improve vibration attenuation mechanisms,
more emphasis should be put on nonlinear vibration attenuation mechanisms due to the improvement they offer over linear vibration attenuation mechanisms. The
(nonlinear)vibro-impact dynamics of a HIM makes it vital
that vibration attenuation from HIMs be done with nonlinear mechanisms [23]. Habib et al. have shown that vibration attenuation mechanisms are more effective when they
have the same functional form of the system on which they
are acting on [24]. The addition of inerters to nonlinear
absorbers is also a topic that should be explored as inerters
improve the performance of vibration absorbers by increasing the effective mass of the absorbers while having small
physical masses. This is true because a larger absorber mass
improves the vibration suppression characteristics of an absorber. The effective mass boosting effects realized with a
small physical mass, characteristic of an inerter, has been realized through a 2kg inerter that produces an effective mass
of 300kg [25]. Various case studies have shown the effectiveness of inerters coupled with linear absorbers to reduce
vibrations in cars and civil engineering structures [26–30].
As a result of these findings, the present paper presents,
for the first time, the study of a HIM with a nonlinear vibrational absorber and an inerter (NVAI). The addition of
an inerter to the dynamic absorber is expected to improve
the vibration mitigation properties of the absorber. While
the addition of a nonlinear absorber will result in a wider
bandwidth vibration suppression in these HIMs. To realize this goal, this paper will study a nonlinear oscillator
equipped with a NVAI. The oscillator is assumed to be the
mass of the vibrating HIM. The main mass of the HIM is
coupled to the HAS so the level of vibration attenuation
to the HIM is assessed by considering the level of vibration
mitigation at the HAS. We then use the harmonic balance
and continuation method to obtain plots that will highlight
the effectiveness of the different absorbers.

These equations are then written in a compact form to
obtain
[M] {ẍ} + [C] {ẋ} + [K] {x} + [N] = {Feq }

(3)

into Eqs. (2), we obtain,
− ω 2 [M] {A} cos (ωt) − ω 2 [M] {B} sin (ωt)
− ω[C] {A} sin (ωt) + ω[C] {B} cos (ωt) + [K] {A} cos (ωt)
+ [K] {B} sin (ωt) + [N1 ] = {Feq } ,
(5)

0

where {x} = [xH , xa , xN ] . [M], [C], and [K] are (3 × 3)
inertia, damping and stiffness matrices respectively, [N] is
a (3 × 1) vector containing the nonlinear terms in our equations and {Feq } is a (3 × 1) force vector. These matrices
are presented in Appendix A.

ANALYTICAL SOLUTION
The method of harmonic balance is used to formulate a
set of equations from which we can obtain explicit expressions for the displacement amplitude of the systems. This
is done so that the nonlinear amplitude-frequency response
of the HIM can be plotted using the arc-length continuation method as numerical simulations cannot capture all
of the points on a nonlinear amplitude-frequency response
plot. Via the method of harmonic balance, the solution of
the system with a NVAI is synonymous with the external
excitation acting on the system. Therefore the solutions of
Eqs. (2) are assumed to be of the form:
{x}(t) = {A} cos (ωt) + {B} sin (ωt)

(4)

where {A} and {B} are (3×1) columns vectors with unknown coefficients a1 , c1 , e1 and b1 , d1 , f1 respectively. After
substituting the expression above for xH (t), xN (t) and xa (t)

where [N1 ] is a (3 × 1) column vector defined in Appendix
A. From Eqs. (2), we obtain 6 sets of equations by equating
the coefficients of sine and cosine from these expressions
to zero. The variables a1 , b1 , c1 , d1 , e1 and f1 can then be
calculated from these equations.

RESULTS AND DISCUSSION
In this section, the analytical solution for the HIM and
HAS system with a NVAI is obtained and verified via a numerical method, and the performance of the NVAI is evaluated and compared to the performance of the classical TVA
and NVA. Parametric studies are also carried out to understand the effects of viscous damping and inertance of the
NVAI, and HIM nonlinear stiffness on the performance of
the NVAI.
The numerical properties of the NVAI used for validating the NVAI’s analytical solution are presented in Table 1.
The value for the mass of the HIM is chosen to represent
the mass of a typical pneumatic chipping hammer, while
the other properties of the HIM are chosen arbitrarily. The
other systems being studied also use the same parameters
listed in Table 1 except the parameter mN which is set to
0.05mH for the NVA and TVA. It should be noted that for a
model of the HIM-HAS system with a NVA, b will be set to
zero while for a TVA both b and kN will be set to zero. The
linear parameters of the absorbers are determined using the
second order approximations obtained when the properties
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Figure 1: Schematic of the HIM and HAS system with a NVAI

absorber makes for a more effective absorber. As mentioned
before, the NVAI employed in this study has a total mass
of 0.068kg where its inerter’s effective mass is two times the
inerters original mass. This assumption seems fair given
that an inerter can provide an inertance about 3 times its
mass [34]. Given this fact, we can conclude that the NVAI
is a better option for attenuating vibrations as it possesses
a mass less than the mass of the NVA(0.085kg) while also
suppressing vibrations better as seen in Fig 3b.
Next, we analyze the changes in the response of the
HAS while the damping of our ideal absorber, the NVAI, is
varied. Our results, shown in Fig. 4a, indicate that as the
damping of the absorber is increased, the maximum peak of
the response of the HAS initially decreases then increases.
We also observe that the absorber has smaller magnitudes
of minimal displacement of the HAS for smaller values of
damping. This can be seen in the region between 400 rad/s
and 500 rad/s of Fig. 4a. This pattern observed is similar
to changes in the frequency response of a damped linear
oscillator for varying damping parameters of an attached
absorber. For the smallest value of cN employed, the frequency response breaks away from what looks like a fixed
point at 508 rad/s.
Further, the effect of changing the non-linear ground
connection stiffness kH on the frequency response of the
HAS is studied. Fig. 4b, shows that an increase in kH
leads the system to operate in its nonlinear regime as shown
through the appearance of the hardening resonance curve
for the largest value of kH . It is worth noting that the peaks
of the frequency response curves vary slightly as the HIM
moves from operating in a linear to nonlinear region.
The effect of changing the inertance of the NVAI is
also studied. An increase in the inertance of the NVAI
which corresponds to an increase in the mass of the absorber albeit without a substantial increase in the weight
of the absorber leads to an increase in the effectiveness of
the absorber. Fig. 5 shows that an increase in the inertance
of the NVAI, reduces the resonance peaks of the frequency
response curves and makes the absorber more effective.

CONCLUSION
Based on the results obtained from the study of the
HIM-HAS system with different absorbers, we made the
following observations. The NVAI and NVA were better at
suppressing vibrations of our system than the TVA. This
was because for higher forcing amplitudes, when the frequency response curve of the HAS begins to show a hardening resonance, the TVA becomes detuned while the NVA
and NVAI are still able to effectively supress vibrations.
This indicates that the NVAI and NVA are effective options for maintaing a wide suppression band for a system
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of a dynamic absorber, with linear stiffness and damping,
attached to a linear oscillator are optimized by the H∞ optimization method as done in [32]. The nonlinear stiffness
of the NVA and NVAI are determined using the proposed
principal of similarity by [33], wherein the mathematical
form of the NVA’s restoring force is a mirror image of the
restoring force of the primary system.
As mentioned above, the first part of our analysis involves the validation of our system’s analytical solutions by
comparing the solutions of our system obtained via the harmonic balance method with the solution of our system obtained using the numerical ode solver, ode45, in Matlab.
At ω = 10, 360, 510, and 700, we obtain a mean percentage difference between our analytical and numerical solution of 0.26%, 0.71%, 1%, and 0.27% respectively. We consider these errors to be negligible and determine that there
is a good agreement between the solutions obtained using
the numerical method and the harmonic balance method.
Therefore, further analysis of the response of all systems
presented in this study will be done using the harmonic
balance method and arc-length continuation method.
In the remaining part of this section we compare the
effectiveness of the absorbers in attenuating vibrations at
different forcing amplitudes. The amplitude-frequency plots
of the HIM with and without the three different absorbers
at an excitation forcing amplitude of 300 N and 500 N are
shown in Fig. 3.
For Fref of our excitation forcing amplitude set to
300 N , all the absorbers are able to effectively mitigate vibrations produced by the HIM. This is highlighted by the
difference in displacement of the HAS with and without an
absorber for different frequencies in Fig. 3a. Fig. 3a also
shows that the NVA and NVAI are more effective at attenuating vibrations than the TVA. When the excitation force
is increased by setting Fref to 500N, the nonlinear characteristic of the HIM appears as the hardening trait of the
cubic spring becomes more apparent (Fig. 3b ). It can also
be seen that the TVA becomes detuned. With detuning
observed when one of the TVA’s frequency peaks begins to
obtain a shape similar to the peak of the displacement of
the HAS without an absorber. Similar observations have
been seen in [24]. This happens because the TVA does not
contain a spring which has the same nonlinear form as the
nonlinear spring of the vibrating HIM.
Based on these observations, we can narrow down our
options of the most effective absorbers to the NVA and
NVAI which do not get detuned for strongly nonlinear motions of the HIM, which become apparent with an increase
in forcing amplitude. The advantage which the NVAI holds
over the NVA is a potential reduction in weight of the vibration attenuation mechanism. A well known theory in
the design of absorbers is that an increase in the mass of an
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Figure 2: Comparison of numerical and analytical solutions for the responses of the HIM (primary mass) at (a)
10 rad/s, (b) 360 rad/s, (c) 510 rad/s and (d) 700 rad/s.
with nonlinearities.
We also observed that the NVAI performed better than
the NVA because the NVAI suppresses vibrations better
than the NVA while having a smaller mass. The NVAI was
able to achieve this feat as it could provide a large effective

mass by virtue of its inerter which can simulate an effective
mass more than twice its mass. Given that the effectiveness
of absorbers is limited by the mass which they can possess,
it is vital that an absorber such as the NVAI, which provides an effective mass larger than its mass, is adopted. We
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Table 1: Parameters of the HIM system equipped with a NVAI.

(b)

Figure 3: Frequency response of HAS for excitation forcing amplitude of (a) 300N and (b)500N

(a)

(b)

Figure 4: Frequency response of HAS for a) varying absorber damping parameters and b) varying HIM non-linear
stiffness parameters.

Figure 5: Frequency response of HAS for varying inerter values.
showed that increasing the mass of an absorber, by increasing the inertance of the NVAI, does indeed increase the vibration suppression characteristics of the absorber(NVAI).
This result supports the claim that an increase in the effective mass of an absorber is an ideal way to improve its
performance.

Finally we varied the nonlinear stiffness of the HIM and
the damping of the absorber. We discovered that increasing the nonlinear stiffness of the HIM made the systems
frequency response curve more likely to exhibit a nonlinear
hardening resonance. We also discovered that as the damping of the absorber was increased, the maximum peak of
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